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Chapter 1

Introduction

THIS TEXTBOOK is a result of a dif�culty I encountered in teaching a course in technical physics a few
years ago. I was teaching the course shortly after the globalCOVID-19 pandemic, during which most of

my students had attended high school from home via “remote learning.” I discovered that remote learning had
been quite ineffective, and that most of my students had essentially skipped all of high school mathematics.
They had signed up for my college-level physics course, withonly a junior-high school level of mathematical
background. They knew arithmetic, but most knew little or nothing beyond that. I decided to put aside physics
as a secondary goal, and instead focused on getting my students up to speed on college-level mathematics.

This text is derived from the resulting course notes. It is intended as a general mathematics review for
students beginning college, but who may be weak in some areasof mathematics.

In this book, I assume the student is familiar with arithmetic as taught in elementary school and junior
high school — addition, subtraction, multiplication, and (long) division. Starting with that, I give a review of
arithmetic, followed by algebra, geometry, trigonometry,analytic geometry, real analysis, the calculus, and
a few other topics. The book begins with a discussion of the Greek alphabet, which I always ask students to
memorize. Greek letters are very common in mathematics, physical science, and engineering, and it is my
belief that one cannot be considered literate in these �eldswithout knowing the Greek letters by their proper
names. Calling them names like “triangle thing” and “squiggly thing” does not leave a good impression.

For students who may already be familiar with much of this material, I tried to keep things interesting
by including some topics not normally covered in high school(or even college) mathematics classes. For
example, in the chapter on algebra I discuss the LambertW function and equations involving the function
f .x/ D xx . I've added chapters on recreational mathematics and mathematical lore, and some brief discus-
sions on what's at the cutting edge of current mathematical research. The chapter on probability includes a
number of fun and interesting problems. I've also included adiscussion of some older methods of calculation
that are now nearly forgotten, such as the method of quarter squares for multiplication and the “paper and
pencil” method for computing square roots.

I've learned that my students were not always skilled with the use of the electronic calculator. So as
part of the mathematics review for my course, I covered some electronic calculator skills. I showed how to
do calculations on two models of calculator: the Texas Instruments TI 84 Plus (a popular calculator among
students), and the Hewlett-Packard HP 42S (a favorite of theauthor). While no longer manufactured by
Hewlett-Packard, an excellent clone of the HP 42S is available from SwissMicros1 and via an “app”2.

I hear from a number of students that algebra is the hardest class they ever took, and that they never used it
again after learning it. With that it mind, I've tried to present algebra very gently, and I've included a separate
chapter on “Applied Algebra,” showing how it can be used in real life.

1The DM 42 calculator, fromhttps://www.swissmicros.com
2Free42 by Thomas Okken, fromhttps://thomasokken.com/free42
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We can hope to give only a brief overview of some of the key ideas in each of these �elds. There is much,
much more to each of these topics than can be presented here. But it is the author's hope that at least the
student will take away some of the key concepts of college mathematics, perhaps as a starting point to learn
these subjects in greater depth.

D.G. Simpson
Largo, Maryland, USA
2024
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Chapter 2

The Greek Alphabet

Ancient Greek is the language spoken in the region around modern Greece, from time of the poet Homer
(8th century BC) through the time of classical Greece (5th and 4th centuries BC). Its alphabet consists of 24
letters, as shown in Table 2-1.

This is not a course in ancient Greek, so we will not have the opportunity to study the language in detail
here. However, the letters of the Greek alphabet are very common in physics, mathematics, and engineering,
because we need symbols to stand for different quantities, and the 26 letters of the Roman/English alphabet
are often not enough.1

Table 2-1 shows the 24 letters of the Greek alphabet. In orderto be mathematically and scienti�cally
literate, and so that you can communicate with others who study mathematics and physical science, you
should know the proper names of these Greek letters. Therefore you shouldmemorize the entire Greek
alphabet, so that you can provide the correct name of each letter when you see it.2 The table shows both
uppercase and lowercase forms are shown in the table.

Note that several letters have alternate forms. Especiallycommon are the two forms forepsilon(� and")
and forphi (� and' ).

Note also that there aretwo different forms of the Greek lowercase lettersigma. The second form (&)
is used whensigmais the last letter of a word; otherwise the form� is used.3 This variation affectsonly
lowercasesigma, not its uppercase counterpart, which is always written as† . Although common in ancient
Greek writing, the& form of the lettersigmais almost never used in mathematics, physics, or engineering.

Originally the Greeks wrote using only capital letters. There was no punctuation, nor were there even
spaces between words. Lowercase letters, spacing, and punctuation were later additions to the language, and
are used today when printing and reading ancient Greek texts.4 Unlike in English, the �rst letter of a Greek
sentence is generallynot capitalized; only proper names begin with a capital letter.

Before the time of Homer, during the Greek Dark Ages (1200–800 BC), the Greek language was written
using a completely different writing system—a syllabary called Linear B, which was not deciphered until the
1950s. [7,12] Its predecessor, Linear A, (a written form of the Minoan language) remains undeciphered.

1Rarely, authors will sometimes even dip into the Hebrew alphabet when even the Roman and Greek alphabets together don't provide
enough symbols.

2By tradition, in science and mathematics we call Greek letters by their ancient Greek names. Their names in modern Greek are
sometimes different.

3English had a similar feature until fairly recently. Until the 19th century, the letters was written as a “long s” symbol (
R

) when it
was in the middle of a word. You'll see this usage in some olderdocuments like the Declaration of Independence.

4These statements are also true of ancient Latin: originallythere were no spaces, punctuation, or lowercase letters.
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Table 2-1. The Greek alphabet.

Letter Name Pronunciation
A � alpha a as infather
B � beta b as inboy
€ 
 gamma always hardg, as ingirl
• � delta d as indent
E " epsilon e as inget
Z � zeta d´ as inadze
H � eta ayas inhay
‚ � theta unvoicedth as inthorn
I � iota i as inpin (unstressed) ormachine(stressed)

K � kappa k as inkill
ƒ � lambda l as inlamb
M � mu mas inmoney
N � nu n as innest
„ � xi x or ks, as inbox
O o omicron o as ingot
… � pi p as inpie
P � rho r trilled or �ipped as in Spanishperoor perro

† � & sigma sas insong
T � tau t as intank
‡ � upsilon u as intube
ˆ ' phi f or phas inphase
X � chi as in Scottishloch; or like Englishk
‰  psi psas inoops
• ! omega o as inpoke

(Alternate forms:° D � , � D ", # D � , ~ D � , $ D � , %D � , & D � , � D ' , YD ‡ .)
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Chapter 3

Quotations from Classical Greek

Here are some notable quotations from ancient Greek authorsand philosophers. [55] As practice with the
Greek alphabet, try spelling each word by providing the nameof each letter. You may also try pronouncing
each quotation. Can you spot any Greek words that might be thesource of words in English? (For example,
the Greek word�"�� " means�ve, and is the source of the English wordpentagon(a �ve-sided polygon).)

�o 
 �� "� �� �� �� ��� ���o� �� ���o� � ��� !� ���"� !� ��o�:
The worst of all deceptions is self-deception. —Plato

��o& ����!� ! ����!�:
A man's character is his fate. —Heraclitus

o �" ��"�"� �� �o& ��o& o� ��!�o& ����!� !:
An unexamined life is not worth living. —Socrates

�o& �o� � � � � ! ��� � �� 
 �� �����!:
Give me but one �rm spot on which to stand, and I will move the world. —Archimedes, describing the lever

"�����; "�����Š
Eureka! I have discovered it! —Archimedes, jumping out of a public bath as he discovered the laws of
displacement

�� ���� !� � ��� !� "� � � � ���!� ��o� ���� ���o& ���"�o& �" ��� "� �oo&:
The most precious of all possessions is a wise and loyal friend. —Herodotus

o �"� o�� �"��o& ��� � �� �"� �o�"�� �� .
A coward fears even things he ought not to fear. —Aristotle

�"��o� � 0 "� � � �� �� ���� �o�:
Moderation in all things is best. —Pythagoras
(The Roman philosopher Seneca later expressed the same sentiment in Latin:Modum tenēre dēbēmus.)
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Chapter 4

Arithmetic

4.1 Types of Numbers

Mathematics is the science of numbers, of which we recognizemany different categories:

• Thenatural numbers(denotedN): 1, 2, 3, 4, 5, . . . . These are also known as thepositive integers.

• Theintegers(denotedZ): . . . , � 4, � 3, � 2, � 1, 0, 1, 2, 3, 4, . . . . These integers include 0 and negative
numbers.

• The rational numbers(denotedQ): for example,1
2 , 2

3 , 7
13 , � 2

37 , . . . . These are also known asfrac-
tions, and are formed by the division of two integers. The number ontop (the dividend) is called the
numerator, and the number below (the divisor) is called thedenominator. The denominator can never
be zero.

• Thereal numbers(denotedR) refer toall points on the number line; e.g. 0, 5.6,� 2
3 ,

p
2, � .

• Theirrational numbers(denotedRnQ) are those real numbers that cannot be represented as a fraction;
e.g.

p
2, � .

• Theimaginary numbers(denotedi R). See Section 4.16; e.g.i , 3i , � � i .

• Thecomplex numbers(denotedC). See Section 4.17; e.g.2 C 3i .f

• Thealgebraic numbers(denotedA) are real numbers that can be roots of polynomial equations;e.g. 2,
0, 5.1,� 8:2,

p
2.

• Thetranscendental numbers(denotedRnA) are real numbers that cannot be roots of polynomial equa-
tions; e.g.� , e.

4.2 The Four Basic Arithmetic Operations

We assume that the student is already well acquainted with the four basic operations of arithmetic: addition,
subtraction, multiplication, and division. Recall that division by zero is not allowed.
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The numbers used with these four operations are given names as follows:

augendC addendD sum

minuend � subtrahendD difference

multiplicand � multiplier D product

dividend � divisor D quotient

The division symbol� (called theobelus1) is rarely used beyond elementary school, except on calculator
keyboards, because it can lead to confusing and misleading notation. Instead, we generally write expressions
involving division as fractions so that it's completely clear which part of the expression is the dividend and
which part is the divisor.

There are three different notations to indicate multiplication, and they are all equivalent:

• Multiplication sign (cross):3 � 4 D 12.

• Dot: 3 � 4 D 12.

• Implied multiplicationis when the numbers are written next to each other, without any operator. This
is more common in algebra (xy ), but can be done in arithmetic with parentheses:.3/.4/ D 12. (Paren-
theses are needed because otherwise we would have the number34.)

In elementary school, you memorized your addition tables through9 C 9, and your multiplication tables
through12� 12. (See Appendix 5, which includes a multiplication table through25� 25.)

Remainder

You learned about remainders when doing long division in elementary school. For example, 30 divided by
7 is 4, with a remainder of 2. Most computer programming languages include a way to compute remainders
using a function called something like “mod” (formodulo). If your calculator does not have such a function,
you can �nd remainders easily: to �nda � b D a=b, just dividea by b on your calculator. Then subtract the
integer part, and multiply what's left (the fractional part) by the divisorb. The result will be the remainder.

Example.Let's try 30/7. On the calculator, we �nd 30/7 = 4.285714. . . .Subtract the integer part (4),
leaving behind the “fractional part”, 0.285714.. . . . Multiply that fractional part by the divisor (7), and we get
the remainder (2). Thus 30/7 = 4 remainder 2.

Reciprocal

Thereciprocal of a number is 1 divided by that number. For example, the reciprocal of 8 is1 � 8 D 1
8 D

0:125.
On the TI 84 Plus calculator, the reciprocal is computed witha key labeled x � 1 ; on the HP 42S

calculator, it is labeled1=x . On both calculators, you enter the number �rst, then press the key to �nd the

reciprocal.

1PronouncedAH-buh-luss.
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Repeating Decimals

Dividing one integer by another sometimes result in a terminating decimal expansion (e.g.1
2 D 0:5; 1

5 D
0:2), or it may sometimes result in the same sequence of decimal digits repeated over and over again (e.g.
1
3 D 0:33333 : : : ; 1

9 D 0:11111 : : :. The three dots indicate that the pattern is repeated forever. Sometimes
we place an overline over the sequence of repeated digits:1

3 D 0:33333 : : :D 0:3333.
The number of digits in the repeating sequence will always beless that the divisor. A particularly inter-

esting and common example is1
7 , whose decimal expansion repeats every six digits:

1
7

D 0:142857 142857 142857 : : :D 0:142857

What's interesting is that each of the other “sevenths” follows the same pattern; once you've memorized the
pattern, you can easily write down any “seventh” from memory:

1
7 D 0:142857 142857 142857 : : :

2
7 D 0:285714 285714 285714 : : :

3
7 D 0:428571 428571 428571 : : :

4
7 D 0:571428 571428 571428 : : :

5
7 D 0:714285 714285 714285 : : :

6
7 D 0:857142 857142 857142 : : :

4.3 The Laws of Arithmetic

Commutative Properties

Both addition and multiplication have the property that they may be performed in any order. For example:

3 C 5 D 5 C 3

7 � 4 D 4 � 7

Reversing the order of operations does not change the result.

Associative Properties

Addition and multiplication also have the property that operating on three numbers can be done in any order.
For example:

8 C .6 C 3/ D .8 C 6/ C 3

4 � .2 � 7/ D .4 � 2/ � 7

We can do the �rst operation �rst, and then the second; or we can do the second, then the �rst. Either way
will give the same result.

Distributive Property

A number multiplying a sum will multiply each term in the sum.For example:

6 � .5 C 3/ D .6 � 5/ C .6 � 3/
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Identity Properties

Both addition and multiplication have anidentity number that will always return the same number. For
addition, it's 0, since 0 added to any number returns the original number. For multiplication, the identity
number is 1: any number multiplied by 1 gives the original number. For example:

5 C 0 D 5

7 � 1 D 7

Inverse Properties

Every number has aninversethat returns the identity number. For addition, it's the negative of the number;
for multiplication, it's the reciprocal of the number. For example:

9 C .� 9/ D 0

3 �
1
3

D 1

The number 0 has no inverse, because division by zero is not allowed.

Some of these properties may seem self-evident, but when we discuss vectors and matrices, we will see
examples of arithmetic operations that arenot commutative and/ornot associative.

4.4 Negative Numbers

Numbers less than zero are callednegative numbers. Such numbers are indicated with a negative sign (� ) in
front of the number.2 For example:� 1, � 5, � 3:14. Some special rules must be borne in mind when working
with negative numbers.

For addition and subtraction: Adding a negative number is the same as subtracting:7C .� 3/ D 7� 3 D 4.
Subtracting a positive number from a negative number makes the resultmorenegative. It's like adding,

but in the negative direction:� 7 � 3 D � 10.
Subtracting a negative number is the same as adding:7 � .� 3/ D 7 C 3 D 10.
Note the following examples for addition:

9 C 4 D 13

9 C .� 4/ D 9 � 4 D 5

� 9 C 4 D � 5

� 9 C .� 4/ D � 9 � 4 D � 13

and for subtraction:

9 � 4 D 5

9 � .� 4/ D 9 C 4 D 13

� 9 � 4 D � 13

� 9 � .� 4/ D � 9 C 4 D � 5

2Some texts use a specialraisednegative sign for negative numbers, to distinguish it from the subtraction symbol, e.g.� 1, � 5,
� 3:14. But most people use the same symbol for a negative number as they do for subtraction (� ), and in practice it doesn't cause any
confusion.
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For multiplication and division: multiplying or dividing two numbers of the same sign gives apositive
result. But multiplying or dividing numbers with opposite signs gives anegativeresult.

Note the following examples for multiplication:

6 � 3 D 18

6 � .� 3/ D � 18

� 6 � 3 D � 18

� 6 � .� 3/ D 18

and for division:

6=3D 2

6=.� 3/ D � 2

.� 6/=3 D � 2

.� 6/=.� 3/ D 2

4.5 Roman Numerals

The ancient Romans used a number notation that we now callRoman numerals. It is unlikely that calculations
were ever done directly with Roman numerals; instead, the Romans most likely used an abacus. Today Roman
numerals are used mostly for numbering chapters and front matter in books, on clock dials, and, curiously,
for copyright dates in movies and television programs. The numerals we use today (0 through 9) are called
Hindu-Arabic numerals.

Roman numerals employ seven letters of the Roman alphabet. Thus, I representsone; V, �ve; X, ten; L,
�fty ; C, one hundred; D, �ve hundred; and M,one thousand. To express other numbers,3 these characters are
combined according to the following principles: [4]

1. Every time a letter is repeated, its value is repeated.

2. When a letter is placedbeforeone of greater value, thedifferenceof their values is the number repre-
sented.

3. As a constraint on the previous (subtraction) rule: an I can only be used to the left of a V or an X; an
X can only be used to the left of an L or a C; and a C can only be usedto the left of a D or an M. (This
rule is to accommodate the design of the Roman abacus. We may not, for example, write 999 as “IM”
— it must be CMXCIX.)

4. When a letter is placedafterone of greater value, thesumof their values is the number represented.

5. A horizontal line placed over a letter increases its valuea thousandfold. Thus,VII denotes seven
thousand.

These principles are exhibited in the following table.

3The Romans had no number zero, nor did they have negative numbers. They had only positive integers.
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Roman Table.
I 1 XXX 30
II 2 XL 40
III 3 L 50
IV 4 LX 60
V 5 LXX 70
VI 6 XC 90
VII 7 C 100
VIII 8 CC 200
IX 9 CD 400
X 10 D 500
XI 11 CM 900
XII 12 M 1000
XIII 13 MM 2000
XIV 14 MCLX 1160
XV 15 MDCCCLIX 1859
XVI 16 MMXXIV 2024

4.6 Long Division

4.7 Short Division

4.8 Fractions

A fraction, or rational number, consists of one integer divided by another. The two integers are written
above and below a horizontal bar, as in3

4 . The number on top (the dividend) is called thenumerator, and the
number on the bottom (the divisor) is called thedenominator. The denominator may never be zero. Fractions
are usually written inreduced form, meaning that all common factors have been divided out of both the
numerator and denominator. For example,6

8 written in reduced form is34 after dividing both numerator and
denominator by their common factor of 2. If the numerator is less than the denominator (e.g.2

3 ), the fraction
is said to be aproper fraction. If the numerator is greater than the denominator (e.g.3

2 ), the fraction is said
to be animproper fraction. An improper fraction may be written asmixed fractionif desired; that is just the
integer part followed by a proper fraction. For example, theimproper fraction7

3 may be written as a mixed
fraction as21

3 , which means 2 plus13 . Mixed fraction notation is common in everyday life, but is usually not
used in science and mathematics.

To add or subtract fractions, both fractions must be writtenso that they have a common denominator; then
the sum of the fractions is the sum of the numerators over the common denominator. For example,

1
2

C
2
3

D
3
6

C
4
6

D
3 C 4

6
D

7
6

and likewise with subtraction:

2
3

�
3
5

D
10
15

�
9
15

D
10� 9

15
D

1
15

The common denominator can be found as the least common multiple (LCM) of the two denominators.
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To multiply two fractions, we multiply both their numerators and denominators. For example,

2
3

�
3
8

D
2 � 3
3 � 8

D
6
24

D
1
4

To �nd the reciprocal of a fraction, we just �ip it upside-down. For example, the reciprocal of5
8 is 8

5 :

1
5=8

D
8
5

To divide two fractions, we simply multiply by the reciprocal of the divisor; that is, we change division
to multiplication and �ip the second number (the divisor) upside-down. For example,

2
3

�
5
8

D
2
3

�
8
5

D
2 � 8
3 � 5

D
16
15

This is the source of a number of short Internet videos that ask: “What is 50 divided by 1/2?”. The answer is
that “divided by 1/2” is the same as ”multiplied by 2”, so the solution is 100. The original problem is worded
to make you think you should take half of 50. In real life nobody would use a phrase like “divided by 1/2”,
because it's unclear what the speaker intends — it's a bit like asking someone to “unloosen” a knot.

Fractions make up a set of numbers called therational numbers. Between any two rational numbers
(fractions), one can always �nd another rational number that lies between them, no matter how close together
they lie on the number line. It is a curious fact that fractions donot �ll the number line, however: the set of
fractions leaves many “holes” in the number line, called theirrational numbers. An irrational number cannot
be represented by a fraction. The irrational numbers include such numbers as

p
2,

p
3, � , ande. The rational

numbers and irrational numbers together make up the set ofreal numbers, which do �ll in all of the number
line. Interestingly, it is possible to show that while thereare an in�nite number of fractions, there are even
more real numbers: the size of the set of real numbers is a “bigger” in�nity than the size of the set of rational
numbers. There is, in fact, a whole set of in�nities, each onebigger than the last.

4.9 Percent

The wordpercentsimply means “divided by 100”. It is indicated by a percent sign (%) following the number.
For example,58% D 58=100D 0:58.

There is a similar lesser-used termper mille4 that means “divided by 1000”, and is indicated by the
symbolh . For example,178h D 178=1000D 0:178.

The term “percent” is often used with the preposition “of”, where it means “multiplied by.” For example,
“30% of 150” means30

100 � 150D 45.
One trick you can do with percentage problems involves adding a percentage to the original number: you

just multiply by 1 plus the percentage. For example, Maryland has a sales tax of 6% (D 0:06). If you want to
�nd the total cost of an itemincludingsales tax, you could multiply the pre-tax cost by 1.06. Or suppose you
want to leave a 20% tip at a restaurant – you could just multiply the bill by 1.20.

Example.Suppose a Big Mac sandwich costs $5.20 before 6% sales tax. What is it after tax?
Solution.$5:20� 1:06D $5:51. (Sales tax is computed by rounding to the nearest penny.)

Example.After eating at a restaurant, you �nd the total bill comes to $112.50. If you want to leave a 20%
tip, then how much should you leave for the waitress?

4Pronounced asper mill.
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Solution.$112:50� 1:20D $135:00. (So it's $112.50 for the bill, and $22.50 tip for the waitress.)

Another trick with percentages is that, since “percent” just means “divided by 100,” you can exchange a
number with its percentage to make it easier to solve problems.

Example.What is 12% of 50?
Solution.A simple way to solve this is to exchange 12 and 50. Then 12% of 50 is the same as 50% of 12,

which is half of 12, or 6. This works because

12
100

� 50 D
50
100

� 12

4.10 Rounding

We often have need torounda number off to a certain number of digits, or to the nearest integer. For example,
what is 156.3887211 rounded to the nearest thousandth? In other words, what is this number rounded to three
digits after the decimal? To do this, we examine the �rst digit after the last one we want to keep. In this case,
we want to keep three digits after the decimal, and the �rst digit after that (the �rst discarded digit) is 7. The
rule is:

• If the �rst discarded digit is 0 through 4, we round down, andkeep the three digits after the decimal as
they are.

• If the �rst discarded digit is 5 through 9, we round up, and add 1 to the third digit after the decimal.

In this example, the �rst discarded digit is 7, so we round up to 156.389.

Examples.

• 932.17114 to the nearest hundredth (two digits after the decimal) is 932.17.

• 34.8744444999 to the nearest thousandth (0.001) is 34.874. You might be tempted to think that the 999
at the end rounds the 4 to the left up to a 5, which rounds the next 4 up to a 5, which rounds the next 4
up to a 5, and so on. But it doesn't work that way. Lookonly at the �rst discarded digit (4), so round
down to 34.874.

• � 88:621to the nearest integer is� 89. For negative numbers, you can think of removing the minus
sign, rounding, then replacing the� sign.

• 0.4993 to the nearest integer is 0.

What about 15.5 rounded to the nearest integer? That is clearly exactly half-way between 15 and 16, so
do we round down or up? By convention, in such a case, we roundup, so 15.5 rounded to the nearest integer
would be 16. That's why we say we round up if the �rst discardeddigit is 5 through 9: the choice to include
5 is entirely conventional.

Because this rounding rule tends to bias data toward larger values, there is another rounding rule that is
sometimes employed. According to this rule, if the �rst discarded digit is 5, then we look at the last retained
digit. If it is even, then we round down; if it is odd, the we round up. According to this method, rounding
3.450 to the nearest tenth gives 3.4, because 4 is even. But rounding 3.750 to the nearest tenth gives 3.8
because the last retained digit (7) is odd. The idea is to eliminate the bias toward rounding up, although this
method is seldom used in science.
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Rounding to the Nearest Nickel

Canada eliminated its penny (1¢ coin) in 2013, and now roundsall cash prices (and change) to the nearest
nickel (5¢). In the United States, the penny was eliminated in 2025, and stores are beginning to do the same,
rounding cash prices to the nearest nickel. How is this done?

One way is to begin with the amount to be rounded in cents, divide by 5, round to the nearest integer,
and multiply by 5. Then, for example, $ 35.17 becomes 3517¢; divided by 5 is 703.4; rounded to the nearest
integer is 703; and multiplied by 5 is 3515¢, or $ 35.15. The effect of this is to round pennies to the nearest
nickel like so:

00–02 0 28–32 30 58–62 60 88–92 90
03–07 5 33–37 35 63–67 65 93–97 95
08–12 10 38–42 40 68–72 70 98,99 100
13–17 15 43–47 45 73–77 75
18–22 20 48–52 50 78–82 80
23–27 25 53–57 55 83–87 85

Or, to put it succinctly:

• penny amounts ending in 1, 2, 6, or 7 round down to the next lower 5¢;

• penny amounts ending in 3, 4, 8, or 9 round up to the next higher 5¢;

• penny amounts ending in 0 or 5 are unchanged.

Catastrophic Cancellation

One issue to be aware of regarding rounding is the problem ofcatastrophic cancellation. Suppose we are
computing a velocity, which involves subtracting two positions and dividing by the difference in times for
the two positions. If the body is moving very slowly, then thetwo positions may be very nearly the same.
For example, suppose that initially a body is at position 156.23887764 meters, and one second later it is
at 156.23887782 meters. If we round both numbers to the nearest four decimal places before subtracting,
we get156:2389� 156:2389D 0, and will calculate a velocity of zero. The problem is that werounded
away the digits that had all the physically meaningful information before subtracting, and lost all information
that would let us calculate a velocity. This is catastrophiccancellation: the loss of information caused by
subtracting two quantities that are nearly equal.

The proper procedure in this case is tonot do the rounding before subtracting. Keeping all the signi�cant
digits, we �nd: 156:23887782� 156:23887764D 0:00000018.

This can be an issue when working with computers or calculators. A double-precision number in a
computer holds about 16 signi�cant digits. If you try to compute with two numbers that are very nearly
equal and have 24 signi�cant digits, you may �nd that their difference is zero according to the computer. The
solution in this case would be to �nd a way to work with “biased” numbers that have the �rst few signi�cant
digits subtracted ahead of time. A common example of this is working with times measured in Julian days
(JD). One time might be measured to the nearest microsecond as JD 2460314.34662847121. But this is 18
signi�cant digits, two more than the computer can hold. We might �x this by subtracting 2460000 from all
Julian day numbers before doing calculations with them.

4.11 Absolute Value

Theabsolute valueof a number is the number with the sign discarded: negative numbers are made positive,
and positive numbers are left as they are. The absolute valueis indicated by putting the number between
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vertical bars. For example:

j4j D 4

j3:2j D 3:2

j � 6j D 6

j � 8:31j D 8:31

j0j D 0

4.12 Ceiling, Floor, and Fractional Part Functions

One sometimes encounters functions in mathematics that involve separating the integer part of a number (to
the left of the decimal point) from its fractional part (to the right of the decimal point). These are the ceiling,
�oor, and fractional part functions.

Ceiling Function

Denoted with the symbolsd ande, theceiling functionreturns the least integer greater than or equal to its
argument. For example:

• d3:14e D 4

• d0:12e D 1

• d� 3:14e D � 3

• d5:01e D 6

• d5:99e D 6

• d8e D 8

• d� 8e D � 8

• d0e D 0

Floor Function

Denoted with the symbolsb andc, the �oor function returns the greatest integer less than or equal to its
argument. For example:

• b3:14c D 3

• b0:12c D 0

• b� 3:14c D � 4

• b5:01c D 5

• b5:99c D 5

• b8c D 8

• b� 8c D � 8

• b0c D 0
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Fractional Part Function

Denoted with the symbolsf andg, thefractional part function, for positive arguments, returns the part of the
number to the right of the decimal point. For example:

• f3:14g D 0:14

• f0:12g D 0:12

• f� 3:14g D 0:86

• f5:01g D 0:01

• f5:99g D 0:99

• f8g D 0

• f� 8g D 0

• f0g D 0

Notice the odd case off� 3:14g D 0:86. Because of the way the fractional part function is de�ned, the
fractional part of a non-integer negative number will be thepart to the right of the decimal point, subtracted
from 1. Sof� 3:14g D 1 � 0:14D 0:86. In general, for any numberx,

f xg D x � b xc (4.1)

By this de�nition, f xgalways lies between zero and 1:0 � f xg< 1.

4.13 Involution (Powers)

Multiplying a number by itself multiple times is calledinvolution, or raising a number to a power.

Positive Integer Powers

Multiplying a number by itself gives thesquareof the number, and is written with a superscript 2 next to the
number. For example, the square of 5 is

52 D 5 � 5 D 25

The �rst few squares are:

12 D 1

22 D 4

32 D 9

42 D 16

52 D 25

Multiplying three of the same number together gives thecubeof the number, and is written with a super-
script 3 next to the number. For example, the cube of 5 is

53 D 5 � 5 � 5 D 125

26



Prince George's Community College College Mathematics Simpson

The �rst few cubes are:

13 D 1

23 D 8

33 D 27

43 D 64

53 D 125

We can similarly take numbers to the fourth, �fth, sixth, etc. power:

34 D 3 � 3 � 3 � 3 D 81

65 D 6 � 6 � 6 � 6 � 6 D 7776

86 D 8 � 8 � 8 � 8 � 8 � 8 D 262;144

The number on the bottom is called thebase, and the superscript is called theexponent. For example, in
75, 7 is the base, and 5 is the exponent.

The following apply to numbers taken to powers:

• Any number to the 0 power is equal to 1:50 D 1.

• Any number to the 1 power is equal to the number:71 D 7.

• Any number to the� 1 power is equal to the reciprocal of the number:9� 1 D 1
9 .

• Zero to any nonzero power is equal to 0:05 D 0.

• 00 is unde�ned, but in some contexts it may be de�ned to be 0 or 1.

• One to any power is equal to 1:18 D 1.

• When multiplying numbers with like bases, we add exponents. For example:

35 � 37 D 35C 7 D 312 :

• When dividing numbers with like bases, we subtract exponents. For example:

97

94
D 97� 4 D 93:

• When a number to a power is itself take to a power, we multiplythe exponents. For example:

.73/5 D 715

• When a product is taken to a power, then the power is distributed to each of the numbers in the product.
For example:

.2 � 3/7 D 27 � 37
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Negative Integer Powers

A number taken to the power� 1 is the reciprocal of that number. For example,3� 1 D 1
3 . For this reason, the

reciprocal key on the TI 84 Plus calculator is labeledx � 1 .

In general, forx ¤ 0,

x � n D
1

xn
(4.2)

For example,

3� 2 D
1
32

(4.3)

8� 3 D
1
83

(4.4)

Towers of Exponents

Occasionally, we may come across what is called atower of exponents, such as

2324

The rule for evaluating this is tostart at the top of the expression, and work your way downward. In this case,
we would evaluate this as

2324

D 2
h
3.2 4 /

i

Starting at the top, we �nd24 D 16, then raise 3 to that power; then �nally raise 2 to the power ofthat result:

2324

D 2316

D 243;046;721

� 1012;958;354 .a VERY large number/

Remember:evaluate a tower of exponents from the top downward.

Computing Powers on an Electronic Calculator

TI 84 Plus Calculator

On the TI 84 Plus calculator, thê key is used to compute powers.

To compute a power: enter the base, pressˆ , enter the power, then pressENTER . For example, to

compute35:

3 ˆ 5 ENTER

The result is 243.
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HP 42S Calculator

On the HP 42S calculator, theyx key is used to compute powers.

To compute a power: enter the base, pressENTER , enter the exponent, then pressyx . For example,

to compute35:

3 Enter 5 yx

The result is 243.

4.14 Evolution (Roots)

The inverse operation to taking a number to then-th power is to extract itsn-th root, an operation called
evolution. This is indicated with aradical sign (p ) to the left of and above the number whose root is to be
extracted, known as theradicand. Forn > 2 , then-th root is indicated by writing ann above and to the left
of the radical. Such a number is called anindex. If there is no index, it is assumedn D 2 and we are �nding
thesquare root—the inverse operation of squaring a number. For example, the number whose square is 9 is
found by writing the square root of 9:

p
9 D 3

Here 9 is the radicand, and the absence of an index implies that we are �nding a square root. Note that the
answer isnot � 3, as some people believe. The result of the square root sign isalwaysnon-negative.

The number whose cube is 8 is indicated by writing thecube rootof 8:

3
p

8 D 2

because23 D 8. Here 3 is the index, and 8 is the radicand.
Higher roots may be found as well: the fourth root of 256 is written

4
p

625D 5 (4.5)

because54 D 625.

Roots as Fractional Powers

Roots can be, and often are, indicated by taking a number to a fractional power, rather than using a radical.
Sometimes this notation is more compact and convenient thanusing radicals. In this notation, we write:

• Square root:
p

x D x1=2 (or, very rarely, as2
p

x)

• Cube root: 3
p

x D x1=3

• Fourth root: 4
p

x D x1=4

• Fifth root: 5
p

x D x1=5

and so forth: then-th root may be indicated by taking the expression to the power 1=n.
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Rationalizing the Denominator

When writing numbers, it's generally a matter of style that we prefernot to have radicals (p ) in the de-
nominator of a fraction. For square roots, we can eliminate square roots from the denominator by multiplying
and dividing by the radical. For example, instead of

1
p

2

we prefer to write

1
p

2
�

p
2

p
2

D
1
2

p
2

This is calledrationalizing the denominator.
As another example, suppose we have the fraction

1

2 C
p

7

We can rationalized the denominator by multiplying and dividing by the “conjugate” of the denominator,
2 �

p
7:

1

2 C
p

7
�

2 �
p

7

2 �
p

7
D

2 �
p

7
4 � 7

D 1
3 .

p
7 � 2/

Computing Square Roots with Paper and Pencil

There is an old method for computing square roots with paper and pencil. It somewhat resembles the method
used for long division. The method is seldom taught these days, so we will describe it here. For an additional
discussion, the interested reader is referred especially to old arithmetic books such as Brooks [4].

We will illustrate the method with an example:
p

758:436. The �rst step is to mark off the number whose
square root is to be determined bypairsof digits, starting from the decimal point:

p
7 58 : 43 6

Now look at the largest square less than or equal to the �rst digit grouping (7); in this case, it would be22 D 4
since22 D 4 is less than 7. (The number 3 would be too big, since32 D 9 is greater than 7.) Write this 2
above the 7, similar to way one writes the quotient in long division:

2p
7 58 : 43 6

Now square the 2 (22 D 4), and write the result underneath the 7:

2p
7 58 : 43 6

� 4

Now subtract, and bring down the next pair of digits:

2p
7 58 : 43 6

� 4

3 58
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We now do something a little different. Wedoublethe result so far (2� 2 D 4), and we wish to �nd a number
of the form4n � n (meaning 4, appended withn, timesn) that is less than or equal to this last result, 358.
Here are the nine possibilities:

41� 1 D 41 (4.6)

42� 2 D 84 (4.7)

43� 3 D 129 (4.8)

44� 4 D 176 (4.9)

45� 5 D 225 (4.10)

46� 6 D 276 (4.11)

47� 7 D 329 (4.12)

48� 8 D 384 (4.13)

49� 9 D 441 (4.14)

Of these, the number47� 7 D 329is the largest number less than 358; therefore, the next digit in the square
root is 7. Write this next digit above the radicand:

2 7p
7 58 : 43 6

� 4

3 58
� 3 29

29

Now we've reached the decimal point; the decimal point in theresult goes directly above the decimal point
in the radicand:

2 7 :p
7 58 : 43 6

� 4

3 58
� 3 29

29

So far we have at least anapproximateresult:
p

758:436� 27. But let's try to work out the next decimal
place. Bringing down the next pair of digits (43),

2 7 :p
7 58 : 43 6

� 4

3 58
� 3 29

29 43
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Now double the square root so far (27� 2 D 54), and look for numbers of the form54n� n that are less than
or equal to this last group of digits (2943). The nine possibilities are:

541� 1 D 541

542� 2 D 1084

543� 3 D 1629

544� 4 D 2176

545� 5 D 2725

546� 6 D 3276

547� 7 D 3829

548� 8 D 4384

549� 9 D 4941

The largest such number less than or equal to this last grouping (2943) is545� 5 D 2725; therefore, the next
digit in the square root is 5. Now, you don'treally need to compute all nine combinations shown here; it's
enough toguesswhich combination is correct. For example, we might have guessed the next digit is 4; then
544� 4 D 2176is less than 2943, so the next digit will beat least4. Try 5: 545� 5 D 2725. That's still less
than 2943, so now we know the next digit must be at least 5. Try 6: 546� 6 D 3276is greater than 2943 —
too big. So the next digit must be 5: that's the largest digit that will not exceed 2943. Let's write 5 above the
radicand:

2 7 : 5p
7 58 : 43 6

� 4

3 58
� 3 29

29 43
� 27 25

2 18

And now we have another digit:
p

758:436� 27:5. Let's try for still one more digit in the square root.
Bringing down the next pair of digits (60, including a trailing 0):

2 7 : 5p
7 58 : 43 60

� 4

3 58
� 3 29

29 43
� 27 25

2 18 60

Now double the square root digits so far (ignore the decimal point): 275� 2 D 550. We seek numbers of
the form550n� n that are less than or equal to the last set of digits (21860). Some guessing shows that
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5503� 3 D 16509is less than 21860, but5504� 4 D 22016is too big; therefore, the next digit must be 3.

2 7 : 5 3p
7 58 : 43 60

� 4

3 58
� 3 29

29 43
� 27 25

2 18 60
� 1 65 09

53 51

And we now have
p

759:436� 27:53. Let's do one more digit, just for fun. In this case, we've runout of
given digits, so the next pair of digits to bring down will be a(trailing) 00:

2 7 : 5 3p
7 58 : 43 60 00

� 4

3 58
� 3 29

29 43
� 27 25

2 18 60
� 1 65 09

53 51 00

Double the square root so far:2753� 2 D 5506. The next digit is found from 9:55069� 9 D 495621is still
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less than 535100:

2 7 : 5 3 9p
7 58 : 43 60 00

� 4

3 58
� 3 29

29 43
� 27 25

2 18 60
� 1 65 09

53 51 00
� 49 56 21

3 94 79

We can continue in this way, over and over, getting as many digits as we wish:27:53971677 : : :.

Computing Roots on an Electronic Calculator

TI 84 Plus Calculator

To compute square roots, you �rst press the square root key (shifted x2 key), then enter the number, then

press theENTER key. For example, for
p

7 D 2:64575:

2ND p 7 ENTER

To compute cube roots, you �rst press the cube root function (via the MATHkey), then enter the number,

then press theENTER key. For example, for3
p

7 D 1:91293:

MATH 4 7 ENTER

To computen-th roots, you �rst enter the index into the calculator, thenpress then-th root function (via

the MATH key), then enter the number whose root you want, then press the ENTER key. For example, for
4
p

7 D 1:62658:

4 MATH 5 7 ENTER

HP 42S Calculator

To compute square roots, enter the number and press the square root key,
p

x . For example, for
p

7 D

2:64575:

7
p

x
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On the HP 42S, you calculatex
p

y asy1=x . Enter the numbery onto the stack, pressENTER , enter the

exponent, then1=x f yx . For example, for3
p

7 D 1:91293:

7 ENTER 3 1=x f yx

(Here f refers to the unlabeled gold key.)

4.15 Factorials

A factorial of a positive integer is the product of all the positive integers up to that number. It is written as
an exclamation mark (!) following the number. For example, 7factorial (7!) is the product of all the positive
integers from 1 to 7:

7ŠD 1 � 2 � 3 � 4 � 5 � 6 � 7 D 5040

Less common is thedouble factorial. The double factorial of an even number is the product of all the
even numbers from 2 up to that number; similarly, the double factorial of an odd number is the product of
all the odd numbers from 1 up to that number. The double factorial is written as two exclamation marks (!!)
following the number. For example:

8ŠŠD 2 � 4 � 6 � 8 D 384

9ŠŠD 1 � 3 � 5 � 7 � 9 D 945

By convention,0ŠD 1 and0ŠŠD 1.

The Gamma Function

The factorial function can be generalized to all real numbers (not just positive integers) by something called
thegamma function. (Figure 4.1).

The gamma function is a special function for which

€.n/ D .n � 1/Š so nŠD €.n C 1/ (4.15)

for integern, but also is de�ned for all realx > 0 and real, non-integerx < 0 . A well-known special case is

€
�

1
2

�
D

�
�

1
2

�
ŠD

p
� (4.16)

At least one author [2] extends the de�nition of the factorial function to include non-integers via Eq. (4.15).

Stirling's Approximation

In some areas of mathematics and physics, we have a need to compute large factorials, and a direct calcu-
lation may be impractical or beyond the range of the computing machine. For this reason, it is helpful to
have available an approximation to the factorial function.The best known such approximation isStirling's
approximation, named for the Scottish mathematician James Stirling (1692-1770) (Fig. 4.2). Stirling showed
thatnŠis givenapproximatelyby

nŠ� nne� n
p

2�n (4.17)
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Figure 4.1: The gamma function,€.x/ . (Credit: Wolfram Mathworld, mathworld.wolfram.com)

This approximation gets better for largern. For some applications,nŠis such a large number that it is
more convenient to deal with a much smaller number, the natural logarithm ofnŠ(Section 4.18). Stirling's
approximation for this is

ln.nŠ/ � n ln n � n .largen/ (4.18)

Factorial Trivia

• Among all numbers greater than 1, only 22, 23, and 24 have factorials with the same number of digits
as the number:

22ŠD 1124000727777607680000

23ŠD 25852016738884976640000

24ŠD 620448401733239439360000

have 22, 23, and 24 digits, respectively.

• 40585 = 4! + 0! + 5! + 8! + 5!

• The only integers that satisfynŠD aŠ bŠare10ŠD 6Š 7Š

• The largest factorial that can be calculated on a calculator with a range of9:999 : : :� 1099 is 69ŠD
1:71� 1098 . Some recent models from SwissMicros can calculate up to 2123! = 1:48� 106143 .

• All factorials larger then 4! end in at least one zero. The larger the factorial, the more zeros at the end:
10! ends with two zeros, 50! ends with 12 zeros, 100! ends with24 zeros, 500! ends with 124 zeros,
and 1000! ends with 249 zeros. (See if you can �gure out why thenumber of zeros continues to grow
for larger factorials.)
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Figure 4.2: James Stirling's grave marker in Edinburgh, Scotland. The writing is in Latin, and reads: “In
this very place is buried Jacet Jacobus Stirling, an illustrious Venetian mathematician, who was born in A.D.
1692, as the fourth son of Archibald Stirling of Garden. He died in 1770.”

Computing Factorials on an Electronic Calculator

TI 84 Plus Calculator

To compute a factorial on the TI 84 Plus calculator, one must go through the MATH menu, then to the PRB
(probability) sub-menu.

To compute a factorial, enter the number whose factorial youwant to compute. Then pressMATH J

4 ENTER .

For example, to �nd8ŠD 40;320:

8 MATH J 4 ENTER

The TI 84 Plus calculator does not have a built-in gamma function; the factorial function (!) only works
on non-negative integers.

The largest factorial that can be computed on the TI 84 Plus is69ŠD 1:71122� 1098 .

HP 42S Calculator

The factorial function is implemented differently on different models of HP calculators. In the case of the HP
42S calculator, you access it from thePROBmenu on the keyboard.

To compute a factorial, enter the number on the stack, then press PROB N! .

For example, to �nd8ŠD 40;320:

8 PROB N!

On the HP 42S calculator, there is a gamma function (GAM) available on the samePROBmenu to compute
factorials for non-integers (Eq. 4.15). Use it the same way:enter a number on the stack, and pressPROB GAM.
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The largest factorial that can be computed on the HP 42 is253ŠD 5:17346� 10499 ; on the DM 42
“clone”, it is 2123ŠD 1:47991� 106142 .

4.16 Imaginary Numbers

Recall from elementary arithmetic:

• The product of two positive numbers is positive.

• The product of two negative numbers is positive.

• The product of a positive number and a negative number is negative.

It follows from this that the square of any number is always positive: 52 D 25, .� 5/2 D 25.
Now we ask: what number, when squared, equals� 1? It would seem, at �rst, that there can be no such

number — and indeed there isn't, among the real numbers. But mathematicianscreatea number calledi that
is de�ned to be

p
� 1:

i D
p

� 1 ) i 2 D � 1

Such a number is called animaginary number.
Any real number multiplied byi is also an imaginary number:i , � i , 3i , 100i, 34:78i, � 12i, and� i are

all imaginary numbers.

A few interesting properties about imaginary numbers:

1
i

D � i (4.19)

i 2 D � 1I i 3 D � i I i 4 D 1 (4.20)

i i D e� �=2 I i
p

i D e�=2 I . � 1/i D e� � I i
p

� 1 D e� .all real/ (4.21)

p
i D 1

2

p
2.1 C i/ (4.22)

ln i D �
2 i ei D cos1 C i sin1 � 0:540302C 0:841471i (4.23)

ei � C 1 D 0 (4.24)

This �nal formula is known asEuler's identity,5 and is considered one of the most beautiful and elegant
formulas in all of mathematics.

A more in-depth discussion ofi D
p

� 1 can be found in References [18] and [36].

5Named for the Swiss mathematician Leonhard Euler (pronouncedOIL-er) (1707–83).
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4.17 Complex Numbers

The sum of a real number and an imaginary number is called acomplex number. Complex numbers have the
form a C bi . For example,

3 C 4i

8 C 12i

1 � 5i

are all complex numbers. Real numbers are a special case of complex numbers, where the imaginary part is
zero. Imaginary numbers are also a special case of complex numbers, where the real part is zero. When we
want to emphasize that a complex number has no real part, we may sometimes refer to it as apure imaginary
number.

Changing the sign of only the imaginary part of a complex number gives the so-calledcomplex conjugate
of that number. For example, the complex numbers3 C 4i and3 � 4i are complex conjugates of each other.

Integers are, by de�nition, real. A complex number that has an integer for both its real and imaginary
components is called aGaussian integer. Examples of a Gaussian integer are:2 C 3i , 1 � 4i , and12C 8i .

4.18 Logarithms

Given a number to a power like53, the number on the bottom (5) is called thebase, and the superscript
number (3) is called theexponent. A logarithm is a function that returns the exponent of a number. In
other words, the logarithm asks, “To what power must we raisethe numberb to get the given number?” For
example:

• When we ask for the base 10 logarithm of 1000, we're asking, “10 to what power equals 1000?” The
answer is 3, so the base 10 logarithm of 1000 is 3. This is written: log10 .1000/ D 3.

• When we ask for the base 5 logarithm of 25, we're asking, “5 towhat power equals 25?” The answer
is 2, so the base 5 logarithm of 25 is 2. This is written: log5.25/ D 2.

• In the earlier example, when we ask for the base 5 logarithm of 53, we return the exponent, 3:
log5.53/ D 3.

One must always indicate the base when using logarithms, andthe base is written as a subscript to “log”.
Although any base greater than 1 may be used, there are two bases are most commonly used: base

10 (called acommon logarithm, written as log10 .x/ ), and basee (where the transcendental numbere D
2:718281828459 : : :), which is called anatural logarithm, and is written as loge.x/ , or more commonly as
ln.x/ .

There is no such thing as a logarithm to the base 0 or base 1. A base 0 logarithm (log0 x) would be asking,
“0 to what power equalsx?” But 0 toanypower equals 0 (except for00, which is unde�ned), so in general
there isno power to which you can raise 0 to getx. Likewise, a base 1 logarithm (log1 x) would be asking,
“1 to what power equalsx?” But 1 toanypower equals 1, so in general there isnopower to which you can
raise 1 to getx.

Unfortunately, the notation used for logarithms is inconsistent and confusing. Some people write log.x/
(without a subscript) to mean a common logarithm, but mathematicians generally take it to mean a natural
logarithm. Most other people write ln.x/ for the natural logarithm.

Just to confuse things further:

• On calculator keyboards, the common logarithm key is usually labeled LOG , and the natural loga-

rithm is labeled LN
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• In computer programming languages, the common logarithm function is usually calledLOG10() , and
the natural logarithm function is calledLOG() .

Always check the documentation if you're not sure.

The author recommends the following notation:

• Common logarithms: always write as: log10 .x/

• Natural logarithms: always write as: ln.x/

• Only if the base doesn't matter, write as: log.x/

Antilogarithms

The logarithm functions have inverses, calledantilogarithms: the inverse function (antilogarithm) for log10 .x/
is 10x , while the inverse function (antilogarithm) for ln.x/ is ex . Sometimesex is written as exp.x/ —they
mean the same thing. Thus:

log10 .105/ D 5 10log10 .6/ D 6

ln.e8/ D 8 eln.7/ D 7

lnŒexp.4/• D 4 expŒln.12/• D 12

Properties of Logarithms

Logarithms have the following useful properties:

• log1 D 0, in any base.

• Logarithms of numbers greater than 1 are positive; logarithms of numbers between 0 and 1 are negative.

• The logarithm of 0 is unde�ned; logarithms of negative numbers are complex numbers (Section 4.17).

• The logarithm of the product is the sum of the logarithms: log.ab/ D loga C logb

• The logarithm of the quotient is the difference of the logarithms: log.a=b/ D loga � logb

• The logarithm of the reciprocal of a number is the negative of the logarithm of the number: log.1=a/ D
� loga

• The logarithm of a number to a power: log.ab / D b loga.

One may compute a logarithm to any arbitrary baseb using this formula:

logb .x/ D
ln x
ln b

D
log10 x
log10 b

(4.25)
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Numbers to Any Real Power

Does the expression52:3 mean anything? On the face of it, it seems to mean that we multiply 5 by itself 2.3
times. But what does that mean?

We may employ logarithms to take a real number to any real power. To computeab where botha andb
are real, we note

ln.ab / D b ln a

and so we can computeab by takinge to the power of both sides (sinceex is the inverse of the natural
logarithm function):

ab D eb ln a D exp.b ln a/ (4.26)

Example.In our earlier example, we asked about52:3 . We may compute this as:

52:3 D e2:3 ln.5/ D 40:5164

Example.We may compute2:34:7 as

2:34:7 D e4:7 ln.2:3/ D 50:1327

Any other base logarithm may also be used. For example, with the common (base 10) logarithm,

ab D 10b log10 a (4.27)

The “exponent key” ( ˆ or yx ) on a scienti�c calculator is designed to calculate any realnumber to

any real power. There may be some restrictions on raising negative numbers to non-integer powers, since this
can lead to results that are complex numbers.

Logarithms of Negative Numbers

While the logarithm of 0 is unde�ned, the logarithm of a negative number iscomplex. For the natural loga-
rithm, for any positive numbern,

ln.� n/ D ln n C i.2k C 1/� (4.28)

wherek is any integer. Ifk D 0, we call the result theprincipal branchof the logarithm function. For
example, ln.� 7/ D ln 7 C i � D 1:946C i � (using the principal branch).

For the common logarithm, use Eq. (4.25); for example,

log10 . � 7/ D
ln.� 7/
ln 10

D
ln 7 C i �

ln 10
D

ln 7
ln 10

C
i �

ln 10
� 0:9451C 1:3644i
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Logarithms Basei

Consider the problem

i y D 2

What isy? Formally, we would solve fory as

y D logi .2/

But how would we compute a logarithm to the basei ? We can employ Eq. (4.25) to get

logi .2/ D
ln 2
ln i

Since lni D �
2 i and1=i D � i , we have

logi .2/ D �
2 ln 2

�
i � � 0:441271i

In general, for any realx,

logi .x/ D �
2i
�

ln x (4.29)

Computing Logarithms and Antilogarithms on an Electronic Calculator

As mentioned earlier, it is conventional with scienti�c calculators to label the common (base 10) logarithm

key with LOG , while the natural (basee) logarithm is labeled withLN .

TI 84 Plus Calculator

For thecommonlogarithm on the TI 84 Plus calculator, one �rst presses theLOG key, then the number to

be evaluated, followed byENTER . For example, to �nd log10 8 D 0:90309:

LOG 8 ENTER

Similarly, for thenatural logarithm, one �rst presses theLN key, then the number to be evaluated,

followed by ENTER . For example, to �nd ln8 D 2:07944:

LN 8 ENTER

For thecommon antilogarithmon the TI 84 Plus calculator, one �rst presses the10x key, then the

number to be evaluated, followed byENTER . For example, to �nd105 D 100;000:

2ND 10x 5 ENTER
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Similarly, for thenatural antilogarithm, one �rst presses theex key, then the number to be evaluated,

followed by ENTER . For example, to �nde5 D 148:41316:

2ND ex 5 ENTER

HP 42S Calculator

For thecommonlogarithm on the HP 42S calculator, one �rst presses the number to be evaluated, thenLOG

. For example, to �nd log10 8 D 0:90309:

8 LOG

Similarly, for thenatural logarithm, one �rst presses the number to be evaluated, thenLN . For example,

to �nd ln 8 D 2:07944:

8 LN

For thecommon antilogarithmon the HP 42S calculator, one �rst presses the number to be evaluated,

then the 10x key. For example, to �nd105 D 100;000:

5 f 10x

Similarly, for thenatural antilogarithm, one �rst presses the number to be evaluated, then theex key.

For example, to �nde5 D 148:41316:

5 f ex

4.19 The Numbere

The transcendental numbere (sometimes calledEuler's number) is used as the base for natural logarithms,
and is one of the most important constants in mathematics. Its de�nition is

e D lim
n!1

�
1 C

1
n

� n

(4.30)

This “limit” notation essentially means that the value computed by this formula will get closer and closer toe
asn becomes larger and larger. (Try computing approximations for yourself with a calculator, usingn D 100,
n D 1000, andn D 1;000;000.) The true value ofe is:

2:7182818284590452353602874713526624977572470936999595749669676277240766303535 : : :(4.31)

For an extended discussion of the numbere, see References [13] and [31].
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4.20 Hierarchy of Operations

Expression in arithmetic are evaluated according to a certain hierarchy. In particular:

Multiplications and divisions are done before additions and subtractions.

Speci�cally, the order of operations is:

1. parentheses— any quantities in parentheses or brackets are evaluated �rst.

2. exponents— powers of numbers.

3. multiplications and divisions, in anyorder.

4. additions and subtractions, in anyorder.

One may think of a mathematical operatorC � �� as being associated with the number to its immediate
right.

Since exponents are evaluated before negative signs, the expression� a2 means the negative ofa2 — not
the square of the negative. Thus� 32 D � 9, but .� 3/2 D 9.

If you have an algebraic electronic calculator like the TI-84 Plus, it knows about the correct order of
operations and will evaluate expressions accordingly. If you have a calculator like the HP 42S that uses
reverse Polish notation, it isn't an issue — you use the calculator just as you would evaluating expressions by
paper and pencil.

It is widely believed, even by mathematics teachers, that multiplications and divisions must be done left
to right, and likewise with additions and subtractions. Butthis just isn't so. One can replace all divisions with
multiplication by the reciprocal of the divisor, and then, because of the commutative property of multiplica-
tion, the order of evaluation of the multiplications can be switched around however we wish. Likewise with
additions and subtractions: replace all subtractions withaddition of the negative of the subtrahend, and then,
because of the commutative property of addition, the order of evaluation of the additions can be switched
around however we we wish. In this way multiplications and divisions can be evaluated inany order, and
additions and subtractions may be evaluated inanyorder. Always evaluating left to right isn't wrong, and
will always give the correct answer — but it also isn't necessary.

Mathematical Meme: 8 � 2(2� 2)

8 � 2.2 � 2/

The Internet is �lled with mathematical “puzzles” claimingto “have the Internet stumped”. One such expres-
sion is:

8 � 2.2 � 2/

Although the notation is somewhat confusing, there is no ambiguity about how to evaluate this expression,
and there is only one possible answer. First, the expressioninvolves animplied multiplication, in which
two numbers are written side-by-side without a multiplication sign. This is common practice, especially in
algebra, but let's �rst insert the multiplication sign explicitly:

8 � 2 � .2 � 2/

Now according to the hierarchy of arithmetic operations, weevaluate the quantity in parentheses �rst:

8 � 2 � 4
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There are no exponents, so the next step is to evaluate the multiplication and division. This can be done in
anyorder — left to right or right to left. You will get the same answer either way. Note that in this expression,
theonlydivisor is 2. Working left to right:

8 � 2 � 4 D 4 � 4 D 16:

Now evaluate this again, but this time going right to left:

8 � 2 � 4 D 8 � 1
2 � 4 D 8 � 2 D 16:

Either way, the answer is 16.
The reason people claim that the Internet is “stumped” by this problem is because the notation is a bit

confusing: people get confused over what the divisor is. Thedivision sign� appliesonly to the number to
its immediate right: 2. People who �nd the expression equal to 1 are applying the division sign to the entire
sub-expression2.2 C 2/. But that's wrong. If that were intended, the original expression would be written as
8 � Œ2.2� 2/•.

This is actually the reason the obelus (� ) isn't used in advanced mathematics — it can lead to confusing
expressions like this. In real life, mathematicians wouldnot write 8 � 2.2 � 2/, but rather

8.2 � 2/
2

so that it's completely clear that 2 is the only divisor.

Mathematical Meme: � 92 + 81

Another common Internet meme is the expression

� 92 C 81

In the �rst term, you do the square �rst,thenapply the negative sign. This expression simpli�es to 0. People
who get 162 are actually solving an entirely different expression:.� 9/2 C 81 D 162. If you intend for the
negative sign to be included in the square, then it's important to remember to put parentheses around the
entire expression to be squared, including the negative sign.

4.21 Nomenclature for Large Numbers

You probably learned the names for a few large numbers when you were in elementary school. There are
more special names for very large numbers, as shown in the table below.

Large Numbers.

103 thousand 1027 octillion 1051 sexdecillion
106 million 1030 nonillion 1054 septendecillion
109 billion 1033 decillion 1057 octodecillion
1012 trillion 1036 undecillion 1060 novemdecillion
1015 quadrillion 1039 duodecillion 1063 vigintillion
1018 quintillion 1042 tredecillion 10303 centillion
1021 sextillion 1045 quattuordecillion 10100 googol
1024 septillion 1048 quindecillion 1010100

googolplex
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For example, the number 451,821,003,405,111,818,321 is: “four hundred �fty-one quintillion, eight hun-
dred twenty-one quadrillion, three trillion, four hundred�ve billion, one hundred eleven million, eight hun-
dred eighteen thousand, three hundred twenty-one.”

It can be dif�cult to get a real sense of the size of some of these numbers. But to give you a little bit of
the sense of things, how long do you think it would take you to count to one million? Let's assume you can
count at a constant rate of one number per second, and that youcount twenty-four hours per day without a
break. Then it would take about111

2 days to count to one million. To count to one billion would take more
than 31 years, and to count to one trillion would take more than 31,000 years.

Here are some large numbers that come up in everyday life:

• You sometimes hear the expression, “not for all the money inthe world!” But exactly how much
moneyis there in the world? It turns out to be a very dif�cult questionto answer with any precision,
and depends on exactly how one de�nes “money.” But roughly speaking, it's probably on the order of
several quadrillion US dollars.

• The game of checkers has about5 � 1020 possible positions, or 500 quintillion.

• The game of chess has about10120 possible positions, or 1 novemtrigintillion.

A googol6 is 10100 , or 1 followed by 100 zeroes:

10,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000,000

The googol was named by Milton Sirotta, the nine-year-old nephew of mathematician Edward Kasner.
[25] Milton's original de�nition was that a googol would be “one, followed by writing zeroes until you get
tired.” A googol is the same number as 10 duotrigintillion.

A googol is avery large number. To give you a sense of size, the total number of elementary particles in
the observable universe is thought to be about1086; a googol is 100 trillion times larger than that.

A googolplexis 10 raised to the googol power:1010100
. It's a number so huge that there's not nearly

enough space in the entire Universe to write it all out. A googol is practically nothing compared to a googol-
plex.

4.22 The Semiquincentennial

This book was prepared around the time of the 250th anniversary of the founding the United States in 1776.
Technically, this celebration is known as the nation'sSemiquincentennial. The following table gives the
names of other anniversaries, up to the 500th.

Anniversary Year Name
50 1826 Semicentennial
100 1876 Centennial
150 1926 Sesquicentennial
200 1976 Bicentennial
250 2026 Semiquincentennial
300 2076 Tricentennial
350 2126 Sesquartricentennial
400 2176 Quadricentennial
450 2226 Sesquiquadricentennial
500 2276 Quincentennial

6The Google search engine is named after the numbergoogol. An accidental spelling error while registering the Internet domain
name is the reason for the spelling difference.
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4.23 Scienti�c Notation

Scienti�c notationis a convenient way to write very large or very small numbers,without having to write (or
count) lots of zeros.

Powers of 10

We begin with a discussion of powers of 10, written as10n , where (for now)n > 1. This means 1 followed
by n zeros. For example:

101 = 10 ten
102 = 100 one hundred
103 = 1000 one thousand
104 = 10,000 ten thousand
105 = 100,000 one hundred thousand
106 = 1,000,000 one million
1034 = 10,000,000,000,000,000,000,000,000,000,000,000 ten decillion

Clearly the power-of-10 notation is a much more compact way of writing these numbers, especially for
very large numbers. Furthermore, it avoids having to write and count all those zeros.

This power-of-10 notation may be used for very small numbersas well: the notation10� n (n > 1) means
a zero, then a decimal point, thenn � 1 zeros, followed by a 1. For example:

10� 1 = 0.1 one tenth
10� 2 = 0.01 one one hundredth
10� 3 = 0.001 one one thousandth
10� 4 = 0.0001 one ten thousandth
10� 5 = 0.000 01 one one hundred thousandth
10� 6 = 0.000 001 one one millionth
10� 34 = 0.000 000 000 000 000 000 000 000 000 000 000 1 one ten decillionth

Again, it's clear that the power-of-ten notation compact and saves writing and counting a lot of zeros for
very small numbers.

One case we've not mentioned yet is100, which is simply equal to 1;anynumber to the power 0 is equal
to 1.

In summary: for positive integersn:

• 10n is 1 followed byn zeros.

• 10� n is “0.”, followed byn � 1 zeros, followed by 1.

• 100 D 1.

Scienti�c Notation for Other Numbers

So far we've seen how to write even powers of 10 using exponents. In fact,anyreal number may be written
as an ordinary real number multiplied by some appropriate power of 10. One very simple way to do this is to
simply multiply the original number by100; since100 D 1, this is just multiplying by 1 and does not change
the number. For example:
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34.5 may be written34:5� 100

778.6 may be written778:6� 100

0.054 may be written0:054� 100

21,900 may be written21;900� 100

While the numbers on the right are indeed in “scienti�c notation” (a real number multiplied by a power
of 10), the usual convention is to have the number multiplying the power of 10 be a value between 1 and 10.
So “standard” scienti�c notation is:

r � 10n .1 � r < 10/

We can convert any number to this range by following this rule: multiplyr by 10m, then divide10n by 10m ,
for some appropriate integerm. By multiplying and dividing by the same number, we haven't changed the
number. For example, take the �rst number above:34:5� 100. We can make the number in front (34.5) fall
between 1 and 10 by dividing it by 10; to compensate and leave the number unchanged, we'llmultiply the
power of 10 by 10. Thus:

34:5� 100 D .34:5=10/� .100 � 10/

D 3:45� 101

and this is the original number in standard scienti�c notation. When manipulating the powers of 10, remember
the rule for exponents: when multiplying like bases, we add exponents. In this case, we did

100 � 10 D 100 � 101 D 100C 1 D 101

Now let's look at the second number above,778:6� 100. We can put this in standard scienti�c notation
by dividing the number in front (778.6) by 100; we then compensate by multiplying the power of 10 by 100
to keep the original number the same:

778:6� 100 D .778:6=100/� .100 � 100/

D 7:786� .100 � 102/

D 7:786� 100C 2

D 7:786� 102

This is the original number in scienti�c notation.
Now let's try the third example above, which is less than 1:0:054� 100. To put the number 0.054 in

the range between 1 and 10, we'll have to move the decimal point two places to the right, i.e. multiply by
100D 102. We then compensate bydividingthe power of 10 by 100 to keep the original number unchanged:

0:054� 100 D .0:054� 100/ � .100=102/

D 5:4� 100� 2

D 5:4� 10� 2

This is the original number in standard scienti�c notation.(Remember that when dividing like bases, we
subtract exponents.)

Finally, let's try the last example above:21;900� 100. To get the number in front (21,900) between 1 and
10, we'll have to move the decimal point 4 places to the left; in other words, divide by104. We'll compensate
by multiplying the power of 10 by104:

21;900� 100 D .21;900=104/ � .100 � 104/

D 2:1900� 100C 4

D 2:1900� 104
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This is the original number in standard scienti�c notation.

Some Thoughts

One reason scienti�c notation is useful is that we very rarely have need to carry lots of signi�cant digits
around in a calculation — most measurements are just not known that extremely high accuracy. In a previous
example, we saw the number

451;821;003;405;111;818;321

There arevery few measurements or calculations in the physical world thatrequire that many signi�cant
digits. Usually rounding this number to4:5182� 1020 , with �ve signi�cant digits, would be suf�cient, and
saves a lot of space. You certainly don't save any space calling this number4:518 210 034 051 118 183 21�
1020 , but then you would practically never be able to measure, or need to know, that many signi�cant digits.

Another reason for using scienti�c notation is that it allows us to quickly judge the relative sizes (magni-
tudes) of numbers. We need only look at the exponents; we don't need to spend time counting the number of
digits present.

Scienti�c Notation on a Scienti�c Calculator

Electronic scienti�c calculators are designed to allow entry of numbers in scienti�c notation.

TI 84 Plus Calculator

On the TI 84 Plus calculator, we use the key sequence2nd EE (above the comma key) to enter the power

of 10. For example, to enter the number3:57� 108, we would enter:

3 � 5 7 2nd EE 8

Do not use the exponent keŷ or the anti-logarithm function10x to enter numbers in scienti�c nota-

tion. Alwaysuse EE . The other keys are for raising number to powers, not for entering numbers in scienti�c

notation.
For negative numbers, for example� 3:57� 10� 8, we would enter:

.� / 3 � 5 7 2nd EE .� / 8

The TI 84 Plus calculator includes a special shortcut for entering powers of 10: just enterEE followed

by the exponent. For example, to enter107 D 1:0� 107, one may simply enter

2nd EE 7

HP 42S Calculator

On the HP 42S calculator (RPN mode), we use the keyEEX to enter the power of 10. For example, to enter

the number3:57� 108, we would enter:

3 � 5 7 EEX 8
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Do not use the exponent functionyx or the anti-logarithm function10x to enter numbers in scienti�c

notation.Alwaysuse EEX . The other keys are for raising number to powers, not for entering numbers in

scienti�c notation.
For negative numbers, for example� 3:57� 10� 8, we would enter:

3 � 5 7 C=� EEX 8 C=�

Hewlett-Packard RPN calculators include a special shortcut for entering powers of 10: just enterEEX

followed by the exponent. For example, to enter107 D 1:0� 107, one may simply enter

EEX 7

This enters1:0� 107 on the stack.

4.24 Time Conversions

We often have a need to convert times between hours, minutes,and seconds format and decimal hours format.
For example, 13.5 hours is 13 hours and 30 minutes. Many calculators contain a built-in function to do this,
but here's how to do it if you have to do it yourself. The same procedures apply to converting between
degrees, minutes, and seconds, and decimal degrees.

Hours, Minutes, Seconds to Decimal Hours

Converting hours, minutes, and seconds to decimal hours is quite straightforward:

decimal hoursD hoursC
minutes

60
C

seconds
3600

(4.32)

Example.Convert 7 hours, 16 minutes, and 42 seconds (7:16:42) to decimal hours.
Solution.

hoursD 7 C
16
60

C
42

3600
D 7:27833333 : : :hours

Decimal Hours to Hours, Minutes, and Seconds

Going the other way (decimal hours to hours, minutes, and seconds) is a little more involved:

1. Take the integer part of the decimal hours. That's the hours. Save that result.

2. Take the fractional part of the decimal hours (the part to the right of the decimal place) and multiply by
60. The integer part of that is the minutes, so save that result.

3. The the fractional part of the previous calculation, and multiply by 60 again. The result is the seconds.

4. If you wish to round to the nearest second, then round the seconds to the nearest integer.

(a) If the seconds is now rounded up to 60, then set the secondsto 0 and add 1 to the minutes.
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(b) If the minutes is now 60, then set the minutes to 0 and add 1 to the hours.

(c) And so on, as needed: if the hours now equals 25, then set hours to 1 and increment the day. If
it's past the last day of the month, then set the day of month to1 and increment the month. If the
month is past 12 (December), then set the month to 1 (January)and increment the year.

Example.Convert 7.278333333. . . hours to hours, minutes, and seconds.
Solution.The integer part of the decimal hours is 7, so that's the hours. Now multiply the fractional part

of the decimal hours (0.278333333. . . ) by 60 to get 16.7. The integer part of this result (16) is the minutes.
Now multiply the fractional part (0.7) by 60 again to get 42, which is the seconds. So 7.278333333. . . hours
is 7 hours, 16 minutes, 42 seconds (7:16:42).

4.25 The Calendar

The calendar we use must contend with the number of Earth revolutions (days) in each orbit of the Earth
around the Sun (years). The number turns out to be 365.24219 days (called thetropical year).7 A calendar
resembling our current Western calendar, called theJulianor Old Stylecalendar, was implemented by Julius
Caesar in 46 B.C., and included the concept of aleap year: any year evenly divisible by 4 would have an extra
day added onto February (February 29). This made the averageyear length 365.25 days, a fair approximation
of the length of the tropical year.

But it wasn'tquitea good enough approximation. Over the centuries the error built up, and the calendar
began to drift with respect to the seasons. Of particular concern in the middle ages was the drift of the date
of Easter. For example, Easter would sometimes occurbeforePassover, which was calculated according to
the Hebrew calendar. To correct the calendar drift, Pope Gregory XIII implemented a new calendar in 1582,
now called theGregorian calendar. It is the Gregorian calendar that we use today. The Gregorian calendar
made two modi�cations to the Julian calendar:

• Days were dropped from the calendar to reset the date of Easter to what it had been during the Council
of Nicaea in the year A.D. 325.

• The leap year rule was changed. Any year divisible by 4 is nowa leap year,unlessthe year is a multiple
of 100 (ends in 00). These “century years” arenot leap years,unlessthey are divisible by 400. Thus,
1800, 1900, 2100, 2200, 2300, 2500, etc. are all common (non-leap) years. The years 2000, 2400,
2800, etc. are all leap years.

If you �nd yourself in a position of writing software that determines whether a year is a leap year or not,
it's important that you follow these rules, or you may be leaving the people of the year 2100 with a problem.
If you implement only the four-year rule, then your softwarewill think 2100 is a leap year, but it isn't. There
will undoubtedly be a software Y2.1K bug crisis in 2100 similar to the Y2K bug crisis in 2000, but you can
help minimize its impact by implementing the correct leap year rule now. You really don't know how long
sofware lasts; people today are still running software thatwas written in the 1950s and 1960s, so it may well
be that people in 2100 will be running software you write today. Implement the correct leap year rules in
software today — the people of 2100 will thank you.

An easy way to implement the leap year rules is like this (pseudo-code):

LeapYear = False
if mod(year, 4) == 0) LeapYear = True

7The tropical year is the time elapsed from one equinox to the next. To complicate matters, the length of the tropical year varies
slowly over time.
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if mod(year, 100) == 0) LeapYear = False
if mod(year, 400) == 0) LeapYear = True

Here mod.a; b/ is the modulo (remainder) function, and returns the remainder ofa=b.
With the new leap year rule, the average length of a year is found by counting the total number of calendar

days in one 400-year cycle of the Gregorian calendar, and dividing by 400 to get days per year. In 400 years
we have365� 400days (not counting leap days); plus 100 leap days by the four-year rule, minus 4 days by
the 100-year rule, plus 1 day by the 400-year rule. The average length of a Gregorian year is then

.365 � 400/C 100� 4 C 1
400

D 365:2425days

which is a much better approximation to the length of the tropical year.
Different countries adopted the new Gregorian calendar at different times. Some countries in Europe

switched to the new calendar shortly after the Pope's decreein 1582. Other switched later. Great Britain,
including the American colonies, switched to the new calendar in September 1752 (when George Washington
was 20 years old). The calendar that month looked like this:

September 1752 (G.B. and American colonies)
Sun Mon Tue Wed Thu Fri Sat

1 2 14 15 16
17 18 19 20 21 22 23
24 25 26 27 28 29 30

You can see where eleven days were dropped from the calendar:Wednesday, September 2, 1752 (the
last day on the Julian calendar) was followed by Thursday, September 14, 1752 (�rst day on the Gregorian
calendar).

Years

Our year numbers were established by a 6th century Eastern Roman monk named Dionysius Exiguus of
Scythia Minor. He calculated the year of the birth of Jesus Christ based on passages from the Bible, and
counted years from that time. Counting forward from that date, we label years asAnno Domini(Latin for
“In the Year of our Lord.”), abbreviated A.D. and placedbeforethe year number; for example, A.D. 2024.
Years before that are labeled B.C. (for “before Christ”), with B.C. being writtenafter the year number; for
example, 44 B.C. (Figure 4.3) (Most Biblical scholars now believe that Dionysius's calculations were off by
about four years, so Jesus was probably born around 4 B.C.)

Interestingly, there is no year number zero: the year following 1 B.C. was the year A.D. 1. For this reason,
the �rst century A.D. is the �rst 100 years — the years A.D. 1 toA.D. 100. The second century is the second
100 years — the years A.D. 101 to A.D. 200. Continuing like this up to the present day, the 19th century is
the years 1801–1900, the 20th century is 1901–2000, the 21stcentury is 2001-2100, and the 22nd century
will be 2101–2200.

Easter

It is widely believed that Easter is on the �rst Sunday following the �rst full Moon after the vernal equinox
(�rst day of spring). This date is calledastronomical Easter. While this is usually the actual date of Easter
Sunday, that is notalwaysthe case. If the vernal equinox and the full Moon are within a few minutes of each
other, then the date of actual Easter may differ from the dateof astronomical Easter.

The actual date of Easter Sunday is determined by an ecclesiastical algorithm. [33] The details are left to
the student as a project to work out.

52



Prince George's Community College College Mathematics Simpson

Figure 4.3: Half-century time capsule in South Charleston,West Virginia. “Herein are mementoes from the
people of the year A.D. 1976 to the people of the year A.D. 2026.”

Day of Year and Julian Day

For scienti�c purposes, the division of the calendar into weeks, months, and years is inconvenient: we would
like to have a continuous time scale that just counts days. Two such systems are in use:

• Theday of year; or

• theJulian Day.

The day of year (DOY) is just that: a count of how many days intothe current year (1–366). For example,
January 1 is DOY 1; February 14 is DOY 45; July 4 is DOY 185 in a common year, or DOY 186 in a leap
year; December 31 is DOY 365 in a common year, or DOY 366 in a leap year. The day of year is often used
if the times involved all occur during the same year, since itresets back to 1 on January 1 of every year.8

The Julian day is just a continuous count of how many days haveelapsed sincenoonon Monday, January
1, 4713 B.C. For example, January 1, 2024 (00:00:00, midnight at the beginning of the day) is Julian day
number 2460310.5. The extra 0.5 is there because the Julian day count starts at noon on its starting day. It's
very important to keep that half-day straight: a number of major software companies have gotten it wrong
and had their Julian days off by 0.5 day as a result.

The Julian day makes it easy to determine the number of days between any two calendar dates. This
is how software like Microsoft Excel determines this: just convert both dates to their equivalent Julian day
numbers, and subtract the Julian days.

Calculating the Julian day from the Gregorian calendar date(and vice versa) involves implementing some
simple algorithms that are well documented. (See, for example, Appendix 8 and Reference [33].)

8Some people call the day of year the “Julian day” or “Julian date”. Those people are wrong. The Julian day is as described here. A
“Julian date” is a date on the Old Style Julian calendar.
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Example.How many days are there between November 5, 1955 and July 4, 2024?
Solution.Converting both dates to their corresponding Julian day numbers (at 00:00:00) gives 2435416.5

and 2460495.5, respectively. Subtracting the two gives thesolution: 25,079 days.

4.26 Rational Approximations

An interesting problem in arithmetic is to �nd a rational number that approximates a given real number. For
example, it is well known that the ratio of the circumferenceof any circle to its diameter is the number pi
� D 3:14159 26535 89793 : : :, and that the number22=7D 3:14285 71428 57142 : : :is an approximation of
� (Section 16.2). In general, is there a way to come up with suchrational approximations?

Thereis a way to do this, by means of the following pseudo-code computer algorithm: [39]

D1 = D2 = 1
N1 = INT(X)
N2 = N1 + 1
goto 300

100 if (R > 1) goto 200
R = 1 / R

200 N2 = N2 + N1* INT(R)
D2 = D2 + D1* INT(R)
N1 = N1 + N2

300 R = 0
if (X * D1 == N1) goto 400
T = N2; N2 = N1; N1 = T ; swap N1 and N2
T = D2; D2 = D1; D1 = T ; swap D1 and D2

400 print N1, ' / ', D1
goto 100

Given a real numberX , this algorithm will produce a series of rational approximations of X , each a more
accurate approximation than the last. (HereINT() returns the integer part of the given number.)

For example, givenX D � D 3:14159 : : :, this algorithm will produces a series of approximations of� :

� � 3 / 1 = 3.000000000000000 (no decimals)
22 / 7 = 3.142857142857143 (2 decimals)
355 / 113 = 3.141592920353983 (6 decimals)
104348 / 33215 = 3.141592653921421 (9 decimals)

Rational approximations can have a number of uses: for example, you can add fractions on a calculator
that has no fraction capability, then use the algorithm to convert the result back to a fraction. For example,
we could �nd with a calculator12 C 11

16 D 0:5C 0:6875D 1:1875. Then we can convert the result back to a
fraction using the algorithm, which gives19

16 D 1 3
16 .

4.27 Method of Quarter Squares

There is a very old, nearly forgotten method of multiplying numbers called themethod of quarter squares.
It works like this: given two numbers, we �nd their sum and difference. We then look up that sum and
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difference in a table of quarter-squares, and the difference in the table entries is the product of the original
numbers.

What makes this useful is that addition and subtraction are much easier to do than long multiplication.
Using the method of quarter squares requires one addition and one subtraction of the original numbers, and
one subtraction of the table entries. No long multiplication is needed.

A short table of quarter squares is shown in Appendix 11. Manyyears ago (before electronic calculators
were available), much more extensive tables were published(e.g. Reference [29]).

Example.Use the method of quarter squares to compute34� 23.

Solution.The sum of these numbers is 57, and their difference is 11. Nowlook up the sum and difference
in the table of quarter squares in Appendix 11, and we get 812 and 30, respectively. The difference in these
table entries is 782, which is the answer:34� 23 D 782.

We'll see in Section 8.23 how the table of quarters squares iscalculated, and why it works.

4.28 Prosthaphaeresis

Prosthaphaeresis9 is an old mathematical method used to multiply two numbers. It was used before the
appearance of logarithmic tables in 1617.

The name of the method comes from two words in ancient Greek:

• �� Ko��"� �& — “addition” or “putting to”

• �' � K��"� �& — “subtraction” or ”taking away”

Together they form the word��o� ��' � K��"� �& — “addition and subtraction.”
The method of prosthaphaeresis makes use of the trigonometric identity for the product of cosines of two

angles. (See Chapter 17 on trigonometry.)

cos� cos� D
1
2

Œcos.� C �/ C cos.� � �/• (4.33)

If we de�ne

x D cos�

y D cos�

then the product

xy D
1
2

Œcos.� C �/ C cos.� � �/• (4.34)

To multiply two numbersx andy, we “scale” both numbers (that is, multiply them by an appropriate power
of 10) so that they lie in the range0 � x � 1; 0 � y � 1. Then �nd the inverse cosine of both numbers
to get two angles� and� ; �nd the sum and difference of these angles; �nd the cosines of the results; and
�nally take half the sum (being sure to multiply in the end by the appropriate power of 10 used for scaling).
This might seem like a lot of effort just to multiply two numbers, but addition and subtraction are much easier

9Pronouncedpross-thuh-FEER-uh-siss.
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than multiplication, and this method allows one to multiplytwo numbers using only addition, subtraction,
and some lookups in trigonometric tables.

Example.Use the method of prosthaphaeresis to compute34� 23.

Solution.First, the multiplicand and multiplier must be in the range0 � x � 1; 0 � y � 1. In this case,
we can do this by dividing both numbers by 100:

34� 23 D .0:34 � 102/ � .0:23 � 102/

D .0:34 � 0:23/ � .102 � 102/

D .0:34 � 0:23/ � 104

From a printed table of trigonometric functions,

� D cos� 1.0:34/ D 70:12313�

� D cos� 1.0:23/ D 76:70293�

Now �nd the sum and difference of these angles:

� C � D 70:12312� C 76:79293� D 146:82605�

� � � D 70:12312� � 76:79293� D � 6:57980�

Looking up these sum and difference angles in trigonometrictables, we �nd

cos.� C �/ D cos.146:82605� / D � 0:83701

cos.� � �/ D cos.� 6:57980� / D 0:99341

The product is then one-half the sum of these two numbers (times the factor of104),

34� 23 D
1
2

.� 0:83701C 0:99341/� 104

D 0:07820� 104

D 782

which is the answer:34� 23D 782. Note that the multiplication has been reduced to additions, subtractions,
a division by 2, and some table lookups.

4.29 The Russian Peasant Algorithm

TheRussian peasant algorithm(sometimes calledEgyptian multiplication)

4.30 Multiplication by Logarithms

4.31 Casting Out Nines

Casting out ninesis a technique forcheckingmultiplication.
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4.32 The 1917 Oklahoma City Multiplication Wheel

Around 2015, during the renovation work at Emerson High School in Oklahoma City, contractors were re-
moving old chalkboards from a classroom, and discovered blackboards underneath — complete with lessons
drawn on the board with chalk that had been untouched since 1917. Among the work on the chalkboards was
this mysterious “multiplication wheel” (Figure 4.4).

Figure 4.4: The 1917 Oklahoma City “multiplication wheel.”

Nobody is entirely certain how this was used, but it does not appear to be a diagram that would allow one
to multiply numbers together. Most likely it was used for exercises in learning the multiplication tables: the
teacher might point to one of the numbers on the circle, and the student had to perform the operations on the
inside, multiplying by 2 through 8. With 22 numbers on the outside of the wheel and 7 multiplicands on the
inside, the wheel could present students with 154 differentmultiplication problems.

4.33 Additional Mathematical Notation

8 for all
9 there exists
w.r.t. with respect to
iff if and only if
) therefore
Q.E.D. quod erat demonstrandum(“which was to be demonstrated”; used at the end of a proof)
* since
/ proportional to
� approximately equal to
Š congruent to
� identically equal to
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4.34 Problems

ALWAYS show your work in your homework problem solutions.

1. Compute the following: (a)45C 78 (b) 89� 117 (c) 55� 123 (d)
1654
37

(e) 23
p

17

(f) 4
p

2334 (g) log10 67:189 (h) ln0:34487 (i) 100:45 (j) e� 0:778 (k) 452 (l) 3203

(m) � 8� 3 (n) .� 8/� 3 (o) 4:560:455 (p)
p

� 144 (q) 00 (r) 015 (s)123

(t) i 2 (u) i 3 (v) e (w) 1=e (x) 34Š (y) 16ŠŠ (z) ei �

2. Compute the following, giving your answers in Roman numerals. (Hint: Convert the Roman numerals
to Hindu-Arabic numerals, do the calculation, then convertback to Roman numerals.)

(a) CXXIV + XLVIII (b) CCCXII � CVI (c) XCI � XXVII (d)
CCCXCI

XXIII

3. What is the year that the United States became independentfrom Great Britain, in Roman numerals?

4. Hot dogs are sold in packs of 10, while hot dog buns are sold in packs of 8. How many packs of hot
dogs and how many packs of buns would you have to buy to have an equal number of hot dogs and
buns, so that nothing is left over?

5. Write the following numbers instandardscienti�c notation: (a) 0.000 000 36 (b) 1,250,000
(c) 1169.446 (d)� 0:000 000 002 39 (e) � 1;452;319:239 (f) 0.03 (g) 100

6. Write the following numbers in “ordinary” (non-scienti�c) notation: (a)101 (b) 4:631� 103

(c) 9:194� 1013 (d) 3:0016� 10� 7 (e)100 (f) 3:22� 105

7. Compute the following: (a)106

1012 (b) 103 � 108 (c) 10 � 4

10 � 5 (d) 103

10 � 7 (e) 105 � 10� 2

8. Compute the following, and give the result in standard scienti�c notation:

3 � 104 � 4 � 10� 6

2 � 10� 2 � 5 � 10� 3

Did you remember to use the correct key (EEor EEX) to enter the numbers in scienti�c notation?

9. What is the name of the number 500,000,000,000,000,000? (Give your answer in words.)

10. Using the method of quarter squares, compute67� 82. (Be sure to show your work. Refer to Appendix
11.)
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11. What is

250%
25%

D ‹

(a) 10% (b) 100% (c) 1000% (d) None of these

12. Compute:
q p

100C
p

36
p

4

13. Compute:3
p

24� 32=3.

14. (a) Convert the time 12:34:56 to decimal hours. (b) Convert the time 9.2375 from decimal hours to
hours, minutes, and seconds.

15. Using Eq. (4.30), �nd approximations ofe using (a)n D 100 (b) n D 1000 nD 106. (As n gets
larger, you should see your answers getting closer and closer to the true value ofe given by Eq. (4.31).

16. The 1906 San Francisco earthquake, with a magnitude of 8.25 of the Richter scale, is estimated to be
105 times greater than the Nicaragua quake of 1972. What would be the magnitude of the latter on the
Richter scale? The equation is [22]

R1 D R2 � log10

�
M2

M1

�
D 8:25� log10

�
105
1

�

17. Ace explorer Jason Quarmorte is using an ordinary barometer as an altimeter. After measuring the sea
level pressure (30 inches of mercury), he climbs until the barometer indicates 9.4 inches of mercury.
Although the exact relationship of pressure and altitude isa function of many factors, Quarmorte knows
that anapproximationis given by the formula [22]

Altitude .feet/ D 25;000ln
�

30
Pressure

�
D 25;000ln

�
30
9:4

�

Where is Jason Quarmorte?

18. An aircraft pilot reads a pressure altitude (PALT) of 25,500 feet with a calibrated airspeed (CAS) of
350 knots. What is the �ight Mach number [22]

M D
speed of aircraft
speed of sound

1

if the following formula is applicable?

M D

r
5

2

6
4

0

@

8
<

:

2

4

 

1 C 0:2
�

350
661:5

� 2
! 3:5

� 1

3

5

"

1 �
�
6:875� 10� 6

�
25;500

#� 5:2656
9
=

;
C 1

1

A

0:286

� 1

3

7
5
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19. Simplify:

8
p

256
12
p

64

20. Simplify:

�
9

3
p

2

� 2C
p

2

21. Simplify: 43=2 C 81=3 � 0:5� 2

22. Compute (can be done without a calculator):

0

@

p
1512 C 4560 C 15625

56 C 9
p

1

1:5� 2� 1 C .� 1/4654

1

A

15

s
315 C 317

10

23. Which is larger:� e or e� ?

24. Compute:

.0ŠC 0Š/.0ŠC 0Š/ � .0ŠC 0Š/.0ŠC 0Š/

25. Simplify:
r q

3
p

11

3

q p
11

26. Simplify:

80

s
888

88

27. Simplify:

43Š
41ŠC 42Š

28. Simplify:

162:6

43:7

29. Simplify:

3Š
3ŠŠ
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30. Simplify:

82=3 � 4� 1

31. Simplify:
p

5 C
p

5
p

20

32. Simplify:

69

93
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4.35 Projects

Here are some larger arithmetic projects you might like to try.

1. Learn how to calculate square roots using the “paper and pencil” method described in this text. Prac-
tice with a few numbers and see if you can get to be good at it. You might also try writing a Python
program to implement the method (Python can work with very large integers with large numbers of
digits, which is a feature you will need.)

2. Learn how to calculatecuberoots using only a paper and pencil. (The method is similar tothe square
root method of the previous project.) Practice with a few numbers and see if you can get to be good at it.

3. It is said that all the numbers from 0 to 100 can be expressedas four 4's. (For example,10 D
4 C 4 C 4 �

p
4.) See if you can do this for all the numbers from 0 to 100, or even beyond 100.

(You may use addition, subtraction, multiplication, division, square roots, exponents, factorials, a dec-
imal point, an overline over repeating decimals, and you mayform numbers like 44 and .4. Useonly
four 4s, and no other digits.)

4. Learn some methods of mental arithmetic. It's possible todo some amazing arithmetic in your head.
You will �nd Reference [45] especially interesting if you want to try the Trachtenberg system. (Be sure
to read the amazing foreword to the book. It could easily be made into a movie.)

5. Acquire and learn to use the Japanese soraban. Some Japanese children spend years in a special soroban
school learning how to calculate on the soroban, and can do amazing calculations with it.

6. Acquire and learn how to use a slide rule. Slide rules were used by college students up until about
1975, when electronic calculators became popular. (Many slide rules are available from online auction
sites. They're still quite plentiful.)

7. Learn how to use a calculator with Reverse Polish Notation(RPN).

8. The so-calledDoomsday algorithm, invented by English mathematician John Horton Conway, is a
method for calculating the day of the week of any date in your head. Learn the algorithm and practice
it until you get to be good at it. Not only will you impress all your friends, but you may never need a
calendar again!

9. Write a computer program to calculate the date of Easter Sunday for any year. You will need to
implement the ecclesiastical algorithm that determines this date; see, for example, Reference [33].

10. Write a computer program to convert Roman numerals to andfrom our Hindu-Arabic numerals. (This
can become surprisingly involved.)

11. Write a computer program that acts as an electronic calculator that works with Roman numerals. For
example: VIII + V = XIII. (This would be a fairly large project. An even bigger project would be to
write it as a cell phone app, which you could then sell over theInternet.)
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12. Write a computer program to implement the algorithm for converting a real number to a rational ap-
proximation.

13. Read about Donald Knuth's “up-arrow” (" ) notation. This is a way of describingvery, verylarge
numbers.

14. Write a computer program to generate a more extensive table of quarter squares than the one shown in
Appendix 11.
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Chapter 5

Number Bases

We write numbers usingplace-valuenotation: each digit in a number represents a power of 10. Thedigit to
the left of the decimal point represents100 D 1, the digit to the left of that is the tens place (101 D 10), the
place to the left of that is the hundreds place (102 D 100), etc.

Other bases besides 10 can be used in a like manner. When it's important to indicate which base is being
used, we write the base (in base 10) as a subscript to the number. Thus5167 is 516 in base 7, which is
5 � 72 C 1 � 71 C 6 � 70 D 258.

An unusual number system using the golden ratio as a base willbe presented in Section 8.11.

5.1 Base 10 (Decimal)

The reason we use base 10 numbers in everyday life is clear: wehave 10 �ngers.

5.2 Base 5 (Quinary)

If we were to count on one hand instead of two, we might be inclined to use base 5 arithmetic. (This is likely
the reason that teaching base 5 arithmetic was popular during the “New Math” era of the 1960s and 1970s.)
Counting in base 5 goes: 1, 2, 3, 4, 10, 11, 12, 13, 14, 20, 21, . .. . An addition table for base 5 is shown
below.

Table 5.2-1. Addition table for base 5.

C 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 5
2 2 3 4 10 11
3 3 4 10 11 12
4 4 10 11 12 13

5.3 Base 3 (Ternary)

Base 3 uses only the digits 0, 1, and 2. Counting in base 3 goes:1, 2, 10, 11, 12, 20, 21, 22, 100, 101, 102,
110, . . . . An addition table for base 3 is shown below.
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Table 5.3-1. Addition table for base 3.

C 0 1 2
0 0 1 2
1 1 2 10
2 2 10 11

Example.One interesting real-world use for base 3 numbers is in identi�cation of swine. Newborn baby
pigs have their ears notched so that they can be identi�ed. Notches in the right ear are used to indicate the
litter number, and notches in the left ear indicate individuals within the litter. For each ear, there are �ve
locations for placing a “digit” (Figure 5.1):

• Bottom, near head (1)

• Side of ear, near tip (3)

• Outer half of top of ear (9 D 32)

• Top of ear, near head (27 D 33)

• Tip of ear (81 D 34) (right ear only, and can only be 0 or 1)

Figure 5.1: Placement of swine ear notches. Each location can hold 0, 1, or 2 notches, except for the “81”
location, for which only one notch may be used. (Credit: University of Nebraska, Lincoln, Publication
G1880.)

“Digits” consist of 0 (no notches), 1 (one notch), or 2 (two notches). The right ear can show any litter
number from 1 to122223, for a total of 161 litter numbers. The left ear can show any pig number from 1 to
2223, for a total of 26 individual pigs within the litter. (Litterand pig numbers of 0 are not used; counting
starts with 1.)

Balanced Ternary

A variation of ternary numbers is calledbalanced ternary, which uses the digits 0, 1, andN1, whereN1 represents
� 1. Counting in balanced ternary goes: 1, 1N1, 10, 11,1N1N1, 1N10, 1N11, 10N1, 100, 101, . . . .

Balanced ternary has some interesting properties: [27]

1. The negative of a number is obtained by interchanging 1 andN1.
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Figure 5.2: Logo of the Dozenal Society of America. (www.dozenal.org)

2. The sign of a number is given by its most signi�cant nonzerodigit.

3. In general, we can compare any two numbers by reading them from left to right and using lexicographic
order (N1, 0, 1), as in the decimal system.

4. The operation of rounding to the nearest integer is identical to truncation: in other words, we simply
delete everything to the right of the radix point.

5.4 Base 12 (Duodecimal)

Base 12 is a bit unusual, in that it has a national organization promoting its use: theDozenal Society of
America(formerly the American Duodecimal Society). (Figure 5.2)1 Base 12 requires two additional digits;
the Society recommends:dek(� ) for 10 andel (E) for 11. Thus counting in base 12 goes: 1, 2, 3, 4, 5, 6, 7,
8, 9,� , E, 10, 11, 12, . . . . An addition table for base 12 is shown below.

Table 5.4-1. Addition table for base 12.

C 0 1 2 3 4 5 6 7 8 9 � E
0 0 1 2 3 4 5 6 7 8 9 � E
1 1 2 3 4 5 6 7 8 9 � E 10
2 2 3 4 5 6 7 8 9 � E 10 11
3 3 4 5 6 7 8 9 � E 10 11 12
4 4 5 6 7 8 9 � E 10 11 12 13
5 5 6 7 8 9 � E 10 11 12 13 14
6 6 7 8 9 � E 10 11 12 13 14 15
7 7 8 9 � E 10 11 12 13 14 15 16
8 8 9 � E 10 11 12 13 14 15 16 17
9 9 � E 10 11 12 13 14 15 16 17 18
� � E 10 11 12 13 14 15 16 17 18 19
E E 10 11 12 13 14 15 16 17 18 19 1�

1Web site: www.dozenal.org
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5.5 Base 2 (Binary)

Binary (base 2) is commonly used in computer work, because the two available digits (0 and 1) can represent
“off” and “on” conditions in an electronic circuit. Counting in binary goes: 1, 10, 11, 100, 101, 110, 111,
1000, 1001, 1010, 1011, . . . . An addition table for base 2 is shown below.

Table 5.5-1. Addition table for base 2.

C 0 1
0 0 1
1 1 10

5.6 Base 8 (Octal)

Octal (base 8) is used as a kind of abbreviation of binary, because every 3 binary digits corresponds to one
octal digit. Counting in octal goes: 1, 2, 3, 4, 5, 6, 7, 10, 11,12, 13, 14, 15, 16, 17, 20, 21, . . . . An addition
table for base 8 is shown below.

Table 5.6-1. Addition table for base 8.

C 0 1 2 3 4 5 6 7
0 0 1 2 3 4 5 6 7
1 1 2 3 4 5 6 7 10
2 2 3 4 5 6 7 10 11
3 3 4 5 6 7 10 11 12
4 4 5 6 7 10 11 12 13
5 5 6 7 10 11 12 13 14
6 6 7 10 11 12 13 14 15
7 7 10 11 12 13 14 15 16

5.7 Base 16 (Hexadecimal)

Like octal, hexadecimal (base 16) is used as a kind of abbreviation of binary, because every 4 binary digits
corresponds to one hexadecimal digit.

Hexadecimal, like duodecimal, requires new characters to represent digits beyond 9. Customarily, we use
the letters A–F: AD 10, BD 11, CD 12, DD 13, ED 14, and FD 15. Thus counting in hexadecimal goes: 1,
2, 3, 4, 5, 6, 7, 8, 9, A, B, C, D, E, F, 10, 11, 12, 13, . . . . An addition table for base 16 is shown below.

67



Prince George's Community College College Mathematics Simpson

Table 5.7-1. Addition table for base 16.

C 0 1 2 3 4 5 6 7 8 9 A B C D E F
0 0 1 2 3 4 5 6 7 8 9 A B C D E F
1 1 2 3 4 5 6 7 8 9 A B C D E F 10
2 2 3 4 5 6 7 8 9 A B C D E F 10 11
3 3 4 5 6 7 8 9 A B C D E F 10 11 12
4 4 5 6 7 8 9 A B C D E F 10 11 12 13
5 5 6 7 8 9 A B C D E F 10 11 12 13 14
6 6 7 8 9 A B C D E F 10 11 12 13 14 15
7 7 8 9 A B C D E F 10 11 12 13 14 15 16
8 8 9 A B C D E F 10 11 12 13 14 15 16 17
9 9 A B C D E F 10 11 12 13 14 15 16 17 18
A A B C D E F 10 11 12 13 14 15 16 17 18 19
B B C D E F 10 11 12 13 14 15 16 17 18 19 1A
C C D E F 10 11 12 13 14 15 16 17 18 19 1A 1B
D D E F 10 11 12 13 14 15 16 17 18 19 1A 1B 1C
E E F 10 11 12 13 14 15 16 17 18 19 1A 1B 1C 1D
F F 10 11 12 13 14 15 16 17 18 19 1A 1B 1C 1D 1E

5.8 Base1
2 (Heminary)

Number bases need not be greater than 1. For example, we can easily use1
2 as a base. Numbers in base1

2 are
then just mirror images of their binary representation. And, like binary, numbers in base12 use just digits 0
and 1. For example, binary1011102 becomes0:0111011=2 in base1

2 . Table 5.8-1 shows the �rst few positive
integers in base12 .
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Table 5.8-1. Counting in base12 .

Decimal Base1
2

0 0
1 1
2 0.1
3 1.1
4 0.01
5 1.01
6 0.11
7 1.11
8 0.001
9 1.001
10 0.101
11 1.101
12 0.011
13 1.011
14 0.111
15 1.111
16 0.0001
17 1.0001
18 0.1001
19 1.1001
20 0.0101

5.9 Base 36 (Hexatrigesimal)

Base 36 has the property that it uses the digits 0–9 and all of the letters A–Z. It may occasionally be used to
convert short text into a number.

For example, suppose you have a large data array, and need to store the text “Run 17A” inside the array as
a number. You could treat the RUN17A as a number in base 36, convert it to decimal, and store the resulting
number:

RUN17A36 D 1;684;049;87810

To read the text, you would just convert this integer from base 10 back to base 36.

5.10 Complements

Complementsare a way of making negative numbers in different number bases. One can then turn subtraction
problems into addition problems: instead of subtracting, you add the minuend to the complement of the
subtrahend.

In a given baseb, there are two kinds of complements: theb's complement, and the.b � 1/'s complement.
They are two different ways of forming numbers that can act like negative numbers. Best known are the so-
called1's complementand2's complementin binary (base 2) arithmetic, but complements are possiblein any
number baseb � 2. For example, in binary (base 2), we can de�ne the 1's complement and 2's complement
of a number. In base 4, we can de�ne the 3's complement and 4's complement; in base 6, we can de�ne the
5's complement and 6's complement; and in base 10 we can de�nethe 9's complement and 10's complement.
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Before beginning any calculation using complements, we must be clear on what number base is being
used,andwe need to �x the number of digits we're working with. The number of digits will be the same for
all numbers in the calculation.

9's Complement and 10's Complement

The9's complementand10's complementare used in decimal arithmetic. To �nd the 9's complement of a
number, we subtract each digit from 9. For example, the 9's complement (four digits) of 4725 is 5274.

To �nd the 10's complement of a number, we add 1 to the 9's complement. For example, the 10's
complement (four digits) of 4725 is found by �nding the 9's complement (5274) and adding 1 to get 5275.

Or another way to think of this: working left to right, write down the digit that will make the original digit
add to 9. When you get to the rightmost digit, write down the digit that will make the rightmost digit add to
10.

The 10's complement may be used to do subtraction in base 10. Instead of subtracting by the usual
procedure, we canaddthe 10's complement.

Example.Suppose we wish to subtract7834� 2481using 10's complement arithmetic. We would do this
by adding7834 to the 10's complement of 2481.

We'll use four digits. First, we compute the 9's complement of the subtrahend 2481 by subtracting each
digit from 9: the result is 7518. Now add 1 to get the 10's complement: 7519. Next, perform the subtraction
by adding 7834 to the 10's complement of 2481: 7834 + 7519 = 15353. Finally, we discard the leftmost 1,
which is a “carry” digit that spilled over into a �fth digit. The �nal result is 5353. And indeed we can verify
that7834� 2481D 5353by paper and pencil or using an electronic calculator.

We can also perform subtraction using the 9's complement. The procedure in this case is to add the
minuend (7834) to the 9's complement of the original subtrahend (2481). If there is a “carry” digit into the
�fth digit, we remove it and add it back to the remaining digits. In this example, we add7834C7518D 15352.
Now remove the leading 1 (the “carry” digit) and add it to the remaining digits:15352! 5353, which is the
correct difference.

Example.Let's repeat the above example, but use 9's complement instead of 10's complement to do the
subtraction. First, we compute the 9's complement of 2481 bysubtracting each digit from 9: the result is
7518. Next, perform the subtraction by adding 7834 to the 9'scomplement of 2481: 7834 + 7518 = 15352.
Finally, we remove the leftmost 1 (which is a “carry” digit that spilled over into a �fth digit) and add it back
in to the remaining digits:15352! 5353, which is the same as the result we got before.

Example. — Receiving cash change from a purchase. Suppose you buy an item, and its total cost,
including tax, is $7:18. You pay for it by giving the cashier a $10 bill. What should beyour change? Just
�nd the 10's complement by writing down, from left to right, the digit that will make the original digit add
to 9 except for the last one, which should be the digit that adds to 10. For $7:18, that's $2:82, and that's your
change.

1's Complement and 2's Complement

Complements are most often used in binary (base 2) arithmetic in computer use. To �nd the 1's complement
of a binary number, we subtract each digit from 2. This is equivalent to “�ipping” the bits — changing all
0's to 1's, and 1's to 0's. (Computing the 1's complement of a binary number is the same thing as �nding the
bitwise logical “NOT.”)

To �nd the 2's complement, we add 1 to the 1's complement.
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To do subtraction of two binary numbers using 2's complement, one adds the minuend to the 2's com-
plement of the original subtrahend. Any leading “carry” digit is discarded. For example, suppose we wish
to subtract (using �ve binary digits)101112 - 010112. We �rst �nd the 1's complement of the subtrahend
(010112) by �ipping its bits: 101002. Then add 1 to this result to get the 2's complement:101012. Finally,
add the minuend to the 2's complement of the subtrahend:101112 + 101012 = 1011002. Discard the leading
carry digit, and the result is011002. (In decimal, this is23� 11 D 12.)

To do subtraction of two binary numbers using 1's complement, one adds the minuend to the 1's com-
plement of the original subtrahend. Any leading “carry” digit is removed and added to the remaining digits.
Repeating the above example with 1's complement, suppose wewish to subtract (using �ve binary digits)
101112 - 010112. We �rst �nd the 1's complement of the subtrahend (010112) by �ipping its bits: 101002.
Then add the minuend to the 1's complement of the subtrahend:101112 + 101002 = 1010112. Remove the
leading carry digit (1) and add it to the remaining digits, and the result is010112 C 1 D 011002, which is
what we got before using 2's complement arithmetic.

Almost all computer processors today use 2's complement arithmetic to do subtraction, but some early
model computers used 1's complement arithmetic.

Other Complements

What about other complements, such as 3's complement and 4'scomplement? Complements are always done
in a speci�c number base. In baseb arithmetic, we can de�ne ab's complement and a.b � 1/'s complement.
For example, in base 4, the 3's complement and 4's complementare de�ned. For a baseb, the .b � 1/'s
complement is found by subtracting each digit fromb � 1. Theb's complement is found by adding 1 to the
.b � 1/'s complement.

Example. Suppose we wish to do a subtraction using base 4 and 4's complement arithmetic. Let's
set the number of digits at �ve, and we'll be using base 4 arithmetic. Let's suppose we wish to compute
310224 � 100234. We �rst �nd the 3's complement of the subtrahend by subtracting each digit from 3 to get
233104. We then �nd the 4's complement by adding 1, to get233114. Finally, we add the original minuend
to the 4's complement of the subtrahend:310224 C 233114 D 1203334. Discard the carried 1 in the sixth
digit, and we have203334. (This problem in decimal is842� 267D 575.

We could also work this same problem using base 4 and 3's complement arithmetic instead of 4's com-
plement arithmetic. Let's again set the number of digits at �ve, and again we'll be using base 4 arithmetic.
Again we'll compute310224 � 100234. We �rst �nd the 3's complement of the subtrahend by subtracting
each digit from 3 to get233104. Then we add the original minuend to the 3's complement of thesubtrahend:
310224 C 233104 D 1203324. Remove the carried 1 in the sixth digit and add it to the remaining digits, and
we have203324 C 1 D 203334, as before.

Example.Now let's try a problem in hexadecimal (base 16), using 15's complement and 16's complement.
We'll set the number of digits at four. Suppose we wish to compute AE4516 � 23FC16. We �rst �nd the 15's
complement of the subtrahend (23FC16) by subtracting each digit from 15 to get DC0316. Now �nd the
16's complement by adding 1, and we have DC0416. Finally, add the original minuend (AE4516) to the
16's complement of the subtrahend: AE4516 + DC0416 = 18A4916. Discard the leading carry 1 in the �fth
digit, and we have the result, 8A4916 . Thus AE4516 � 23FC16 D 8A4916. (In decimal, this problem is
44613� 9212D 35401.)

We could also work this same problem using 15's complement arithmetic instead of 16's complement
arithmetic. We'll again set the number of digits at four. Suppose we wish to again compute AE4516 �
23FC16. We �rst �nd the 15's complement of the subtrahend (23FC16) by subtracting each digit from 15 to
get DC0316. Then add the original minuend (AE4516) to the 15's complement of the subtrahend: AE4516 +
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DC0316 = 18A4816 . Remove the leading carry 1 in the �fth digit and add it to the remaining digits, and we
have the result, 8A4816 C 1 D8A4916. Thus AE4516 � 23FC16 D 8A4916 , as before.

Example.Let's now try a problem in base 5, using 4's complement and 5'scomplement arithmetic. We'll
set the number of digits at four. Suppose we wish to compute43025 � 11345. We �rst �nd the 4's complement
of the subtrahend (11345) by subtracting each digit from 4 to get33105. Now �nd the 5's complement by
adding 1, and we have33115. Finally, add the original minuend (43025) to the 5's complement of the
subtrahend:43025 + 33115 D 131135. Discard the leading carry 1 in the �fth digit, and we have theresult,
31135. Thus43025 � 11345 D 31135. (In decimal, this problem is577� 169D 408.)

We could also work this same problem using 4's complement arithmetic instead of 5's complement arith-
metic. We'll again set the number of digits at four. Suppose we wish to again compute43025 � 11345.
We �rst �nd the 4's complement of the subtrahend (11345) by subtracting each digit from 4 to get33105.
Then add the original minuend (43025) to the 4's complement of the subtrahend:43025 + 33105 D 131125.
Remove the leading carry 1 in the �fth digit and add it to the remaining digits, and we have the result,
31125 C 1 D 31135. Thus43025 � 11345 D 31135, as before.

Notice that each complement can be de�ned in two different number bases. For example, a 5's comple-
ment can be de�ned in base 5 and in base 6. These will generallynot be the same decimal number. Theb's
complement of a number means something different in baseb and baseb C 1.

Example.Let's take the decimal number 1749, and we'll work with �ve digits for our complements. The
number174910 in base 10 is234445 in base 5. It's 4's complement is210005, and so its 5's complement is
the 4's complement plus 1, or210015, which is decimal137610.

In base 6, the number174910 in base 10 is120336 in base 6. Its 5's complement in base 6 is then435226,
which is602610. The 5's complement in base 5 is not the same as the 5's complement in base 6.

One �nal note: as long as the number of bits is the same, the 1'scomplement in binary, 7's complement
in octal, and 15's complement in hexadecimal, are all the same number. Similarly, the 2's complement in
binary, the 8's complement in octal, and the 16's complementin hexadecimal are all equal.

Example.For the sake of mutual compatibility, let's select an integer size of 12 binary digits (12 bits),
which is exactly 4 digits in octal and 3 digits in hexadecimal. Let's look at the decimal number 1342:

134210 D 0101001111102 D 24768 D 53E16

The 1's complement of this number in binary, the 7's complement in octal, and the 15's complement in
hexadecimal, are all equal:

1010110000012 D 53018 D AC116

Similarly, the 2's complement of134210 in binary, the 8's complement in octal, and the 16's complement in
hexadecimal, are all equal:

1010110000102 D 53028 D AC216
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Complement Summary

• To compute theb's complement: we will always be working in a speci�c baseb � 2.

• The number of digits to be used is known and �xed before any calculations are done.

• To �nd the .b � 1/'s complement, we subtract each digit fromb � 1.

• To �nd the b's complement, we add 1 to the.b � 1/'s complement.

• To do subtraction, we can do either of these procedures:

– Using theb's complement: Add the minuend to theb's complement of the subtrahend, and discard
any leading carry digit.

– Using the.b � 1/'s complement: Add the minuend to the.b � 1/'s complement of the subtrahend.
If there is a leading carry digit, then remove it and add to theremaining digits.

5.11 Number Base Conversions

Baseb to Decimal

Converting a number from baseb to decimal is fairly straightforward: just multiply each digit by its corre-
sponding power of baseb, and add all the results together.

Example.Convert4103325 from base 5 to decimal.
Solution.The decimal number equal to this base 5 number is

4 � 55 C 1 � 54 C 0 � 53 C 3 � 52 C 3 � 51 C 2 � 50

D 12;500C 625C 0 C 75 D 15C 2 D 13;21710

Decimal to Baseb

Converting numbers in the other direction — decimal to a baseb — is a little more involved. It might best be
described using an example.

Example.Suppose we have the decimal number8567310, and we wish to convert it to base 7. We �rst look
for the highest power of 7 that is less than or equal to the given number. Here75 D 16;80710 (which is less
than our given decimal number), but76 D 117;649(too big). (If you don't want to guess, the highest power
of 7 less than the given decimal number can be found by taking the base 7 logarithm: log7 85673D 5:8370,
so we want to start with75.)

Now divide the given decimal number by75: In decimal,85673=16807D 5:0975. The integer part of
this gives the �rst digit of the result: 5. Now subtract this number times the power of 7 and subtract it from
the given decimal number:85673� .5 � 75/ D 1638, which is the remainder.

Next, we want to �nd how many of the next lower power of 7 �ts into the remainder. Here74 D 2401,
and1638=2401D 0:6822. The integer part of that is 0, so that's our next digit. The �rst two digits are then
507.

Now let's try the next lower power of 7:73 D 343. Let's �nd how many of that �t into our remainder:
1638=343D 4:7755. The integer part of that is 4, so that's the next digit. Our new remainder is now
1638� .4 � 73/ D 266. The digits so far are:5047.
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We'll now do the next lower power of 7:72 D 49, so we �nd how many 49s will �t into the remainder:
266=49D 5:4286. The integer part of that is 5, so that's our next digit. Our new remainder is now266� .5 �
72/ D 21. Our digits so far are:50457.

We do the next power of 7:71 D 7, so we �nd how many 7s �t into the remainder:21=7D 3 exactly,
so the next digit is 3. There's no more remainder, so the 1's digit must be 0, and our complete set of digits is
5045307, which is the �nal result:

8567310 D 5045307

In summary, we proceed one power of 7 at a time, �nding how manyof each power of 7 �ts into the
number, subtracting that much from the number, and repeat for the remainder at each step until the remainder
is 0. Other bases are handled similarly.

Conversions Among Binary, Octal, and Hexadecimal

Converting numbers from one base to another is particularlyeasy when both bases are a power of 2: bases
2, 4, 8, 16, 32, etc. That's because every pair of binary digits corresponds to exactly one digit in base 4;
every three binary digits corresponds to exactly one digit in base 8, and every four binary digits corresponds
to exactly one digit in hexadecimal. If you memorize the bit patterns, you can convert between binary and
bases 4, 8, or 16 on sight, without any calculation. The bit patterns are shown below:

Table 5.11-1. Binary/Octal Conversion Table.

Binary Octal
000 0
001 1
010 2
011 3
100 4
101 5
110 6
111 7
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Table 5.11-2. Binary/Hexadecimal Conversion Table.

Binary Hexadecimal
0000 0
0001 1
0010 2
0011 3
0100 4
0101 5
0110 6
0111 7
1000 8
1001 9
1010 A
1011 B
1100 C
1101 D
1110 E
1111 F

Bases 8 (octal) and 16 (hexadecimal) are common in computer work, because they allow us to represent
strings of binary digits (bits) in much less space. The choice largely depends on the “word” size of the
computer memory and registers. A computer with 18-bit memory would require exactly 6 octal digits, so
octal is a natural choice. If the memory word size is 16 bits, that would be exactly four hexadecimal digits,
so base 16 would be a more natural choice.

Base 4 doesn't offer enough of an advantage over binary to be worthwhile in computer use. Base 32 would
use digits 0–9 and the letters A–V to represent groups of �ve bits each, and would be too many symbols that
would make it awkward to use.

To convert from, for example, octal to hexadecimal, simply use binary as an intermediate base: convert
from octal to binary, then binary to hexadecimal.

Example.Convert binary1011101001010110012 from binary to octal (base 8).
solution.Starting from the “binary point” on the right, we group the binary digits in groups of 3, the use

the table to replace each group of 3 with an octal digit:

101 110 100 101 011 0012 D 5645318

Example.Convert hexadecimal 5A39C16 to binary.
Solution.Using the above table, replace each hexadecimal digit with the corresponding group of 4 binary

digits:

5A39C D 0101 1010 0011 1001 11002 D 010110100011100111002

Converting Between Two Arbitrary Bases

Suppose we want to convert a number from one baseb1 to another baseb2. How do we approach that
problem?
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In most cases (except for bases that are a power of 2, as described earlier), the most straightforward
approach will be to convert the number from baseb1 to base 10, then from base 10 to baseb2.

Example.Suppose we want to convert the base 6 number520416 to base 11. We �rst convert520416 to
decimal:

5 � 64 C 2 � 63 C 0 � 62 C 4 � 61 C 1 � 60 D 693710

Now convert this number from base 10 to base 11. We begin by �nding how many113 D 1331s will �t
into 6937:

6937=1331D 5:2119

The integer part gives us the �rst base 11 digit: 5. Now subtract 5 � 113 from 6937 to get the remainder:

6937� 5 � 113 D 282

Next, we �nd how many of112 D 121will �t into this remainder of 282:

282=121D 2:3306

The integer part of this is 2, and that's our next base 11 digit. The base 11 digits so far are5211. We subtract
this contribution from the remainder:

282� 2 � 112 D 40

Now we �nd how many of111 D 11will �t into this remainder:

40=11D 3:6364

The integer part of this is 3, so that's our next base 11 digit,and our base 11 digits so far are52311. Subtract
this contribution from the remainder:

40� 3 � 11 D 7

which is the units digit, and so the result is523711 . Thus

520416 D 523711

5.12 Negative, Imaginary, and Other Unusual Bases

It is possible to de�ne number bases that are negative, irrational, imaginary, or even complex. [26,27] Here
we will examine some examples of each

Base� 2

It is possible to use negative numbers as a number base. For example, let's examine base� 2.
In base� 2, as in base 2, we use only the digits 0 and 1. Each digit represents a power of� 2: .� 2/0 D 1,

.� 2/1 D � 2, .� 2/2 D 4, .� 2/3 D � 8, .� 2/4 D 16, etc. Counting in base� 2 is shown in the following
table.
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Table 5.12-1. Counting in base� 2.

Decimal Base� 2
1 1
2 110
3 111
4 100
5 101
6 11010
7 11011
8 11000
9 11001
10 11110
11 11111
12 11100
13 11101
14 10010
15 10011
16 10000
17 10001
18 10110
19 10111
20 10100

Base 2i (Quater-Imaginary)

We cannot de�ne a basei arithmetic (for essentially the same reason we cannot have base 1: it is generally
not possible to express numbers using only powers of 1 or powers of i . However, itis possible to use the
imaginary number2i as a base. In base2i , as in base 4, we use digits 0, 1, 2, and 3. Each place represents
powers of2i , as shown in this table:

Table 5.12-2. Powers of2i .

Positive Negative
.2i / 0 D 1

.2i / 1 D 2i .2i / � 1 D � 1
2 i

.2i / 2 D � 4 .2i / � 2 D � 1
4

.2i / 3 D � 8i .2i / � 3 D 1
8 i

.2i / 4 D 16 .2i / � 4 D 1
16

.2i / 5 D 32i .2i / � 5 D � 1
32 i

.2i / 6 D � 64 .2i / � 6 D � 1
64

.2i / 7 D � 128i .2i / � 7 D 1
128 i

.2i / 8 D 256 .2i /� 8 D 1
256

.2i / 9 D 512i .2i / � 9 D � 1
512 i

.2i / 10 D � 1024 .2i /� 10 D � 1
1024
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Table 5.12-3. Counting in quater-imaginary.

Real Imaginary
1 1 i 10.2
2 2 2i 10
3 3 3i 20.2
4 10300 4i 20
5 10301 5i 30.2
6 10302 6i 30
7 10303 7i 103000.2
8 10200 8i 103000
9 10201 9i 103010.2
10 10202 10i 103010
11 10203 11i 103020.2
12 10100 12i 103020
13 10101 13i 103030.2
14 10102 14i 103030
15 10103 15i 102000.2
16 10000 16i 102000
17 10001 17i 102010.2
18 10002 18i 102010
19 10003 19i 102020.2
20 20300 20i 102020

Complex Bases: Base� 1 C i

Besides imaginary bases, it's also possible to de�ne numbersystems that use acomplexnumber as the base.
Here we'll look at one example: base� 1 C i . In this base, as in binary, we use the digits 0 and 1. The �rst
few integers in base� 1 C i are shown in Table 5.12-4.
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Table 5.12-4. Counting in base� 1 C i .

Decimal Base� 1 C i
0 0
1 1
2 1100
3 1101
4 111010000
5 111010001
6 111011100
7 111011101
8 111000000
9 111000001
10 111001100
11 111001101
12 100010000
13 100010001
14 100011100
15 100011101
16 100000000
17 100000001
18 100001100
19 100001101
20 110011010000

Complex Bases: Base1 C i

As another example of a complex base, we can create a number system that uses base1 C i . But unlike base
� 1 C i , base1 C i uses, like base 4, the digits 0, 1, 2, and 3. It turns out, that for technical reasons related to
complex number theory, you cannot represent all integers using only the digits 0 and 1 in base1 C i .

Table 5.12-5 shows the �rst few integers in base1 C i .
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Table 5.12-5. Counting in base1 C i .

Decimal Base1 C i
0 0
1 1
2 2
3 3
4 1000322
5 1000323
6 10001300
7 10001301
8 10001220
9 10001221
10 10000320
11 10000321
12 10000322
13 10000323
14 100010002
15 100010003
16 100000000
17 100000001
18 100000002
19 100000003
20 101000322

Base�

Number bases need not necessarily be integers, nor is 2 the smallest possible number base. It's possible to
write numbers using anon-integer base; such a number system is called a� expansion. One example of this
is to use the transcendental mathematical constant� D 3:14159 : : :as a base.

Base� is a quaternary base — we use the digits 0, 1, 2, and 3, as we would in base 4. Counting from
0 to 20 in base� is shown in the table below. As you can see, integers greater than 3 have an irrational
representation in base� .
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Table 5.12-6. Counting in base� .

Decimal Base�
0 0
1 1
2 2
3 3
4 10.2201220211211103010000101. . .
5 11.2201220211211103010000101. . .
6 12.2201220211211103010000101. . .
7 20.2021120021000000300201212. . .
8 21.2021120021000000300201212. . .
9 22.2021120021000000300201212. . .
10 100.0102212222112112200111121. . .
11 101.0102212222112112200111121. . .
12 102.0102212222112112200111121. . .
13 103.0102212222112112200111121. . .
14 110.3010011210121210203010212. . .
15 111.3010011210121210203010212. . .
16 112.3010011210121210203010212. . .
17 120.2200211010202300200030010. . .
18 121.2200211010202300200030010. . .
19 122.2200211010202300200030010. . .
20 200.0212120001122222100211220. . .

Base' (Phinary)

Another example of an irrational number base is to use the golden ratio' as a base.
In mathematics, two numbersa andb are said to be in agolden ratioif the ratio of the larger numbera

to the smaller numberb is equal to the ratio of the sum to the larger number:

a
b

D
a C b

a

As we will see in Section 8.11, this ratio (designated' ) can be shown to be equal to

' D
1 C

p
5

2
� 1:61803 39887 49894 84820 45868 34365 63811 77203 09179 80576 28621 35448 : : :

This system is calledbase' , or phinarynumbers. In the base' system, we use only digits 0 and 1,
and represent numbers as sums of powers of' . For example, since4 D ' 2 C ' 0 C ' � 2 , we may write
410 D 101:01' .

The following table shows the �rst few integers written in base' notation.
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Table 5.12-7. Counting in base' .

Base 10 Base' Base 10 Base'
1 1 13 100010.001001
2 10.01 14 100100.001001
3 100.01 15 100101.001001
4 101.01 16 101000.100001
5 1000.1001 17 101010.000001
6 1010.0001 18 1000000.000001
7 10000.0001 19 1000001.000001
8 10001.0001 20 1000010.010001
9 10010.0101 21 1000100.010001
10 10100.0101 22 1000101.010001
11 10101.0101 23 1001000.100101
12 100000.101001 24 1001010.000101

The base' numbers in this table may be veri�ed using the identities in the table below.

Table 5.12-8. Powers of' .

' 0 1
' 1 ' ' � 1 ' � 1
' 2 ' C 1 ' � 2 � ' C 2
' 3 2' C 1 ' � 3 2' � 3
' 4 3' C 2 ' � 4 � 3' C 5
' 5 5' C 3 ' � 5 5' � 8
' 6 8' C 5 ' � 6 � 8' C 13

You may notice a pattern here — the numbers are all Fibonacci numbersFn . In general, forn > 0 ,

' n D Fn ' C Fn� 1 (5.1)

' � n D .� 1/nC 1Fn ' C .� 1/n FnC 1 (5.2)

Using this table, we can verify, for example,9 D 10010:0101' :

9 D 10010:0101'

D ' 4 C ' C ' � 2 C ' � 4

D .3' C 2/ C ' C .� ' C 2/ C .� 3' C 5/

D 9
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Chapter 6

Unit Conversions

In science, engineering, and everyday life, we work with unit of measure: miles, feet, inches, gallons, quarts,
acres, hours, minutes, etc. It is very common to have to work with quantities that are given in units of
measure other than the units you'd like to work with. Converting from one set of units to another involves a
straightforward, virtually foolproof technique that's very simple to double-check. We'll illustrate the method
here with some examples.

Appendix 27 gives a number of important conversion factors.More conversion factors are available from
sources such as theCRC Handbook of Chemistry and Physics.

1. Write down the unit conversion factor as a ratio, and �ll inthe units in the numerator and denominator
so that the units cancel out as needed.

2. Now �ll in the numbers so that the numerator and denominator contain the same length, time, etc. (This
is because you want each factor to be a multiplication by 1, sothat you don't change the quantity—only
its units.)

6.1 Simple Conversions

A simple unit conversion involves only one conversion factor. The method for doing the conversion is best
illustrated with an example.

Example.Convert 7 feet to inches.
Solution.First write down the unit conversion factor as a ratio, �lling in the units as needed:

.7 ft/ �
in
ft

(6.1)

Notice that the units of feet cancel out, leaving units of inches. The next step is to �ll in numbers so that the
same length is in the numerator and denominator:

.7 ft/ �
12 in
1 ft

(6.2)

Now do the arithmetic:

.7 ft/ �
12 in
1 ft

D 84 inches: (6.3)
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6.2 More Complex Conversions

More complex conversions may involve more than one conversion factor. You'll need to think about what
conversion factors you know, then put together a chain of them to get to the units you want.

Example.Convert 60 miles per hour to feet per second.
Solution. First, write down a chain of conversion factor ratios, �lling in units so that they cancel out

correctly:

60
mile
hr

�
ft

mile
�

hr
sec

(6.4)

Units cancel out to leave ft/sec. Now �ll in the numbers, putting the same length in the numerator and
denominator in the �rst factor, and the same time in the numerator and denominator in the second factor:

60
mile
hr

�
5280ft
1 mile

�
1 hr

3600sec
(6.5)

Finally, do the arithmetic:

60
mile
hr

�
5280ft
1 mile

�
1 hr

3600sec
D 88

ft
sec

(6.6)

Example.Convert250;000furlongs per fortnight to meters per second.
Solution.We don't know how to convert furlongs per fortnightdirectlyto meters per second, so we'll have

to come up with a chain of conversion factors to do the conversion. Wedo know how to convert: furlongs
to miles, miles to kilometers, kilometers to meters, fortnights to weeks, weeks to days, days to hours, hours
to minutes, and minutes to seconds. So we start by writing conversion factor ratios, putting units where they
need to be so that the result will have the desired target units (m/s):

250;000
furlong

fortnight
�

mile

furlong
�

km

mile
�

m

km
�

fortnight

week
�

week

day
�

day

hr
�

hr

min
�

min

sec

If you check the units here, you'll see that almost everything cancels out; the only units left are m/s, which is
what we want to convert to. Now �ll in the numbers: we want to put either the same length or the same time
in both the numerator and denominator:

250;000
furlong

fortnight
�

1 mile

8 furlongs
�

1:609344 km

1 mile
�

1000 m

1 km
�

1 fortnight

2 weeks
�

1 week

7 days
�

1 day

24 hr
�

1 hr

60 min
�

1 min

60 sec

D 41:58m=s

6.3 Conversions Involving Powers

Occasionally we need to do something like convert an area or volume when we know only the length conver-
sion factor.

Example.Convert 2000 cubic feet to gallons.
Solution. Let's think about what conversion factors we know. We know the conversion factor between

gallons and cubic inches. We don't know the conversion factor between cubic feet and cubic inches, but we
can convert between feet and inches. The conversion factorswill look like this:

2000ft3 �
�

in
ft

� 3

�
gal

in3 (6.7)

84



Prince George's Community College College Mathematics Simpson

With these units, the whole expression reduces to units of gallons. Now �ll in the same length in the numerator
and denominator of the �rst factor, and the same volume in thenumerator and denominator of the second
factor:

2000ft3 �
�

12 in
1 ft

� 3

�
1 gal

231in3 (6.8)

Now do the arithmetic:

2000ft3 �
�

12 in
1 ft

� 3

�
1 gal

231in3 D 14;961gallons (6.9)

6.4 Currency Units

Money has units that can be treated like any other units, using the same techniques we've just seen. Two
things are unique about units of currency:

• Each country has its own currency units. Examples are United States dollars ($), British pounds sterling
(£), European euros (e ), and Japanese yen (¥).

• The conversion factors from one country's currency to another's is a function of time, and even varies
minute to minute during the day. These conversion factors are calledexchange rates, and may be found,
for example, on the Internet at

http://www.xe.com/currencyconverter/

Example.You're shopping in Reykjav�́k, Iceland, and see an Icelandic wool scarf you'd like to buy. The
price tag says 6990 kr. What is the price in U.S. dollars?

Solution.The unit of currency in Iceland is the Icelandic króna (kr).Looking up the exchange rate on the
Internet, you �nd it is currently $1D 119.050 kr. Then

6990kr: �
$1:00

119:050kr:
D $58:71 (6.10)
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Chapter 7

Number Theory

One very interesting branch of pure mathematics isnumber theory, (sometimes calledhigher arithmetic)
which is the study of integers and their properties. Number theory is considered the purest of pure mathemat-
ics, and has been dubbed “the queen of mathematics.” We'll present here just a few ideas from elementary
number theory.

7.1 Prime Numbers

A prime numberis a positive integer divisible only by itself and 1. By convention, the number 1 isnot
considered a prime number. Numbers that are not prime are called composite. The �rst few prime numbers
are: 2, 3, 5, 7, 11, 13, 17, 19, 23, 29. A table of all primes under 1000 is shown in Appendix 6, and much
larger tables are available on the Internet.

You can even generate primes yourself with a simple computerprogram using an old algorithm called the
sieve of Eratosthenes1: simply make up a table of number from 1 to, say, 1000. Cross out 1 because it's not
prime. Now circle 2 (itis prime), then go through the rest of the table, crossing out all other even numbers
(multiples of 2). Now go back to the beginning of the table. The �rst number not crossed out is 3, so circle it
— it's the next prime. Next, go through the rest of the table and cross out all other multiples of 3. Go back to
the start of the table again, circle 5, and cross out all othermultiples of 5. Repeat until you reach the end of
the table, and the circled numbers will be all the primes up to1000.

Prime numbers play an important role in number theory. It hasbeen known since the time of Euclid that
there are an in�nite number of prime numbers, but there is quite a bit about the prime numbers that isnot
known. One of the largest questions is whether there exists afunction that will generate prime, and only
prime numbers. That is, is there a functionp.n/ that will return then-th prime number for any positive
integern? No such function has ever been found, nor has there ever beendiscovered any simple way to test
whether an integer is prime (other than simply checking all of its possible factors).

Pairs of prime numbers that differ by 2 (such as (3,5) or (17,19) or (29,31)) are calledtwin primes. It is
not known whether the number of twin primes is in�nite — a proposition called thetwin prime conjecture.

Still another famous unsolved problem in number theory is the Goldbach conjecture, which posits that
every even integer greater than 2 can be expressed as the sum of two primes.2 For example,4 D 2 C 2,
6 D 3C 3, 8 D 3 C 5, 10 D 5C 5, 12 D 5C 7, 14 D 7 C 7, 16 D 3C 13, etc. This conjecture, proposed by

1Eratosthenes of Cyrene (c. 276 BC – c. 195/194 BC) was a Greek polymath, who worked in mathematics, geography, poetry,
astronomy, and music theory. Among other achievements, he was the �rst to measure the circumference (and thus the radius) of the
Earth.

2This is the so-calledstrong formof Goldbach's conjecture. There is also aweak form: everyodd integer greater than 7 can be
expressed as the sum ofthreeprimes.
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Goldbach in 1742,3 has been veri�ed by computer as of 2013 for all even integers less than 4 quintillion, but
it is still unknown whether it holds forall even integers.

Thefundamental theorem of arithmeticstates that every integer greater then 1 can be uniquely expressed
as a product of prime numbers. For example,

29;250D 2 � 32 � 53 � 13

A short table of prime factorizations may be found in Appendix 7.

The Arecibo Radio Message

In 1974, astronomer Frank Drake devised a message to be transmitted from Earth to any extraterrestrial
civilization that might be listening. The message was in simple binary, consisting of 1679 bits (0s and 1s).
The message was transmitted by the Aricebo telescope in Puerto Rico, and was directed at the globular cluster
M13, about 25,000 years away. If a civilization in the cluster picks up the message, we might expect to hear
a reply sometime around the year A.D. 52000.

What would an extraterrestrial civilization do with this message? First, they would note that the message
is 1679 bits long, and that the integer 1679 has a prime numberdecomposition of1679D 23� 73. Since the
total number of bits is the product of two prime numbers, thatsuggests that the bits be arranged into either a
23� 73array or a73� 23array. The former just gives a jumble, but the latter arrangement (73 rows and 23
columns) displays a picture (Figure 7.1).

The bits in the �gure have been colored to better highlight the individual parts of the image. Shown top
to bottom:

• The numbers from 1 to 10 in binary (white; left to right).

• The atomic numbers of the elements hydrogen, carbon, nitrogen, oxygen, and phosphorus, which make
up deoxyribonucleic acid (DNA) (magenta).

• The formulas for the chemical compounds that make up the nucleotides of DNA (green).

• The estimated number of DNA nucleotides in the human genome, and a graphic of the double helix
structure of DNA (white and blue, respectively).

• The dimension (physical height, 5'9”) of an average man (blue/white), a graphic �gure of a human
being (red), and the human population of Earth which was about 4 billion at the time (white).

• A graphic of the Solar System, indicating which of the planets the message is coming from (yellow).
The Sun is on the left and the third planet, Earth, raised toward the human �gure.

• A graphic of the Arecibo radio telescope and the dimension (the physical diameter) of the transmitting
antenna dish (magenta, white, and blue).

That's quite a lot of information to pack into a mere 1679 bits.
There have been several other efforts to communicate with extraterrestrials. The Pioneer 10 and Pioneer

11 spacecraft have a plaque mounted on the side with an interstellar message. The Voyager 1 and Voyager
2 spacecraft contain a phonograph record, along with an interstellar message and instructions for building
a stylus to play the record. The record contains mathematical and scienti�c information, images of Earth,
sounds from Earth, and a selection of Earth music.

3Christian Goldbach was a Prussian mathematician (1690-1764).
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Figure 7.1: The Arecibo radio message of 1974. The message isa 73� 23array (both prime numbers). The
individual bits (pixels) have been colored here to better show the image. (Credit: Wikipedia.)
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Largest Prime

As of October 2024, the largest known prime number is

2136279841 � 1

This number has 41,024,320 decimal digits.

Some Unsolved Problems Related to Prime Numbers

There are a number of still-unsolved problems related to prime numbers. For example, the following conjec-
tures have neither been proved nor disproved:

• Legendre's conjecture.There is a prime number betweenn2 and.n C 1/2 for every positive integern.

• Oppermann's conjecture.For every integern > 1 , there is at least one prime number betweenn.n � 1/
andn2, and at least one other prime betweenn2 andn.n C 1/.

• Andrica's conjecture.The inequality
p

pnC 1 �
p

pn < 1 holds for alln, wherepn is then-th prime
number.

• Brocard's conjecture.There are at least four prime numbers between.p n /2 and.p nC 1 /2, wherepn is
then-th prime number, for everyn � 2.

7.2 Least Common Multiple and Greatest Common Divisor

This factoring of integers into prime numbers can be useful when trying to �nd the least common multiple
(LCM) or greatest common divisor (GCD) of two integers: if you think of the prime factors of both integers
as sets, the the least common multiple is the the union of the two sets, and the least common multiple is the
product of their intersection. For example, take the integers 48 and 180:

48 D 24 � 3 D 2 � 2 � 2 � 2 � 3

180D 22 � 32 � 5 D 2 � 2 � 3 � 3 � 5

The union and intersection of these two sets are (taking eachnumber as a separate element):

unionW f2; 2; 2; 2; 3; 3; 5g

intersectionW f2; 2; 3g

The least common multiple (LCM) is the product of the elements in the union:

lcm.48; 180/ D 2 � 2 � 2 � 2 � 3 � 3 � 5 D 720

Their greatest common divisor (GCD) is the product of the elements in the intersection:

gcd.48; 180/ D 2 � 2 � 3 D 12

To reduce a fraction, we divide both numerator and denominator by their greatest common divisor. To add
or subtract two fractions, we write both fractions so that both denominators are the least common multiple of
the two original denominators.

The LCM and GCD of two numbersa andb are related:

lcm.a; b/ D
ab

gcd.a; b/
(7.1)
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The Game of Euclid

One way to determine the greatest common divisor (GCD) of twointegers is my means of the game of Euclid
(also called theEuclidean algorithm). It works like this:

1. Divide the larger integer by the smaller, giving a quotient and a remainder.

2. Divide the previous divisor by the remainder, giving a newquotient and remainder.

3. Repeat step 2 until you reach a remainder of 0. The last divisor will be the GCD.

Example.Find the greatest common divisor of 30 and 650:

1. 650=30D 21with a remainder of of 20 (21 R 20).

2. Previous divisor divided by remainder:30=20D 1 R 10.

3. Previous divisor divided by remainder:20=10D 2 R 0.

We've reached a remainder of 0, so the GCD is the most recent remainder (10): gcd.30; 650/ D 10. The least
common multiple (LCM) may be found via Eq. (7.1):

lcm.30; 650/ D
30� 650

10
D 1950

7.3 Fibonacci Numbers

Let's look at an interesting sequence of numbers called theFibonacci numbers. We begin with a 0, followed
by a 1:

0; 1

Now add the two numbers to produce the next number in the sequence:

0; 1; 1

Now again add the last two numbers to produce the next number in the sequence:

0; 1; 1; 2

And again:

0; 1; 1; 2; 3

Continue this process, always adding the last two numbers toproduce the next number in the sequence:

0; 1; 1; 2; 3; 5; 8; 13; 21; 34; 55; 89; 144; 233; 377; 610; 987; 1597; 2584; 4181; 6765; 10946; : : :

This sequence is called theFibonacci numbers, after a 12th/13th century Italian mathematician. These num-
bers are designatedFn starting withn D 0, so that the sequence above isF0, F1, F2, etc.

The Fibonacci numbers seem to appear frequently in mathematics, so much so that they have their own
dedicated mathematical journal,The Fibonacci Quarterly. There are close connections between the Fibonacci
numbers and the golden ratio (Section 8.11) which appears repeatedly in both mathematics and in Nature.

Fibonacci numbers have even found their way into the world of�nance, being used in market analysis
and investment strategies.
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7.4 Lucas Numbers

Similar to the Fibonacci numbers is a sequence called theLucas numbers.4 Lucas numbers are generated the
same way as Fibonacci numbers; but while Fibonacci numbers start with 0 and 1, the Lucas numbers start
with 2 and 1. Always adding the last two numbers in the sequence to produce the next (as before), we get the
sequence of Lucas numbers:

2; 1; 3; 4; 7; 11; 18; 29; 47; 76; 123; 199; 322; 521; 843; 1364; 2207; 3571; 5778; 9349; 15127; : : :(7.2)

The Lucas numbers are designatedL n , starting withn D 0, so thatL 0 D 2, L 1 D 1, L 2 D 3, L 3 D 4, etc.
Like their cousins the Fibonacci numbers, the Lucas numbershave a close connection with the golden

ratio ' (Section 8.11).

7.5 Pell Numbers

Pell numbers5 are another interesting sequence of numbers, although not as well known as the Fibonacci and
Lucas numbers. For the Pell numbers, we start with the �rst two Pell numbersP1 D 1 andP2 D 2. The each
successive Pell number is twice the previous number, plus the one before that. This gives the Pell number
sequence (starting fromP1):

1; 2; 5; 12; 29; 70; 169; 408; 985; 2378; 5741; 13860; 33461; 80782; 195025; 470832; 1136689; : : :(7.3)

7.6 Pell-Lucas Numbers

ThePell-Lucasnumbers are cousins of the Pell numbers, and are calculated in a similar fashion. We start of
with the �rst two Pell-Lucas numbers,Q1 D 1 andQ2 D 3. Then each successive Pell-Lucas number is
computed the same way as the Pell numbers; twice the previousnumber, plus the one before that. This gives
the Pell-Lucas number sequence (starting fromQ1):

1; 3; 7; 17; 41; 99; 239; 577; 1393; 3363; 8119; 19601; 47321; 114243; 275807; 665857; 1607621; : : :(7.4)

The Pell and Pell-Lucas numbers have a number of interestingproperties. For example, for both se-
quences, the ratio of one number to the previous number (PnC 1=Pn andQnC 1=Qn ) is approximately1C

p
2,

the approximation being better for largern. Also, the ratio of numbers in the two sequences (Qn=Pn) is ap-
proximately

p
2, again the approximation being progressively better for largern.

7.7 Perfect Numbers

A perfect numberis an integer that is equal to the sum of its proper divisors (divisors excluding the number
itself). For example, 6 is a perfect number because 6 is divisible by 1, 2, and 3, and1 C 2 C 3 D 6. The
following table shows the �rst few known perfect numbers.

4Named for the French mathematician who studied them, François Édouard Anatole Lucas (1842–91).
5Mistakenly attributed by Leonhard Euler to the English mathematician John Pell (1611–85).
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Table 7-1. The �rst ten perfect numbers.
n Pn

1 6
2 28
3 496
4 8128
5 33,550,336
6 8,589,869,056
7 137,438,691,328
8 2,305,843,008,139,952,128
9 2,658,455,991,569,831,744,654,692,615,953,842,176
10 191,561,942,608,236,107,294,793,378,084,303,638,130,997,321,548,169,216

There are many questions about perfect numbers for which we have no answers. For example:

• Are there an in�nite number of perfect numbers? The answer to this remains unknown.

• Are all perfect numbers even? This seems to be the case for those discovered so far, but is it true in
general? It is not known if there are any odd perfect numbers.

• Do all perfect numbers end in 6 or 8? Again, this is true for all known perfect numbers, but it's not
known whether this is always true.

Perhaps you will go on to study advanced mathematics and �nd answers to some of these questions.

7.8 The Collatz Conjecture

The following problem was posed by German mathematician Lothar Collatz in 1937. It is called the Collatz
conjecture, and is very easy to explain, yet its analysis seems to elude the very best efforts of the world's top
mathematicians.

Here's how it goes: begin with any positive integerN . Then apply the following rules to get the next
integer in the sequence:

• If N is even, then computeN=2.

• If N is odd, then compute3N C 1.

The result gives the next integerN , which you then feed back into these rules to get the next integer, then the
next, etc.

For example, begin withN D 7. Then running through the rules, we get:

• N D 7 is odd, so �nd3N C 1 D 22as the newN .

• N D 22is even, so divide by 2: 11 is the newN .

• N D 11is odd, so �nd3N C 1 D 34as the newN .

• N D 34is even, so divide by 2: 17 is the newN .

• N D 17is odd, so �nd3N C 1 D 52as the newN .
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Continuing like this, we subsequently getN D 26, 13, 40, 20, 10, 5, 16, 8, 4, 2, 1, 4, 2, 1, 4, 2, 1. . .
No matter what number you start with, you always seem to end upin the cycle 4, 2, 1, 4, 2, 1, . . . . Is this

true ofeverypositive integer? That's the Collatz conjecture, and nobody knows the answer. It's easy enough
to program this on a computer or even a programmable calculator, and you may wish to try it.

As of 2020, the conjecture has been found to hold for all starting values up to268 , or 295 quintillion. But
this doesn't mean that it holds foreveryinteger. To solve this problem, one must either prove the conjecture is
true for all positive integers, or else disprove it by �ndinga counterexample.6 So far, nobody knows whether
the conjecture is true or false. Maybe one day you will be the one to �nd the answer.

The famous Hungarian mathematician Paul Erd�os once said about the Collatz conjecture: “Mathematics
is not yet ready for such problems.”

7.9 Kaprekar's Constant

The integer 6174 is calledKeprekar's constant, after the Indian mathematician D.R. Kaprekar. It appears in
the following iterative process:

Begin with any four-digit integer that has at least two different digits (leading zeros allowed). Now create
two new four-digit numbers by arranging the digits in (a) ascending order, and (b) descending order. Subtract
the smaller of these from the larger. Repeat this process on the difference. You will eventually reach the
number 6174, which will give 6174 back again.

For example, begin with the number 7382. Arrange the digits in ascending order (2378) and descending
order (8732). Subtract the smaller from the larger:8732� 2378D 6354, Now repeat this process, and you get
3087, 8352, 6174, 6174, 6174, 6174,: : :. This process is guaranteed to reach 6174 for any starting number
in no more than 7 iterations. (Two different digits are required in the starting number, since if all the digits
are the same, we get e.g.5555� 5555D 0000, 0000� 0000D 0000, etc.)

7.10 Encyclopedia of Integer Sequences

Mathematicians working in number theory are often interested in sequences of number such as the Fibonacci
sequence. Many such sequences of integers have been cataloged in a book calledThe Encyclopedia of Integer
Sequencesby N. J.A. Sloane and Simon Plouffe. A mathematician who discovers an integer sequence in his
work may look for it in this catalog and see if someone else hasfound the same sequence. A much more
extensive catalog of integer sequences is found in the Online Encyclopedia of Integer Sequences (OEIS),
found on the Internet athttps://oeis.org/ . In the on-line version, one may search sequences by
name or by giving the �rst few integers in the sequence.

7.11 Triangular Numbers

Triangular numbersare numbers that can be arranged into the shape of an equilateral triangle (Figure??).
Imagine the way that bowling pins are arranged in a bowling alley: there is one pin in front, two beind that,
three behind that, and four behind that, for a total of ten pins, and so 10 is a triangular number. Similar
arrangements lead to other triangular numbers.

In general, then-th triangular number is given by

Tn D
n.n C 1/

2
(7.5)

6It might seem like �nding the conjecture true for the �rst 295quintillion starting values might be “good enough” to provethe
conjecture, but it isn't. Mathematicians demand rigorous proof. And in one famous case, the so-called Pólya conjecture was disproved
by �nding a counterexample equal to1:845 � 10361 . Counterexamples can be very large numbers indeed.
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Figure 7.2: The �rst six triangular numbers.(Credit: Wikimedia Commons.)

Triangular numbers come up in a number of different problems. For example, consider a room withN
people. How many different handshakes are possible among those people? If there areN people in the room,
then there areN 2 different ways of pairing them up. But nobody can shake handswith himself, so that leaves
N 2 � N pairings. But that would double-count the number of handshakes, so we divide by 2: there are
TN � 1 D ŒN.N� 1/•=2handshakes possible.

For example, if the room contains three people (call themA, B , C), then theN 2 D 9 possible pairings
are:AA, AB , AC , BA, BB , BC , CA, CB, CC. Since nobody can shake hands with himself, we eliminate
AA, BB , andCC, and haveN 2 � N D 6 pairings left:AB , AC , BA, BC , CA, CB. But notice that we've
double-counted:A shaking hands withB (AB ) is the same asB shaking hands withA (BA). If we eliminate
this double-counting, then we have only three unique pairings:AB , AC , BC .

These number can also show up in physics problems. Instead ofhandshakes, consider the number of
electrostatic interactions amongN electric charges. There areN 2 possible interactions; but no charge can
interact with itself, and we divide by 2 to eliminate double-counting to �ndTN � 1 unique interactions.

It is a known result in number theory that all even perfect numbers are triangular. Since allknownperfect
numbers are even, it is conjectured (but not yet proven) thatall perfect numbers are triangular.

7.12 The Functions� , � , and '

• � .n/ is the number of positive integer divisors ofn.

• � .n/ is the sum of the positive integer divisors ofn.

• Euler's totient function'.n/ is the number of positive integers not exceedingn and relatively prime to
n.7

Table 7-2. Number-theoretic functions� , � , and' .

7Two integers arerelatively primeif their only common divisor is 1.
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n �.n/ � .n/ '.n/
1 1 1 1
2 2 3 1
3 2 4 2
4 3 7 2
5 2 6 4
6 4 12 2
7 2 8 6
8 4 15 4
9 3 13 6
10 4 18 4
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7.13 Problems

1. Based on the Arecibo radio message (Fig. 7.1), what do you expect would be the representation of the
decimal numbers 11, 12, and 13?
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7.14 Projects

1. Write a computer program (in the language of your choice) to implement the sieve of Eratosthenes.
Use it to produce a list of all prime numbers less than 1 million. (Hint: Test your program by having
it �nd all primes less than 10 �rst. Then all primes less than 100. Once you're sure it's working, then
you can try all primes less than 1 million.)

2. Write a computer program to implement the Collatz problem. Add a counter to count how many passes
through the rules it takes before reaching 1 and stopping. Then make a plot of number of passes vs. the
number. Do you see any patterns?
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Chapter 8

Algebra

8.1 Why Algebra?

Students of algebra often ask, “When am I going to use this in real life?” Former students often say, “I studied
algebra and never used it in real life.” The truth is that theymost likelycouldhave used it to their bene�t, but
didn't. For people who enjoy riddles and puzzles, algebra provides many interesting mental exercises. Even
for those who don't, algebra gives you a tool to do such thingsas manage your home �nances and work on
home construction projects.

For those who want careers in science, engineering, or mathematics, algebra is absolutely crucial. It is
the beginning of mathematical abstraction, and a key to higher mathematics.

Finally, algebra is an excellent mental exercise that teaches you to think logically and critically.
The wordalgebrahas, curiously, two different meanings to mathematicians.It may meanelementary

algebra, which is what we discuss in this chapter: basic concepts andmethods for those beginning their �rst
study of algebra. It may also refer toabstract algebra, which is an advanced topic studying mathematical
structures like groups, rings, and �elds, along with such topics as Galois theory. When mathematicians and
mathematics graduate students discuss “algebra,” they'remost likely referring to abstract algebra.1

In this chapter, we'll introduce the ideas of elementary algebra. A later chapter on “applied algebra” will
discuss a few everyday practical applications. As you'll see, part of the power of algebra is that you only
have to solve a problem once to get a formula for the solution.After that, you only need to plug numbers into
your formula, and you don't need to solve the problem over andover again.

8.2 Overview

Suppose you are given the following problem:

7 C 2 D 10

What number goes in the box? It's not a dif�cult problem: whatnumber, when added to 7, gives 10?
Practically anyone can tell you the answer: 3. This problem is very simple because we memorized our
addition tables in elementary school, and can solve this by inspection.

This is algebra— �nding what number goes in the box. There's really nothing more to it than that. We'll
see a systematic way to solve problems like this, and how to solve more complicated equations, but algebra
is really all about �nding what number goes in the box.

1Sometimes the termmodern algebrais used for abstract algebra. But the terminology is confusing. The author knows of a book
titled Modern Algebrathat is a junior high school text on elementary algebra. But there's also a well-regarded text on abstract algebra
titled Basic Algebra. The only way to tell which kind of algebra is being discussedis to look inside the book.

98



Prince George's Community College College Mathematics Simpson

Think about what the equation means: the equals sign (D) means that the number on the left-hand side
of theD is the same as the number on the right-hand side. The equationis “balanced”, with the numbers on
both sides being the same number.The goal of algebra is to isolate the box, by itself, on the left-hand side.
Our goal is to change the original equation into something that looks like

2 D : : :

and that will tell us the number that goes in the box.
Rather than solving the problem by inspection, there's asystematicway to solve this equation: it is todo

the same operation to both sides of the equation. That will change the numbers on both sides of the equation,
but that's perfectly �ne. The important thing is that theD sign is still true — that you still have the same
number on both sides of the equation. In the equation above (7C 2 D 10), the number on the right-hand side
is 10, and so the number on the left-hand side must also be 10. For this equation, in order to isolate the box
on the left-hand side, we will subtract 7 from both sides of the equation:

7 C 2 � 7 D 10� 7

Now we've changed the number on both sides (both sides are now3), but that's �ne — it's still the same
number on both sides. Simplifying, we get

2 D 3

which is what we want: the box isolated on the left-hand side.The solution is that a 3 goes in the box. We've
just solved the problem systematically, rather than by inspection.

8.3 Variables

In real life, people don't use boxes like this in equations. Instead, we use letters of the alphabet. Most
common is to use letters of the Roman (English) alphabet, butwhen we run out of those we begin using
letters from the Greek alphabet for more symbols (which is why you're being asked to memorize the Greek
alphabet). These letters are calledvariables. Very rarely, some mathematicians even start dipping into the
Hebrew alphabet for even more symbols. To get still more symbols, some authors will use different fonts,
such as the German Fraktur alphabet (Appendix 4).

There are a few conventions and guidelines we follow when choosing variable names:

• Almost always, onlyoneletter is used for a variable name.

• We often (but not always) choose letters near the beginningof the alphabet for constants (whose values
are �xed), and letters near the end of the alphabet for unknowns.

• Unless there's some reason to choose otherwise, most people choose the letterx as their “default”
variable name.

• We avoid the letter O (uppercase) and o (lowercase) becauseit is too easily confused with the number
zero (0).2

• Likewise, take care if using the lettersI , i , or l to make sure they don't look like the number 1 (which,
in the United States, is drawn as a single vertical stroke). Sometimes the letter lowercasel may be
written in cursive as̀ to avoid confusion.

2When working with computer programs, we often have no choicebut to use the letter O. In that case, programmers distinguish O
(the letter oh) from 0 (zero) in handwriting by drawing a slash through the zero: the letter oh is O, and the number zero is�O.
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• We may sometimes add a subscript to a variable name if there's some reason to do so. For example:x i

to indicate thei -th x value.

• Often (but not always) the lettersi , j , k, l , m, andn are used for integers.

• In type, variables are set in an italic typeface.

• The Roman letterse and i , and the Greek letter� , stand for speci�c numbers (e D 2:71828 : : :,
i D

p
� 1, � D 3:14159 : : :), and so we often avoid using them for other purposes.3

• We generally avoid using Greek letters that look identicalto Roman letters: A, B, E, Z, H, I, K, M, N,
O, o, P, T, Y, X. The Greek letter omicron (O, o) is avoided for the same reason we avoid the letter O,
o in the English alphabet: it looks too much like zero (0).4

• In handwriting, it is a common practice to put a small horizontal dash through the letter Z so that it
isn't confused with the number 2: Z–, z-.

With these guidelines in mind, you are generally free to choose whatever variable names suit your fancy.
But physics has some conventional variable names you will want to follow. For example,v is the name
conventionally chosen for velocity;a for acceleration;F for force; m for mass; andp for momentum (for
some reason). Although not mathematically wrong, it would be beyond confusing to usea for velocity,v for
mass, andm for force. The goal is to be able to communicate your ideas to other physicists — not to drive
them insane with unconventional variable names. You will beintroduced to the conventional variable names
in this text as the ideas are introduced.

Re-working the problem above using the letterx as the variable name:

7 C x D 10

7 C x � 7 D 10� 7

x D 3

8.4 Numbers to Powers

Let's review a few things we learned in arithmetic regardingnumbers to powers (Figure 8.1):

• When multiplying like bases, we add the exponents:ab � ac D abC c .

• When dividing like bases, we subtract the exponents:
ab

ac
D ab� c

• Product to a power:.ab/n D anbn

• Quotient to a power:
�

a
b

� n
D an

bn

• When taking the power of a number to a power, we multiply exponents:.ab /c D abc

Do not confuse this with a tower of exponents,abc
:

.ab /c D abc (a raised to the powerbc), but abc
meansa raised to the power ofbc . Remember to

evaluate a tower of exponents from the top downward.

• Reciprocals:
1
a

D a� 1,
1

ab
D a� b

3Electrical engineers had already reserved the letteri to stand for electric current, so they instead use the letterj for the imaginary
unit: j D

p
� 1. Everyone else usesi D

p
� 1.

4One exception is thebeta functionB.x;y/ used in higher mathematics, which is written with a capital beta.
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• Roots:
p

a D a1=2, 3
p

a D a1=3, n
p

a D a1=n

• Reciprocal roots:
1

p
a

D a� 1=2,
1

3
p

a
D a� 1=3,

1
n
p

a
D a� 1=n

• Product of roots:
p

x
p

y D
p

xy (doesnot work if x andy are both negative); n
p

x n
p

y D n
p

xy

• Quotient of roots:

p
x

p
y

D
r

x
y

;
n
p

x
n
p

y
D n

r
x
y

8.5 Some Simple Problems

Let's now look at a few more examples.

Example.Suppose we're given the problem

x � 3 D 14

What can we do to both sides the equation to isolatex on the left-hand side? It should be pretty clear that
what we need to do is add 3 to both sides:

x � 3 C 3 D 14C 3

Again, we have changed the numbers on both sides, but what's important is that the equals sign (D) still holds
— the equation is still balanced. Simplifying,

x D 17

We've now isolatedx on the left-hand side, and this is the solution:x is 17. If we replacex by 17 in the
original equation, we get17� 3 D 14, which is true, so we have veri�ed thatx D 17 is indeed the solution.

Example.Suppose we're given the problem

5x D 30

What can we do to both sides the equation to isolatex on the left-hand side? In this case, we can isolatex by
dividingboth sides by 5:

5x
5

D
30
5

Once again, we have changed the numbers on both sides, but what's important is that the equals sign (D) still
holds — the equation is still balanced. Simplifying,

x D 6

We've now isolatedx on the left-hand side, and this is the solution:x is 6. If we replacex by 6 in the original
equation, we get5 � 6 D 30, which is true, so we have veri�ed thatx D 6 is indeed the solution.

Example.Suppose we're given the problem

x
7

D 8

101



Prince George's Community College College Mathematics Simpson

Figure 8.1: Exponent rules.
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What can we do to both sides the equation to isolatex on the left-hand side? In this case, we can isolatex by
multiplyingboth sides by 7:

x
7

� 7 D 8 � 7

And once again, we have changed the numbers on both sides, butwhat's important is that the equals sign (D)
still holds — the equation is still balanced. Simplifying,

x D 56

We've now isolatedx on the left-hand side, and this is the solution:x is 56. If we replacex by 56 in the
original equation, we get56

7 D 8, which is true, so we have veri�ed thatx D 56 is indeed the solution.

Example.Here's a tricky one. Suppose we're given the problem

x2 D 16

What can we do to both sides the equation to isolatex on the left-hand side? Since the inverse operation to
squaring is taking the square root, it seems like we would just need to take the square root of both sides of
the equation. But be careful! Whenever we take the square root of both sides, we need to introduce a plus-
or-minus sign� in front of the square root sign, because the square of eithera positive or negative number
will be positive.

x D �
p

16 D � 4:

So in this case, there aretwo possible solutions forx: 4 and� 4. To see that this is so, try pluggingx D 4
andx D � 4 back into the original equation:

42 D 16

.� 4/2 D 16

both of which are true, so indeed we two have two solutions:x D � 4. It is very important to remember
to include this� when taking the square root of both sides of an equation. Remember that the result of the
square root sign (p ) is alwaysnon-negative, so we explicitly have to introduce the� sign so that we get
both the positive and the negative root.

This is a very important point, and confuses many mathematics students. Just be sure to remember the
following two points:

• The result of the square root sign (p ) is alwayspositive (or zero). For example:
p

9 D 3 (not � 3).

• You introduce a� sign whenever you take the square root of both sides of an equation. For example:
if x2 D 9, thenx D � 3.

Example.Here's another tricky one. Suppose we're given the problem

x2 D � 81

What can we do to both sides the equation to isolatex on the left-hand side? Again, to isolatex, we need to
take the square root of both sides (with a� sign):

x D �
p

� 81 D �
p

81
p

� 1 D � 9i
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wherei D
p

� 1 is the imaginary unit. In this case, there aretwopossible solutions forx, and both solutions
areimaginary: 9i and� 9i . To see that this is so, try pluggingx D 9i andx D � 9i back into the original
equation:

.9i / 2 D 92 � i 2 D 81� � 1 D � 81

.� 9i /2 D .� 9/2 � i 2 D 81� � 1 D � 81

both of which are true, so indeed we two have two solutions:x D � 9i .

Example.Now let's try a problem that's a little more complicated. Suppose we're given the problem

3x C 8 D 20

We need to come up with a strategy to isolatex. In this case, it will take a couple of steps to isolatex. Two
possibilities suggest themselves for the �rst step: subtracting 8 from both sides, or maybe dividing both sides
by 3. Actually either way will work, but the easiest — and the one most algebraists would choose — is to do
additions and subtractions �rst of both sides, then multiplications and divisions second. That's because this
is the reverse of the order of operations, and we're trying to“back that out” to isolatex. So in this case, let's
look at the additionC8 and un-do it by subtracting 8 from both sides:

3x C 8 D 20

3x C 8 � 8 D 20� 8

3x D 12

Where in the last step we have just simpli�ed. Now it should beclear what we need to do to isolatex: divide
both sides by 3:

3x D 12

3x
3

D
12
3

x D 4:

And we have our solution:x D 4. If we wish, we can check this by settingx D 4 in the original problem:

3.4/ C 8 D 12C 8 D 20

sox D 4 satis�es the original problem.
It actuallyis possible to start by dividing both sides of the original equation by 3, but it turns out to be a

little harder:

3x C 8 D 20

3x
3

C
8
3

D
20
3

x C
8
3

D
20
3

104



Prince George's Community College College Mathematics Simpson

Now to isolatex, we would subtract83 from both sides:

x C
8
3

�
8
3

D
20
3

�
8
3

x D
12
3

x D 4

and we get the same result we got before, although this way wasa little more dif�cult arithmetic. Both
methods of solution are valid, though: either subtract 8 from both sides then divide both sides by 3, or else
divide both sides by 3 then subtract8

3 from both sides.

Example.Let's try another more complicated problem:

3x2 � 4x D 0

What can we do to both sides the equation to isolatex on the left-hand side? One thing that might occur to
you is to divide both sides byx, giving

3x2 � 4x D 0

3x2

x
�

4x
x

D
0
x

3x � 4 D 0

Now to isolatex, add 4 to both sides, then divide both sides by 3:

3x � 4 D 0

3x D 4

x D
4
3

But surprisingly, this actually this isnot the correct procedure. The problem is thatif you divide both sides
by a variable, you may lose roots, so dividing both sides byx is not the proper way to solve this.

Instead, wefactor anx from the left-hand side:

3x2 � 4x D 0

x.3x � 4/ D 0

Now if the product of two numbers is equal to zero, then one of the two numbers must itself be zero. In this
case, eitherx D 0 or else3x � 4 D 0. The latter possibility givesx D 4

3 , so the solution isx D 0 or x D 4
3 .

If we wish, we can substitute both solutions into the original equation to check:

0 W 3.0/2 � 4.0/ D 0

4
3

W 3
�

4
3

� 2

� 4
�

4
3

�
D 3

16
9

�
16
3

D
16
3

�
16
3

D 0

so both solutions do indeed solve the original equation.
Note that by dividing both sides byx, we lose thex D 0 solution. Again, the proper procedure is to factor

out anx on the left-hand side.
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8.6 Algebraic Manipulations

Here are some examples of valid algebraic manipulations — that is, operations you can do to both sides of an
equation in order to isolate the unknown (x) on the left-hand side.

• Add the same number to both sides.

• Subtract the same number from both sides.

• Multiply both sides by the same non-zero number. (This includes multiplying both sides by� 1.)

• Divide both sides by the same non-zero number.

• Add and subtract the same number fromoneside. (Since this is just adding zero.)

• Multiply and divideoneside by the same non-zero number. (Since this is just multiplying by 1.)

• Multiply both the numerator and denominator of a fraction by the same (nonzero) number.

• Divide both the numerator and denominator of a fraction by the same (nonzero) number.

• Take the reciprocal of both sides. (Make sure both sides arenot zero.)

• Take the square of both sides. (That is, multiply each side by itself.)

• Take the square root of both sides. (Remember that you must introduce a plus-or-minus sign (� ) on
one side when you do this.)

• Take both sides to then power.

• Take then-th root of both sides. (Beware of multiple roots.)

• Take the logarithm of both sides. (Both logarithms must be to the same base.)

• Take the anti-logarithm of both sides (using the same base).

8.7 Invalid Algebraic Manipulations

Here are some examples ofinvalid algebraic manipulations. You arenot allowed to do these!

• Divide both sides by zero. Division by zero is not allowed. Many fallacious “proofs” you �nd in the
literature have this as their erroneous step, and it's oftencleverly hidden. For example, there may be a
step early in the derivation where you're to assumea D b, then later on a step divides both sides by
.a � b/ — but that's dividing by zero.

• Multiply both sides by zero. This just leaves you with the tautology5 0 D 0 and erases all information
about the original problem.

• Take both sides to the power 0. Since anything to the power 0 is just 1, this leaves you with the
tautology1 D 1, and erases all information about the original problem.

• Take 1 to the power of both sides. Since 1 toanypower is 1, that will leave you with the tautology
1 D 1, and erases all information about the original problem.

5A tautologyis a logical statement that is always true.

106



Prince George's Community College College Mathematics Simpson

• Take 0 to the power of both sides. Since 0 toanypower is 0 (except00, which is unde�ned), this will
leave you with the tautology0 D 0, and erases all information about the original problem.

• Take the base 0 logarithm of both sides. There's no such thing as a “base 0 logarithm”, log0.x/ . That
would be a function that asks, “To what power must I raise 0 to get the given number?” — yet 0 toany
power can only give 0 (except for00, which is unde�ned).

• Take the base 1 logarithm of both sides. There's no such thing as a “base 1 logarithm”, log1.x/ . That
would be a function that asks, “To what power must I raise 1 to get the given number?” — yet 1 toany
power can only give 1.

• Take the square root of both sides of an equation without introducing a� sign. It may be that the the
following step in your derivation is only valid for the minussign, which you've implicitly discarded.

It can be an interesting exercise in algebra to be presented with a fallacious “proof” that reaches an
absurd conclusion (such as1 D 2), and the goal is to �nd where the “proof” made invalid step(s). Some such
exercises can be found at the end of this chapter, in Section 8.32.

8.8 The Quadratic Equation

Now we're going to look at a problem that's yet a bit more complex. Supposea, b, andc are known constants
(with a ¤ 0), and that we have the problem

ax2 C bx C c D 0 (8.1)

This is called the generalquadratic equation. We could go through a series of operations (doing the same
operations on both sides) to solve this, but someone has already solved the general case for us, long ago. The
result is given by the well-knownquadratic formula:

x D
� b �

p
b2 � 4ac

2a
(8.2)

(See Appendix 9 for the derivation.) This equation is so common that it is worth committing to memory. An
alternative form is (Ref. [37]):

x D
2c

� b �
p

b2 � 4ac
(8.3)

This is equivalent to the standard formula given by Eq. (8.2), but is not nearly as well known. It is useful
whena is small or uncertain, which can cause Eq. (8.2) to have largeerrors inx.

The quantity under the square root sign (call itD : D D b2 � 4ac) is called thediscriminant. The nature
of the solutions depends on the sign of the discriminant:

• If D > 0 , we have two real roots.

• If D D 0, we have one real root.

• If D < 0 , we have two complex conjugate roots.

In general, the quadratic equation will havetwo roots unless the discriminantD D 0, in which case we
will have one (duplicate) real root. In physics, it may be that both roots are physical and of interest; or it
may be that we can eliminate one of the two roots on physical grounds (i.e. one root may not be of any real

107



Prince George's Community College College Mathematics Simpson

interest in the physical world). Whether or not both roots will be of interest will depend on the problem, but
you should remember to retain both roots unless you have goodreason to eliminate one.

Of course, nomeasuredquantity in physics can ever be complex or imaginary. Complex numbers are a
helpful tool that often simpli�es the mathematics, but whenwe calculated a measureable quantity, it must be
a real number.

Factoring

Besides employing the quadratic formula (Eq. 8.2), you may be able to �nd the roots of a quadratic equation
“by inspection” — that is, by simply looking at the equation and correctly guessing the two roots. The
following facts are very helpful in this regard: for any quadratic equationax2 C bx C c D 0,

• The sum of the roots is� b=a.

• The product of the roots isc=a.

These are known asVi�eta's formulas, named for the French mathematician François Vi�ete (1540–1603). If
you can determine the two roots (call themr1 andr2), then you can re-write the original quadratic equation
as

.x � r1/.x � r2/ D 0

Examples

Example.Suppose we have the problem

2x2 � 18x C 28 D 0

The solution (x) is given by the quadratic formula, Eq. (8.2), where herea D 2, b D � 18, andc D 28:

x D
18�

p
.� 18/2 � 4.2/.28/

2.2/

D
18�

p
324� 224
4

D
18�

p
100

4

Since the discriminant (100) is positive, we will have two real roots. Continuing,

x D
18� 10

4

D
28
4

;
8
4

D 7; 2

The solutions arex D 7 andx D 2, as can be veri�ed by substituting these values back into theoriginal
problem.

Example.Suppose we have the problem

x2 C 2x C 1 D 0
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The solution (x) is given by the quadratic formula, Eq. (8.2), where herea D 1, b D 2, andc D 1:

x D
� 2 �

p
22 � 4.1/.1/
2.1/

D
� 2 �

p
4 � 4

2

D
� 2 �

p
0

2

Since the discriminant is zero, we will have one real root. Continuing,

x D
� 2 � 0

2

D � 1

There is one solution,x D � 1, as can be veri�ed by substituting these values back into theoriginal problem.

Example.Suppose we have the problem

x2 C 6x C 45 D 0

The solution (x) is given by the quadratic formula, Eq. (8.2), where herea D 1, b D 6, andc D 45:

x D
� 6 �

p
62 � 4.1/.45/
2.1/

D
� 6 �

p
36� 180
2

D
� 6 �

p
� 144

2

Since the discriminant is negative, we will have two complexconjugate roots. Continuing,

x D
� 6 � 12i

2

D � 3 � 6i

D � 3 C 6i and � 3 � 6i

The solutions arex D � 3 C 6i andx D � 3 � 6i , as can be veri�ed by substituting these values back into
the original problem.

Example.Suppose we have the problem

x2 � 12x C 35 D 0

We can solve this one simply by inspection. This is a quadratic equation (Eq. 8.1) witha D 1, b D � 12,
andc D 35. We know the sum of the solutions is� b=a D 12, and the product of the solutions isc=a D 35.
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What numbers have a sum of 12 and a product of 35? After a moment's thought, you �nd the two numbers
are 7 and 5, so those are the two solutions. You can write the original equation as

.x � 7/.x � 5/ D 0 (8.4)

If the product of two numbers is 0, then one of the two numbers must be zero. Here that means either
.x � 7/ D 0 (giving x D 7), or else.x � 5/ D 0 (giving x D 5).

8.9 Cubic and Higher Equations

Suppose we have the problem

ax3 C bx2 C cx C d D 0

for known constantsa ¤ 0, b, c, andd. This is called the generalcubic equation. There is a general solution
to this, analogous to the quadratic equation, but more complicated (Figure 8.2). There will generally be three
solutions forx (some of which may be complex).

Figure 8.2: Solutions to the general cubic equation.

The problem

ax4 C bx3 C cx2 C dx C e D 0
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for known constantsa ¤ 0, b, c, d , ande, is called the generalquartic equation. There is also a general
solution to this, but it is extremely complicated (Figure 8.3). In practice, a numerical method would be more
useful for �nding its solutions. There will generally be four solutions forx (some of which may be complex).

Figure 8.3: Solutions to the general quartic equation.

What about the �fth-order (quintic) equation? Interestingly, it turns out we can prove that there is no
formula for the solution to �fth-order and higher equations. These equations can generally only be solved
using some iterative numerical method.

When we say that there is no formula for the solution to �fth-order (quintic) equations and higher, we
mean there is no solution to thegeneralequation, but certain special cases can certainly have closed-form
solutions. For example, take the quintic equation

x5 � c D 0

This special case obviouslydoeshave a closed-form solution,

x D 5
p

c

Or consider the special-case sixth-order equation

x6 C x3 C 1 D 0

There's a closed-form solution for this special case as well: just change variables tou D x3 to get

u2 C u � 1 D 0

which can be solved foru by the quadratic formula, Eq. (8.2); then knowingu, we can �ndx from x D 3
p

u.

8.10 A Few Algebra Tricks

As you become more experienced with algebra, you learn tricks that help you solve problems. Here are a
few.

111



Prince George's Community College College Mathematics Simpson

1. One is so obvious that algebraists do it regularly withoutthinking about it: you can exchange the left-
and right-hand sides of an equation:

a D b ) b D a (8.5)

2. Cancellation.One very common trick is calledcancellation: if the same factor appears in both the
numerator and denominator of a fraction, then you can “cancel” them (cross them out) from both. For
example:

6a
a

D
6�a

�a
D 6 (8.6)

Since you're essentially dividing both the numerator and denominator by the cancelled factor, be sure
that factor cannot be zero.

Likewise, if you have a common factor on both sides of an equation, you can cancel the common factor.
For example:

a.b C c/ D a.d C e/ (8.7)

�a.b C c/ D �a.d C e/ (8.8)

.b C c/ D .d C e/ (8.9)

As long asa ¤ 0 we may cancel it on both sides.

3. Here's a little trick that will save you some time. If you have a difference in front of an expression, you
can move the minuend over to the other side:

a � b D c ) b D a � c (8.10)

You can think of this as moving the “a minus” from the left-hand side over to the right-hand side.

4. Another trick is when you have a fraction on the right-handside, you can exchange the left-hand side
with the denominator on the right-hand side. For example:

a D
b
c

) c D
b
a

(8.11)

5. A common trick when working with fractions iscross-multiplying. This is where we make use of the
identity

a
b

D
c
d

) ad D bc (8.12)

For example, solve forx:
x
2

D
2
x

. Cross-multiplying, we havex2 D 4, or x D � 2.

6. You can un-do numbers to powers by taking the number to thereciprocalof the power. For example,
if xa=b D c then we can solve forx by taking both sides to the powerb=a:

xa=b D c )
�
xa=b

� b=a
D cb=a ) x D cb=a (8.13)
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7. Note that squaring a number always returns a positive result, as does the square-root function
p

x.
Therefore,

p
x2 D j xj for anyx.

8. Changing variables.Sometimes it helps to de�ne a new variable. For example: Solve forx:

x2x C xx D 20

Let's introduce a new variableu, de�ned byu D xx . Then we just have a quadratic equation

u2 C u D 20

whose solutions areu D 4 andu D � 5. We now need solveu D xx for both values ofu. Now u D 4
givesxx D 4, whose solution isx D 2 by inspection;u D � 5 givesxx D � 5, which has no solution.

8.11 The Golden Ratio

Recall from section 5.12 that two numbersa andb are said to be in agolden ratio' if the ratio of the larger
numbera to the smaller numberb is equal to the ratio of the sum to the larger number:

' D
a
b

D
a C b

a

Solving for' ,

' D
a
b

D 1 C
b
a

or

' D 1 C
1
'

)
1
'

D ' � 1 (8.14)

In other words, the reciprocal of' is the same as subtracting 1 from' .
We can solve this equation to �nd a numerical value for' . Multiplying Eq. (8.14) through by' , we get

a quadratic equation

' 2 � ' � 1 D 0 (8.15)

We can solve this using the quadratic formula. The result is

' D
1 C

p
5

2
(8.16)

Note that we use only theC solution to de�ne' .

' D
1 C

p
5

2
D 1:61803 39887 49894 84820 45868 34365 63811 77203 09179 80576 28621 35448 : : :

(8.17)

The number' does indeed have the property:

1
'

D ' � 1 D 0:61803 39887 49894 84820 45868 34365 63811 77203 09179 80576 28621 35448 : : :(8.18)
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Using the� sign in the quadratic formula above gives the other (conjugate) solution, which is denoted as :

 D
1 �

p
5

2
D �

1
'

D � 0:61803 39887 49894 84820 45868 34365 63811 77203 09179 80576 28621 35448 : : :

(8.19)

The golden ratio appears from time to time in both mathematics and in Nature. It was believed by
the ancient Greeks that a rectangle whose sides are in the ratio ' W1 (called agolden rectangle) has the
most pleasing proportions to the eye, and can be found in manyworks of art. The golden ratio has a close
association with the Fibonacci numbers (Section 7.3).

For example, one �nds that the ratio of successive terms in the Fibonacci sequence (FnC 1=Fn) approaches
the golden ratio' . The largern is, the closer the ratio is to' . For example:

F4

F3
D

3
2

D 1:5I
F10

F9
D

55
34

D 1:6176470588 : : :I
F50

F49
D

12586269025
7778742049

D 1:6180339887 : : :

The same relationship holds for the ratio of successive Lucas numbers (L nC 1=Ln ).

Miles to Kilometers

Interestingly, the property can be used to convert distances from miles to kilometers. Since 1 mile equals
1.609344 kilometers, and this number is near the golden ratio ' , a distanceFn miles is approximately equal
to FnC 1 kilometers. In other words, if the number of miles is a Fibonacci number, then the next Fibonacci
number is approximately the same distance in kilometers. (Figure 8.4.)

Figure 8.4: Converting miles to kilometers using Fibonaccinumbers.

If the number of miles does not happen to be a Fibonacci number, you can write it as thesumof Fibonacci
numbers.6 For example, to convert 17 miles to kilometers:17 D 13C 3C 1,so the same distance in kilometers
is the sum of the following Fibonacci numbers:21C 5 C 2 D 28 kilometers. (The actual distance is 27.4
km.)

6Every positive integer can be written uniquely as a sum of oneor more non-consecutive Fibonacci numbers; this result is known as
Zeckendorf 's theorem.
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Binet's Formula

As another example of the relationship between the golden ratio and the Fibonacci numbers, it has been
shown that then-th Fibonacci numberFn may be written as

Fn D
' n �  n

' �  
D

' n �  n

p
5

; (8.20)

a relation known asBinet's formula. The analogous formula for Lucas numbers is

L n D ' n C  n (8.21)

8.12 Summation Notation

On occasion, we may need to add together a number of similar quantities — when accumulating statistics on
data, for example. We can write such additions compactly usingsummation notation:

a1 C a2 C a3 C a4 C : : : C aN D
NX

k D 1

ak

Here the Greek capital letter sigma († ) indicates a summation, andk is a summation index that identi�es
each term in the summation; in this case,k runs betweenk D 1 andk D N . The general term being added
is ak . (Any otherwise unused letter may be used as the summation index; our choice ofk is arbitrary.)

For example:

1 C 2 C 3 C 4 C 5 C 6 C 7 D
7X

k D 1

k D 28

As another example:

22 C 32 C 42 C 52 C 62 C 72 C 82 C 92 D
9X

k D 2

k2 D 284

Sometimes the upper limit can be in�nity (1 ), indicating an in�nite number of terms. For example,

1X

k D 0

r k D
1

1 � r
. jr j < 1/

8.13 Product Notation

A similar notation may be used for products, although it is somewhat less common than summation notation:

NY

k D 1

ak D a1 � a2 � a3 � : : : � aN

Here the Greek capital letter pi (…) indicates a product, andk is the product index that indenti�es each factor
in the product; in this case,k runs betweenk D 1 andk D N . The general product being multiplied isak .
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For example:

1 � 2 � 3 � 4 � 5 � 6 � 7 D
7Y

k D 1

k D 5040

Note that this is just the de�nition of the factorial:

nŠD
nY

k D 1

k

As another example,

22 � 32 � 42 � 52 � 62 � 72 � 82 � 92 D
9Y

k D 2

k2 D 131;681;894;400

8.14 Polynomials

Let's look at the expression

6xy2 C 5x � 8

Such an expression is called apolynomial. The parts that are added or subtracted together (6xy2 , 5x, and 8)
are calledtermsof the polynomial. Within each term, the parts that are multiplied are calledfactors. This
expression has three terms. The �rst term has three factors (6, x, andy2).

8.15 Binomials

A polynomial with just two terms is called abinomial. For example,

3x C 5y

is a binomial expression: the two terms are3x and5y.
To multiply two binomials together, we multiply together all combinations of terms, and end up with a

four-term product. For example:

.a C b/.c C d/ D ac C ad C bc C bd

As another example,

.3x C 5y/.4x � 2y/ D .3x/.4x/ C .3x/. � 2y/ C .5y/.4x/ C .5y/. � 2y/

D 12x2 � 6xy C 20xy � 10y2

D 12x2 C 14xy � 10y2

A special case of binomial multiplication is tosquarea binomial (i.e., multiply it by itself). Here's how it
works out:

.a C b/2 D .a C b/.a C b/

D a2 C ab C ba C b2

D a2 C 2abC b2
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so the square of a binomial is the square of the �rst term, plustwice the product of the two terms, plus the
square of the last term.

Example.Let's �nd the square of3x C 5y:

.3x C 5y/2 D .3x/ 2 C 2.3x/.5y/ C .5y/ 2

D 9x2 C 30xy C 25y2

8.16 Completing the Square

If we have a binomial of the form

x2 C bx

we may occasionally want to turn this into something that looks like

.x C 2 /2

We know that

.x C 2 /2 D x2 C 22 x C 2 2

so if the coef�cient ofx is b D 22 , then we can get what we want by adding and subtracting2 2 D .b=2/2 .

To complete the square on the expressionx2 C bx, we add and subtract the square of half the linear
term's coef�cient.b=2/2.

Starting with our original expression,

x2 C bx

we can turn this into something of the form.x C 2 /2 by adding and subtracting.b=2/2:

x2 C bx C
�

b
2

� 2

�
�

b
2

� 2

(Because we've added and subtracted the same term, the original expression is unchanged.) We can now
re-write the �rst three terms to get

�
x C

b
2

� 2

�
�

b
2

� 2

This procedure is calledcompleting the square.

In summary, we add and subtract.b=2/2:

x2 C bx D
�

x C
b
2

� 2

�
�

b
2

� 2

(8.22)

Example.Let's see if we can complete the square in the following expression:

x2 C 6x
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Hereb D 6. We add and subtract
�

b
2

� 2
D 32 D 9:

x2 C 6x C 9 � 9

Which we can now write as

x2 C 6x C 9 � 9 D .x C 3/2 � 9

Example.Solve the quadratic equation

3x2 C 4x � 15 D 0

by completing the square.

Solution.First, divide through by the coef�cient ofx2, which is 3:

x2 C
4
3

x � 5 D 0

Now we have the coef�cient ofx (which isb) equal to4
3 . We complete the square by adding and subtracting

�
b
2

� 2

D
�

2
3

� 2

:

x2 C
4
3

x � 5 C
�

2
3

� 2

�
�

2
3

� 2

D 0

or
�

x C
2
3

� 2

� 5 �
�

2
3

� 2

D 0

or
�

x C
2
3

� 2

D 5 C
�

2
3

� 2

D 5 C
4
9

D
45
9

C
4
9

D
49
9

Taking the square root of both sides,

x C
2
3

D �
7
3

x D �
7
3

�
2
3

x D
5
3

or � 3
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8.17 Binomials to Higher Powers

We can also raise binomials to higher powers by extending theprocedure we just did for squares. For example,
the cube of the binomiala C b is found to be

.a C b/3 D .a C b/2 .a C b/

D .a2 C 2abC b2/.a C b/

D .a2/.a/ C .a2 /.b/ C .2ab/.a/ C .2ab/.b/ C .b2 /.a/ C .b2 /.b/

Notice in this last step that we multiply together allsixcombinations of terms in thetrinomial .a2 C 2abC b2/
and the binomial.a C b/. Simplifying, we get

.a C b/3 D a3 C a2b C 2a2b C 2ab2 C ab2 C b3

D a3 C 3a2b C 3ab2 C b3

where we have arranged the terms in order of decreasing powers ofa and increasing powers ofb.

Pascal's Triangle

By a similar procedure (left to the student as an exercise), we may �nd the fourth power of a polynomial to
be given by

.a C b/4 D a4 C 4a3b C 6a2b2 C 4ab3 C b4

The coef�cients in the result on the right-hand side form a pattern: 1-2-1 for the square, 1-3-3-1 for the
cube, 1-4-6-4-1 for the fourth power, etc. These coef�cients may be found through a device calledPascal's
triangle.7 One creates a table, starting with 1 in the �rst row, and two 1sin the second row, so that all three
1s form a triangle. Then each row after that is formed by �lling in thesumof the two terms above it.

A short Pascal's triangle is shown below. A larger version isshown in Appendix 10.

n D 0: 1

n D 1: 1 1

n D 2: 1 2 1

n D 3: 1 3 3 1

n D 4: 1 4 6 4 1

n D 5: 1 5 10 10 5 1

n D 6: 1 6 15 20 15 6 1

Using Pascal's triangle, we may �nd the coef�cients to the expansion of, for example,.a C b/5, and
immediately write down (using then D 5 row)

.a C b/5 D a5 C 5a4b C 10a3b2 C 10a2b3 C 5ab4 C b5

Note again the order of terms: in order of decreasing powers of a and increasing powers ofb.

7Named for Blaise Pascal, the 17th century French mathematician, physicist, inventor, philosopher, and Catholic writer.
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The Binomial Theorem

There is an explicit formula for generating the expansion ofa binomial to then-th power: it is called the
binomial theorem. It states:

.a C b/n D
nX

k D 0

 
n
k

!

an� k bk (8.23)

where
 

n
k

!

D nCk D
nŠ

kŠ .n� k/Š
(8.24)

is a symbol called thebinary coef�cient. It is borrowed from the �eld of combinatorics, and gives thenumber
of possible sets ofn items, takenk at a time. The capital sigma († ) is a summation symbol, and indicates
that its argument (thesummand) is one term of a sum that adds fromk D 0; 1; 2; : : :to k D n.

Let's take, for example,n D 3. Then by the binomial theorem,

.a C b/3 D
nX

k D 0

 
3
k

!

a3� k bk

D
nX

k D 0

 
3
k

!

a3� k bk

D

 
3
0

!

a3b0 C

 
3
1

!

a2b1 C

 
3
2

!

a1b2 C

 
3
3

!

a0b3

D a3 C 3a2b C 3ab2 C b3

8.18 The Factor Theorem

Another important theorem in algebra is thefactor theorem. It states that iff .x/ is a polynomial of degree
n � 1, anda is any real number, then.x � a/ is a factor off .x/ if f .a/ D 0. In other words, ifa is a zero
of f .x/ , thenx � a is a factor off .x/ .

For example, Supposef .x/ D 2x2 C 7x � 15. Then if we substitutex D � 5, we �nd f . � 5/ D
2.� 5/2 C 7.� 5/ � 15 D 50� 35� 15 D 0, and so.x C 5/ must be a factor of f(x). In fact,

f .x/ D .x C 5/.2x � 3/;

as can be veri�ed by multiplying the two factors on the right-hand side.

8.19 Sum and Difference of Squares

There is a useful algebraic identity for the sum of two squares:

a2 C b2 D .a C b/2 � 2ab (8.25)

This can be found by simply rearranging the identity for.a C b/2.
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Another very important algebraic identity involves thedifferenceof two squares:

a2 � b2 D .a C b/.a � b/ (8.26)

This identity can be easily veri�ed by multiplying togetherthe two factors on the right-hand side.

8.20 Sum and Difference of Cubes

There are some identities for cubes as well. For the sum of twocubes,a3 C b3:

a3 C b3 D .a C b/.a 2 � ab C b3/ (8.27)

as can be veri�ed by multiplying out the right-hand side.

What about the difference of two cubes,a3 � b3? We can �nd an expression for that as well.
First, supposea D b. Then clearlya3 � b3 D 0. By the factor theorem, this means thata � b must be a

factor ofa3 � b3. Polynomial division can then be used to �nd the result:

a3 � b3 D .a � b/.a 2 C ab C b3/ (8.28)

This identity can be veri�ed by multiplying out the right-hand side.

8.21 Functions

In algebra, afunctionis a relationship that takes a number as input, and produces another number as output,
according to a certain formula. Often functions are labeledwith a notation likef .x/ or g.x/ . For example,
the square function

f .x/ D x2

takes as its input some numberx, and its output will be the square of its input. Thus:

f .0/ D 0

f .1/ D 1

f . � 1/ D 1

f .5/ D 25

f .2:3/ D 5:29

A function is required to have asinglevalue as its output. Therefore a relation like�
p

x is not a function.

Inverses

A function may or may not have aninverse— a relation that “undoes” the operation of the function. The
inverse of a functionf .x/ is indicated by the notationf � 1 .x/ . For example, the cube function

f .x/ D x3

has an inverse, the cube root function:

f � 1.x/ D 3
p

x
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Even and Odd Functions

An even functionhas the property

f . � x/ D f .x/ . even/ (8.29)

while anodd functionhas the property

f . � x/ D � f .x/ . odd/ (8.30)

Continuous Functions

A continuousfunction may be intuitively and informally thought of as onewhere you can draw a plot of
the function without ever lifting your pencil from the paper. More rigorously, it may be de�ned in terms of
“limits” — a concept a bit outside the bounds of this course — but which essentially says that a function
f .x/ is continuousat a pointx0 if: (a) f .x 0/ is de�ned; (b)f .x/ exists at points nearx0; and (c) the closer
a pointx gets tox0, the closerf .x/ gets tof .x 0/.

Examples.

• The functionf .x/ D x2 is continuous for allx .

• The functionf .x/ D j x j is continuous for allx .

• The functionf .x/ D
1
x

is discontinuousat x D 0.

Graphs of Functions

A graphis a diagram that gives a visual representation of a functionor relation — it shows how one variable
changes as another is changed.

Normally, the vertical axis (theordinate) is thedependent variable; the horizontal axis (theabscissa) is
theindependent variable.

The word “versus” (vs.) has a speci�c meaning when applied tographs: it is all of these:

• Vertical axis vs. horizontal axis.

• y vs.x (for anx-y plot of y.x/ ).

• Ordinate vs. abscissa.

• Dependent variable vs. independent variable.

For example, if we are asked to plot temperature vs. time, then temperature goes on the vertical axis and
time on the horizontal axis.

8.22 Geometric Series

A seriesis a sum with an in�nite number of terms. Series mayconverge(the sum has some �nite value) or
diverge(the sum goes to in�nity).

A geometric seriesis an in�nite sum of powers of some numberx — in other words, we add together
x C x2 C x3 C x4 C : : :. Such a series will converge as long asjx j < 1 .
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One can derive formulas for what the in�nite sum is equal to. The result is (if we start withx0 D 1

1X

k D 0

xk D 1 C x C x2 C x3 C � � � D
1

1 � x
.jx j < 1/ (8.31)

Or, if we start withx1 D x, it's the same as multiplying the series through byx:

1X

k D 1

xk D x C x2 C x3 C x4 C � � � D
x

1 � x
.jx j < 1/ (8.32)

Does 0.9999. . .D 1?

Do you think the number0:9999 : : :, with anin�nite number of 9s, isexactlyequal to 1? Some say yes; some
say no; some say it's “a little bit less that 1”; some say it “approaches” 1. What's the truth about this? Let's
take a look.

The number0:9999 : : :is place-value notation that's really just shorthand for

0:9999 : : :D
9
10

C
9

100
C

9
1000

C
9

10000
C � � �

or

0:9999 : : :D .9 � 10� 1/ C .9 � 10� 2/ C .9 � 10� 3/ C .9 � 10� 4/ C : : :

D 9.10� 1 C 10� 2 C 10� 3 C 10� 4 C : : :/

or, in summation notation,

0:9999 : : :D 9
1X

k D 1

10� k D 9
1X

k D 1

�
1
10

� k

D 9
1X

k D 1

0:1k

This is a geometric series. Using Eq. (8.32), withx D 0:1, we have

0:9999 : : :D 9
1X

k D 1

0:1k D 9 �
0:1

1 � 0:1
D

0:9
0:9

D 1

And there you have it. Indeed, the number0:9999 : : :is exactlyequal to 1.

8.23 The Method of Quarter Squares: The Details

In Section 4.27, we saw how to multiply two numbers using the method of quarter squares and a table of
quarter squares. Now that we have some experience with algebra, we can see how that method works. We
start with two numbers,x andy, that we wish to multiply. We start by �nding their sumx C y and their
differencex � y, and look those both up in the table, which gives values ofN 2=4for different values ofN .
We then take the difference of those table entries.

What we're actually computing, then, is

.x C y/ 2

4
�

.x � y/ 2

4
D

x2 C 2xy C y2

4
�

x2 � 2xy C y2

4

D 1
4 .x 2 C 2xy C y2 � x2 C 2xy � y2 /

D 1
4 .4xy/

D xy
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which is what we want: the productxy .
You may well wonder: but what ifN in the table is such thatN 2 is not divisible by 4? ThenN 2=4is not

an integer, but there are only integers in the table. The answer is that the table actually shows values of only
theinteger partof N 2=4for eachN , but the table will still work in that case. Suppose, for example, we wish
to compute9 � 10 by the method of quarter squares. Their sum is 19, and their difference is 1. Computing
N 2=4 for both these numbers gives901

4 and 1
4 , whose difference is 90 (the product of9 � 10). If we had

discarded the extra14 from both table entries, their difference would still be thesame. ForN even,N 2=4will
be an integer, and forN odd,N 2=4will have an extra1

4 . So we have the following possibilities:

• x andy both even, or both odd: then their sum and difference are botheven,N 2=4 will be even for
both, and both results will be integers, so the method works.

• One ofx; y is even and one is odd: then their sum and difference are both odd,N 2=4will have an extra
1
4 for both the sum and difference, and when we take the difference ofN 2=4 values, the extra14 will
cancel out, and the method still works.

That's why we don't bother including the extra14 in the table: because of the way the table is used, the extra
1
4 would cancel out anyway. It simpli�es matters to just tabulate the integer part ofN 2=4.

8.24 The Candido Identity

The Italian mathematician Giacomo Candido (1871-1941) discovered the following relations among the Fi-
bonacci numbers:

.F 2
n C F 2

nC 1 C F 2
nC 2 /2 D 2.F 4

n C F 4
nC 1 C F 4

nC 2 / (8.33)

This was later found to be true not just for Fibonacci numbers, but forall real numbers. This is now called
the generalCandido identity:

Œx2 C y2 C .x C y/ 2•2 D 2Œx4 C y4 C .x C y/ 4 • (8.34)

Veri�cation of this identity is left to the student as a project.

8.25 Numerical Methods

Occasionally we �nd an algebraic equation that cannot be solved “in closed form” — meaning we cannot
explicitly solve for the variable in the equation by isolating it on the left-hand side. For example,

x5 � x C 1 D 0

cannot be solved forx using the techniques of algebra we've studied here. Such an equation can only be
solvednumerically— that is, we can only �nd numerical approximations of the solution. There are many
techniques for solving such equations, and they are coveredin the branch of mathematics callednumerical
analysis. Many of these methods require some knowledge of the calculus, but as a very primitive technique,
you might try solving the above equation by trial and error: try substituting different numbers forx on your
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calculator and see if you can zero in on the value ofx that will make the left-hand side (LHS) equal to zero:

x D � 1 ) LHS D 1

x D � 2 ) LHS D � 29

x D � 1:5 ) LHS D � 5:0938

x D � 1:2 ) LHS D � 0:2883

x D � 1:1 ) LHS D 0:4895

x D � 1:15 ) LHS D � 0:1386

x D � 1:16 ) LHS D � 0:0597

In a case like this, it will probably help to plot the functionf .x/ D x5 � x C 1 to see where it crosses the
x axis to get a good initial guess for the solution. This “guessing” method is very inef�cient; much more
ef�cient methods are available to produce the correct solution (x D � 1:167303978), but this example should
give you a rough idea of what numerical methods are all about.

8.26 The LambertW Function

Another approach to solving dif�cult problems is sometimes(but rarely) employed: simply de�ne a new
function to be the solution, then tabulate, plot, and write software to calculate values of the new function. In
this section, we'll look at an example of this approach, the LambertW function.

Suppose we have an equation of the form

yey D x (8.35)

wherex is known, and we wish to solve fory. That can't be done using ordinary algebraic techniques. Soin
the eighteenth century, a new functionW.x/ wasde�ned to be the solution:

y D W.x/ (8.36)

whereW is called theLambert W function.8

This is a very unusual way to approach solving problems in algebra, and it's really only helpful if the same
type of problem appears over and over again, to the extent that it becomes useful to de�ne a new function.

The LambertW function can be useful in solving equations that require solving .ln x/=x or xex , as shown
in the example below.

Plot

A plot of the LambertW function is shown in Figure 8.5. Notice that it is double-valued forx < 0 , and
has a minimum at.x; y/ D .� 1=e;� 1/. When it's necessary to distinguish between the two branches, the
principal branch is calledW0.x/ , and the other branch is calledW� 1 .x/ , as shown in the �gure.

8Named for the Swiss/French polymath Johann Heinrich Lambert (1728-77). The functionW.x/ is also sometimes called the
product logfunction.
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Figure 8.5: LambertW function.W0 is the principal branch. (Credit: Wikimedia Commons.)

Properties

The LambertW function has the following properties:

W .xex / D x (8.37)

W
�

�
ln x
x

�
D � ln x .x > 0/ (8.38)

W0. � ln
p

2/ D � ln 2 (8.39)

W� 1. � ln
p

2/ D � ln 4 (8.40)

W.0/ D 0 (8.41)

W
�

�
1
e

�
D � 1 (8.42)

Computing W.x/

One way to compute the LambertW function is using the Mathematica software, or its on-line version at
Wolfram Alpha (www.wolframalpha.com). There the functionis calledProductLog[] .

• To compute the primary branch ofW.x/ (denotedW0.x/ ), use eitherProductLog[ x] or
ProductLog[0, x] .

• To compute the secondary branch ofW.x/ (denotedW� 1 .x/ ), useProductLog[-1, x] .

For example,

W.� 0:12/ D ProductLog[-0.12] D � 0:13771825979589579744850816472841229 : : :

W0. � 0:12/ D ProductLog[0,-0.12] D � 0:13771825979589579744850816472841229 : : :

W� 1. � 0:12/ D ProductLog[-1,-0.12] D � 3:32032672561676047700357070713499752 : : :
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Further Reading

A more extensive discussion of the LambertW function is given inThe Lambert W Function: Its General-
izations and Applicationsby István Mez�o (Reference [35]).

Example

Example.Solve forx:

x2 D 2x .x ¤ 0/

Solution. You can probably �nd two solutions by inspection:x D 2 andx D 4. But if you plot the
functionsx2 and 2x on the same plot, you see that they intersect atthree places, so there must be three
solutions. Let's try to �nd all three solutions.

Take the natural logarithm of both sides:

2 ln jx j D x ln 2

When we take the natural logarithm ofx2, we must introduce the absolute value bars, becausex might have
been either positive or negative and produced the same valueof x2, but the natural logarithm is only de�ned
for positive arguments.

Next, divide both sides by2x to isolatex on the left, and constants on the right:

ln jx j
x

D
ln 2
2

Now because of the absolute value sign, we must consider two cases:x > 0 andx < 0 .

Case I.x > 0 . Then lnjx j D ln x, so we have

ln x
x

D
ln 2
2

Multiply through by� 1:

�
ln x
x

D �
ln 2
2

Take the LambertW function of both sides:

W
�

�
ln x
x

�
D W

�
�

ln 2
2

�

� ln x D W
�
� 1

2 ln 2
�

ln x D � W
�
� ln 21=2

�

D � W.� ln
p

2/

And so, solving forx by taking the antilogarithm of both sides,

x D expŒ� W.� ln
p

2/•
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Case II.x < 0 . Then lnjx j D ln.� x/ , so we have

ln.� x/
x

D
ln 2
2

�
ln.� x/
.� x/

D
ln 2
2

Take the LambertW function of both sides:

W
�

�
ln.� x/
.� x/

�
D W

�
ln 2
2

�

� ln.� x/ D W
�

1
2 ln 2

�

ln.� x/ D � W
�
ln 21=2

�

D � W.ln
p

2/

And so, solving forx by taking the antilogaritm of both sides,

� x D expŒ� W.ln
p

2/•

x D � expŒ� W.ln
p

2/•

Summarizing, the �nal result is:

x D

8
<

:

expŒ� W.� ln
p

2/• .x > 0/

� expŒ� W.ln
p

2/• .x < 0/

which we could also write as

x D � expŒ� W.� ln
p

2/• .x > 0/

where it's understood that the top signs are one case, and thebottom signs another case.

There are indeed three solutions. One of thex > 0 solutions works out to bex D 2, which you probably
found by inspection:22 D 22:

x D expŒ� W0. � ln
p

2/• D exp.ln 2/ D 2

using the principal branch (W0) of the Lambert function. Using the non-principal branch (W� 1) we have the
other solution you may have found by inspection:42 D 24:

x D expŒ� W� 1. � ln
p

2/• D exp.ln 4/ D 4

The x < 0 solution requires some software9 to calculateW.x/ , and it givesx � � 0:7666647. Hence
x D 2, x D 4, or x � � 0:7666647.

Important note. When the argumentx to W.x/ is negative, there will betwo results: one from the
principal branchW0 .x/ , and one from the non-principal branchW� 1 .x/ . When the argumentx is positive,
there will be only one result, from the principal branchW0.x/ .

9Such as Mathematica, Wolfram Alpha (described above), Matlab, or Maple. They giveW. ln
p

2/ � 0:26570573622 .
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Figure 8.6: The functionf .x/ D xx .

8.27 The Functionxx

An interesting function that appears from time to time is

f .x/ D xx (8.43)

(See Figure 8.6). The function is de�ned for all realx � 0. For x < 0 , the function has real values for
negative integers only.

For negative integers, we have:

f . � 1/ D � 1

f . � 2/ D 1
4

f . � 3/ D � 1
27

f . � 4/ D 1
256

f . � 5/ D � 1
3125

and so forth.
The functionf .x/ D xx has a valuef .0/ D 1, and a minimum atf

� 1
e

�
D e� 1=e.

The equationxx D c (for some constantc) may be solved forx using the LambertW function:

xx D c

x ln x D ln c

.ln x/e ln x D ln c

ln x D W.ln c/

x D eW. ln c/
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Figure 8.7: Plot of an in�nite tower ofx 's.

8.28 A Really Weird Function

Consider the really weird function

f .x/ D xx x x x
::

:

(8.44)

A stack of exponents like this is called atower of exponents.10 In this case, the tower of exponents is in�nitely
high. A plot of f .x/ is shown in Figure 8.7.

Now suppose we have the equation

xx x x x
::

:

D 2 (8.45)

and we wish to solve forx. At �rst this seems impossible, until you realize that the exponent of thex on the
very bottom is an in�nite tower ofx 's , which we're told is 2. Therefore this reduces tox2 D 2, or x D

p
2.

As you can see from Figure 8.7, the function is de�ned fore� e � x � e1=e.

8.29 Simultaneous Equations

It is fairly common in mathematics to �nd situations in whichone must solve more than one equationsimulta-
neously, meaning that the solution(s) must satisfyall of the given equations. A detailed study of simultaneous
equations is beyond the scope of this course; you would need to study linear algebra just to see how to solve
simultaneouslinear equations. In general, in these situations you will be solving a number of equations sim-
ulateously for several unknowns. Generally you must have asmany equations as you have unknowns in order
to arrive at a solution. Here we'll show some very simple techniques for solving simultaneous equations.

10Recall that by convention, a tower of exponents is evaluatedfrom the top down, so that e.g.2314
D 231

D 23 D 8.
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Adding or Subtracting the Equations

In some simple cases, you can just add or subtract the equations. For example, suppose we have the two
simultaneous equations

x C y D 8

x � y D 12

The idea is to solvebothequations at the same time for the two unknownsx andy — in other words, we
want to �nd anx andy that simultaneously satisfy both equations. In this case, we can �nd a solution just by
addingthe two equations: set the sum of the left-hand sides equal tothe sum of the right-hand sides:

.x C y/ C .x � y/ D 8 C 12

When we simplify, we see that they's cancel out on the left:

2x D 20

x D 10

Now that we've foundx, we can plug thisx value into either of the two original equations to �ndy. Using
the �rst equation:

y D 8 � x D 8 � 10 D � 2

We could just as easily used thesecondequation and gotten the same solution fory:

y D x � 12 D 10� 12 D � 2

A generalization of this method is to add or subtract amultipleof one equation to or from the other. For
example, suppose we have the two simultaneous equations

x C y D 8

3x C 4y D 10

Again, we must solve both equations at the same time for the two unknowns,x andy. Let's try multiplying
the �rst equation through by 3 so that thex coef�cients of both equations are the same:

3x C 3y D 24

3x C 4y D 10

Now we can subtract the second equation from the �rst (set thedifference in the left-hand sides equal to the
difference in the right-hand sides) to eliminatex:

� y D 14

y D � 14

Now that we knowy, we can substitute into either of the original equations to �ndx. Let's use the �rst one,
because it looks easier:

x C .� 14/ D 8

x D 8 C 14 D 22

and we have our solution:x D 22, y D � 14.
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Substitution

Another technique for solving systems of simultaneous equations is bysubstitution: we substitute one equa-
tion into another to eliminate one of the variables. For example, suppose we have the simultaneous equations

x C y D 36

3x C y D 12

We can solve this system forx andy by �rst solving the second equation fory:

y D 12� 3x

Now substitute this expression fory into the �rst equation:

x C .12 � 3x/ D 36

Simplifying, we �nd

� 2x D 24

x D � 12

Now substitute thisx into eitherof the original two equations to �ndy:

� 12C y D 36

y D 48

We could have also solved the second equation forx and substituted into the �rst; or solved the �rst equation
for eitherx or y and substituted into the second. Once a value of eitherx or y is found, you can �nd the other
using either of the original two equations. Proceed in the way that seems easiest and most natural for you.
There's more than one way to solve the problem, and all solutions give the same results:x D � 12; y D 48.

8.30 Balancing Chemical Reaction Equations

While studying chemistry in junior high school, the author was taught to balance chemical reaction equations
using an awkward and time-consuming trial-and-error method (no doubt still taught in schools today). He
developed a much faster, systematic, algebraic method for solving these equations, which has undoubtedly
been independently discovered by others.

The idea is to treat each reactant coef�cient as an unknown, and simply write down the set of algebraic
equations that must be satis�ed in order for the equations tobalance. You will end up with one less equation
than there are unknown coef�cients, because chemical reaction equations can always be multiplied through
by a constant that still yields a valid equation. This is bestillustrated with some examples.

Example.Balance the following chemical equation:

H2 C O2 ! H2O

There are 2 hydrogen atoms on both sides (so hydrogen is balanced), but the left side has 2 oxygen atoms
while the right side has only one. If we put a coef�cient of 2 infront on the right-hand side, then the oxygens
will balance, but hydrogen will now be unbalanced.

Solution.The algebraic method is to write unknown coef�cients in front of each reactant:

aH2 C bO2 ! cH2O
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Now to balance the hydrogen atoms, we must have2a D 2c, and to balance the oxygen atoms we must have
2b D c:

H W 2a D 2c

O W 2b D c

As expected, there are two simultaneous equations in the three unknown coef�cients,a, b, andc. In the
author's original method, one then just tries setting one ofthe coef�cients to an integer with many divisors,
like 12. Let's try b D 12; thenc D 24by the second equation. By the �rst equation,a andc are the same, so
a D 24. Substituting these trial coef�cients into the original equation,

24H2 C 12O2 ! 24H2O

In chemistry we like to divide through by the greatest commondivisor to get the terms to be the smallest
integers possible. In this case, we divide through by 12 to get:

2H2 C O2 ! 2H2O

The equation is now balanced: we have 4 hydrogen atoms on bothsides, and 2 oxygen atoms on both sides.

Example.Balance the following chemical equation:

KClO3 ! KCl C O2

Solution.Write in coef�cientsa, b, andc — one coef�cient for each term in the equation:

aKClO3 ! bKCl C cO2

In order for the potassium, chlorine, and oxygen to balance on both sides, we require

K W a D b

Cl W a D b

O W 3a D 2c

Each element will give one equation. The �rst two equations (balancing potassium and chlorine) are identical,
so we have two simultaneous equations in the three unknown coef�cients a, b, andc. Choose (arbitrarily)
a D 12; thenb D 12 by the �rst two equations, and by the last equationc D 3

2 a D 3
2 � 12 D 18. The

reaction then becomes

12KClO3 ! 12KCl C 18O2

Dividing through by 6 to get smallest possible integers, we have

2KClO3 ! 2KCl C 3O2

and the equations is now balanced: 2 potassium atoms on each side, 2 chlorine atoms on each side, and 6
oxygen atoms on each side.

Example.Balance the following chemical equation:

HCl C Zn ! ZnCl2 C H2
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Solution.Write in coef�cientsa, b, c, andd:

aHCl C bZn ! cZnCl2 C dH2

We will need to balance this reaction equation so that we havethe same number of hydrogen, chlorine, and
zinc atoms on both sides. This gives the coef�cient equations

H W a D 2d

Cl W a D 2c

Zn W b D c

Now let's arbitrarily setb D 12, Then by the last equation,c D 12. By the second equation,a D 2c D 24,
and by the �rst equationd D 1

2 a D 12. Then our reaction equation becomes

24HCl C 12Zn ! 12ZnCl2 C 12H2

Dividing through by 12 to get lowest possible integer coef�cients, we are �nally left with

2HCl C Zn ! ZnCl2 C H2

The equation is now balanced, with 2 hydrogen atoms on each side, 2 chlorine atoms on each side, and one
zinc atom on each side.

Example.Balance the following chemical equation:

MgI2 C Mn.SO3/2 ! MgSO3 C MnI4

Solution.We assign a coef�cient to each term of the equation:

aMgI2 C bMn.SO3/2 ! cMgSO3 C dMnI4

We must balance this so that each side has the same number of magnesium, iodine, manganese, sulfur, and
oxygen atoms. Each atom to be balanced will have its own equation for the coef�cients:

Mg W a D c

I W 2a D 4d

Mn W b D d

S W 2b D c

O W 6b D 3c

Let's arbitrarily chooseb D 12. Then by the third equation,d D 12, by the fourth equationc D 24, and by
the �rst equation,a D 24. The equation then becomes

24MgI2 C 12Mn.SO3/2 ! 24MgSO3 C 12MnI4

Dividing through by 12 to get lowest integer coef�cients,

2MgI2 C Mn.SO3 /2 ! 2MgSO3 C MnI4

The equation is now balanced: each side has 2 magnesium atoms, 4 iodine, 1 manganese, 2 sulfur, and 6
oxygen.
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It's a good idea to substitute your solutions for the coef�cientsa, b, c, . . . back into your original equations
to check that the equations are properly satis�ed by your solution.

Notice in these example that we arbitrarily pick one of the coef�cients and set it equal to 12, then �nd the
values of the other coef�cients from that. There's nothing special about the number 12 (except that it has a
lot of divisors) — the examples shown here would probably be alittle simpler choosing 6. Or one could just
choose one of the coef�cients to be equal to 1, then at the end multiply the whole equation through by some
integer that would eliminate any fractions. You will alwaysend up with one more unknown than you have
independent simultaneous equations, because the solutionis not unique: by chemical convention, we choose
the solution that has the smallest possible integer coef�cients.

8.31 Inequalities

An inequalityis an expression that involves, instead of the equals (D) sign, the signs> (greater than),�
(greater than or equal to),< (less than), or� (less than or equal to. For example,

3x C 7 > 5

You solve an inequality in the same way you solve an equation,with one exception: multiplying or dividing
through by anegativenumber changes the direction of the inequality. For the equality given above, we solve
for x and �nd

x > �
2
3

As another example, suppose we have

� 4x > 9

Dividing both sides by� 4 gives

x < �
9
4

Notice that we changed the direction of the inequality because we divided both sides by a negative number
(� 4): The greater-than sign> changed to a less-than sign< .
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8.32 Some Fallacious “Proofs”

1. Examine the following “proof” that2 D 1. Where are the error(s) in this fallacious “proof”?

1. Leta D b. Premise (valid).
2. Thena2 D ab. Multiply both sides bya.
3. a2 C a2 D a2 C ab Add a2 to both sides.
4. 2a2 D a2 C ab Simplify left-hand side.
5. 2a2 � 2ab D a2 C ab � 2ab Subtract2ab from both sides.
6. 2a2 � 2ab D a2 � ab Simplify right-hand side.
7. 2.a2 � ab/ D 1.a2 � ab/ Factor.
8. 2 D 1 Cancel.a2 � ab/ on both sides.

2. Examine the following mathematical derivation. Are the steps shown correct? If not, explain in detail
exactly where the error is, and what was done wrong. (Here� is the usual mathematical constant:
� D 3:14159265 : : :.)

1. x D .� C 3/=2 Premise: Supposex D .� C 3/=2, so thatx � 3:0708.
2. 2x D � C 3 Multiply both sides by 2.
3. 2x.� � 3/ D .� C 3/.� � 3/ Multiply both sides by.� � 3/.
4. 2�x � 6x D � 2 � 9 Expand multiplications.
5. 9 � 6x D � 2 � 2�x Add .9 � 2�x/ to both sides.
6. 9 � 6x C x2 D � 2 � 2�x C x2 Add x2 to both sides.
7. .3 � x/ 2 D .� � x/ 2 Simplify completed squares.
8. 3 � x D � � x Take the square root of both sides.
9. � D 3 Add x to both sides.

3. What is wrong with the following “derivation”? We begin with Euler's identity, and falsely conclude
that� D 1. Where did we go off the rails? (Note that it's perfectly �ne to take the natural logarithm of
� 1: it just gives an imaginary number as the result.)

1. ei � C 1 D 0 Euler's identity (valid).
2. ei � D � 1 Subtract 1 from both sides.
3. i � D ln.� 1/ Take the natural logarithm of both sides.
4. 1i � D 1ln. � 1/ Take 1 to the power of both sides.
5. .1� / i D 1ln. � 1/ Re-group left-hand side.
6. 1i D 1ln. � 1/ On the LHS: 1 to any power is 1, so1� D 1.
7. log1.1i / D log1Œ1ln. � 1/ • Take the base 1 logarithm of both sides.
8. i D ln.� 1/ Simplify.
9. i D i � By step 3, ln.� 1/ D i � .
10. � D 1 Divide both sides byi .
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4. What is wrong with the following “derivation”?

1. x2 C x C 1 D 0 ) x C 1 D � x2 Subtractx2 from both sides.
2. x C 1 C 1=x D 0 Divide both sides byx.
3. � x2 C 1=x D 0 Replacex C 1 using line 1.
4. 1=x D x2 Add x2 to both sides.
5. 1 = x3 ) x D 1 Multiply through byx and take the cube root of both sides.
6. 1 C 1 C 1 D 0 Substitute the result (x D 1) into line 1.
7. 3 D 0 Simplify the left-hand side.

5. What is wrong with the following “derivation”?

1.
p

� 1 D
p

� 1 An identity – obviously true.

2.

r
� 1
1

D

r
1

� 1
Re-write� 1 on both sides.

3.

p
� 1

p
1

D

p
1

p
� 1

Expand radicand on both sides.

4.
p

� 1
p

� 1 D
p

1
p

1 Cross-multiply.

5. � 1 D 1 Simplify.
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8.33 Problems

1. Solve forx: (a)x � 5 D 0 (b) x C 9 D 0 (c) x � 4 D 12 (d) x C 9 D 11

2. Solve forx: (a)3x � 7 D 2 (b) 5x � 2 D 8

3. Solve forx: (a)x2 D 16 (b) x2 � 25 D 0 (c) x2 C 36 D 0

4. Solve forx: (a)x2 � 7x C 10 D 0 (b) x2 � 14x C 33 D 0 (c) 3x2 � 5x C 2 D 0

5. Solve forx: x2 C 6x � 27 D 0

6. Solve forx: � . � 8 � 3x/ D � 2.1 � x/ C 6x

7. Multiply out .a C b/4 by explicit multiplication. Verify that your result is consistent with Pascal's
triangle.

8. A bat and a ball cost $1.10 in total. The bat cost $1.00 more than the ball. How much does the ball cost?

9. Solve forx (be very careful):
p

x C 4 D � 5

10. Solve forx: x2 D � 100

11. See if you can solve this one forx (be careful): 3x D
p

� 92 C 32

12. Solve forb: b C b C b D b � b � b

13. Simplify:
�

3
x � 15

2y

�

6
xy

14. If
2
´

D
8

´ C 42
, then what is

´
2

?

15. Solve forx:

x � 1
x C 1

D a

wherex ¤ � 1 and we assumea is known. Are there any restrictions on the value ofa?

16. Solve forx: xx D 12
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17. Use Binet's formula to �nd the 30th Fibonacci number,F30 .

18. Find the 30th Lucas number,L 30 , using Eq. (8.21).

19. Verify Eqs. (8.25), (8.26), (8.27), and (8.28).

20. Solve forx:
t

xq
x

r
x

p
x

D 243

21. Solve forx:

p
x D 1 C

x � 1
1 C

p
x

What does your result mean?

22. Solve forx:

x
p

6 C x
p

9 D x
p

4

23. Solve forx:

22x C 22x C 22x C 22x D 100

24. Solve forx: 2 D 8
p

x

25. Solve forx:

215

29
D 8x

26. Solve forx: xx D x5. (Be sure to provideall real solutions.)

27. Tom has3
4 as many sticks as Jim. Tom gave Jim56 the number of his (Tom's) sticks. Jim then gave

Tom 1
2 the number of his (Jim's) sticks. Jim had 78 fewer sticks thanTom in the end. How many more

sticks did Jim have than Tom at the beginning?

28. Cauchy in the 1830s gave an empirical formula between theindex of refractionn and the wavelength
of light � for a material as

n.�/ D A C B=� 2 C C=� 4 C : : :

where� is wavelength andA, B , C are coef�cients. For practical calculations, two terms areenough:

n.�/ D A C B=� 2

If we measure the index of refraction of borosilicate glass to be 1.50883 at� D 0:6563 � m, and
1.51534 at� D 0:5086 � m, then �nd the coef�cientsA andB.
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29. Equation (8.45) once appeared on an American High SchoolMathematics Examination in the 1960s.
[53] One student pointed out that by the same logic given in the of�cial solution (as presented here in
this text), the equation

xx x x x
::

:

D 4

would reduce tox4 D 4, orx D 4
p

4 D
p

2 — the same answer as if 2 were on the right-hand side. But
if you take

p
2 to the power of itself an in�nite number of times, you can't get both2 and 4. What's

gone wrong here? How would you answer the student's objection?

30. Balance the following chemical reaction equation:

C5H12 C O2 ! CO2 C H2O

31. Balance the following chemical reaction equation:

H2SO4 C NaCN! HCN C Na2SO4

32. Balance the following chemical reaction equation:

BaCl2 C KIO3 ! Ba.IO3/2 C KCl

33. Solve forx:

27x D
1
x

34. Giveny D 3, which of these is different? (A)yy � 3 (B) 52y � 6 (C) .2y � 6/3

35. Solve forx: ex � 12e� x � 1 D 0.

36. Solve forx: 3x D x9. (This is more dif�cult than it appears.)

37. Solve forx:

x7x
D

1

7 7
p

7

38. Solve forx:
 r

2
5

! x C 1

D
125
8

39. Solve forx: log4 x2 C log4 8x D 2

40. Solve forx: log5� x .x 2 � 2x C 65/ D 2

41. Prove that the sum of the two solutions of a quadratic equation (Eq. 8.1) is always� b=a.

42. Prove that the product of the two solutions of a quadraticequation (Eq. 8.1) is alwaysc=a.
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43. Solve forx: .x x /x D xx x

44. Solve forx:
� x

2

� x
2 � 1

D 9

45. Solve forn: .n2 /n � 2nn C 1 D 0

46. Solve forx:

1
32x C 32x C 32x C 32x

D 64

47. Simplify:

x3 � x2y
x2 C y2

�
ax2 � axy
2x3 C 2xy2

�
ax2 � ay2

x4 � x2y2

(This is easier than it looks.)

48. Solve forx:

5

s
512 C 5x

5x C 52
D 5

49. The equation for the periodT of a pendulum of lengthL is given by

T D 2�

s
L
g

whereg is the acceleration due to gravity, 9.8 m/s2. If you measure the lengthL with a meter stick and
use a stopwatch to measure the periodT , then you could use the pendulum to measureg. Solve this
equation forg. That is, manipulate this so that you have justg on the left-hand side, and some function
of L andT on the right-hand side.

50. The equation for the periodT of a massm on a spring of spring constantk is given by

T D 2�

r
m
k

If the spring constantk is known, you can use this formula as a way to measure the massm, by using
a stopwatch to measure the periodT . Solve this equation form. That is, manipulate this so that you
have justm on the left-hand side, and some function ofk andT on the right-hand side.

51. Interestingly, you can even do a laboratory experiment to determine the value of� . Suppose you
construct a pendulum and measure its lengthL and periodT . The equation for the periodT of a
pendulum of lengthL is given by

T D 2�

s
L
g

whereg is the acceleration due to gravity, and is known to beg D 9:80052m/s2 at the college. (a)
Solve this equation for� . That is, manipulate this equation so that you have just� on the left-hand side,
and some function ofL , T , andg on the right-hand side. (b) If you were to build such a pendulum of
lengthL D 1:000m and measured its period to be 2.007 seconds, then what wouldbe your measured
value of� ? (Give your answer to six decimal places.)
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52. If 1 is a root of the equation

5x2 C kx � 3 D 0

then �nd the other root. (Here the variable isx, andk is considered a known constant.)

53. Solve forx:

logx x D x5x � 10

54. One painter can paint the entire house in twelve hours, and a second painter takes eight hours. How
long would it take the two painters together to paint the house?

55. Solve forx:

22=log5 x D
1
16

56. Solve forh: x2 � yh � y
p

w2 C h2

57. Solve forx:
r

x
q

x
p

x D 7

58. Solve forx:

8x � 2x

2x
D 15

59. Solve forx (be careful):

x C x C x
p

x
D

p
x

60. Solve forx: 6Š� 7ŠD xŠ

61. Solve forx:

x4 � 16
x2 � 4

D 0

62. Solve forx:

log4 23x � 5 D x C 7

63. Solve forx: 16x D 2
p

2

64. Solve forx:

xx 2 � 10x C 21 D 1

65. Prove that

ab D
.a C b/2 � .a � b/2

4
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66. Solve forx:
�

x C
1
x

� x

D
4
25

(Hints: x is an integer. Make a guess about whatx might be, based on the right-hand side, and see if
your guess works.)

67. Solve forbothx andy:

x C y D 6

xy D 7

68. Solve forx:

x
p

x D
p

x
x

69. Solve form (a little tricky; be careful):

4mC m
m

D 5

70. Given:

A2 D 9

2B D 6A;

evaluate:

A C
p

B � 3

71. Solve forx:

4
p

x
D

x
2

72. Solve fora:
p

a C
p

a C
p

a D a

73. If A2 D 40andAB D 80, then �nd B 2.

74. If .a C b/2 D 49andab D 15, what is the value ofa2 C b2?

75. If m2 D 49and
p

n D 5, then what ism C n?

76. If

x2 D 16

y2 C x D 5

then what isy � 2?
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77. If

a C b D 5

a2 C b2 D 15

then �nd a3 C b3.

78. Round0:49999 : : :to the nearest integer. Do you round it to 0 or 1?

79. If m2 D 20, then what is.m � 1/.m C 1/?

80. Solve forx:

x D x ln.x C 1/

81. Solve forx:
p

x D 2x

82. Solve fora:

a2 C a � 20 D 0

83. Solve fork:

.k 2 � 2/.k
2 � 4/ D 1

84. Given:

x C y D 20

xy D 96:

What isx � y?

85. Given:

a3 D 27

3b � a D 9

What is3b=a?

86. Solve forx:

16x C 16x D 16

87. Given:


 C 
 = 10

 � 2 C 2 = 12

 � 2 � 4 � 
 = 


Find the values of
 , 2 , and4 .
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88. Solve forx:

42.x C 1/=3
D 2

89. Solve forx:

4
p

x D 16x

90. Solve forx:

2 � 16x D 16

91. Solve forx:

4x � 3 D
1
32

92. Solve fory:

x2 C x D 90
y
x

D 90

93. Given:

x C y D 4

xy D 4

Find:

x
y

C
y
x

94. Solve forx:

24x
D 162

95. Given:

x2 D 81

y4 D 81

Findy=x.

96. Solve forx:

.x � 12/2 D 169

97. Solve forx:

9x D
9
3x
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98. Solve forP :

P
p

P D 5

99. Solve forx:

.4 � x/ 4 D 1

100. Solve forc:

5c� 2 D 125

101. Given:

2.a2 C a2/ D 36

a �
p

b D 1

Finda C b.

102. Solve forx:

2x

3x
D

27
8

103. Solve forx:
p

3x D 271=3

104. Solve forx:
p

x D � 5

105. Solve forx:

xx D 216

106. Simplify:

.n C 2/ŠC .n C 1/Š
.n C 1/Š

107. Solve form:

2
p

m D m

108. Given:

xx D 5

then �nd:

xx x C 1
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109. Solve forx:

492 � 5
73 � 10

D 3 � 5x

110. Solve forx:

. 4
p

8/5 D 2x

111. Given:

logx � logy D log2

2x � y D 5

Solve for bothx andy. (Hint: the base of the logarithms doesn't matter.)

112. If

4x C 1 D 6

then what is

4x � 1 D ‹

113. A water reservoir is45 full. After pumping out 600 liters, it becomes12 full. What is the capacity of the
reservoir?

114. Solve forx:
p

2x � 2 D 32

115. Givenn2 D � 1, then what isn4 � n2?

116. Solve forx:

6x � 3x D 27

117. Solve forx:

2100 � 298 � 298 D 16x

118. Solve forx:

4x C 4x C 1 D 80

119. Solve forx:

4
p

x
D

x
2

120. If

36x2 D 144

then what is

x3 � x D ‹
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121. Given:

ab D 10

bc D 20

ca D 30

then what isa C b C c?

122. Given:

x C y D 18

xy D 80

then what isx=y?

123. Solve forx:

7
p p

x � 4 D 49

124. Two numbers are in the ratio8 W15. Their sum is 138. What are the numbers?

125. Solve forx:

5x C 1 D 10x C 1

126. Solve forx:

6x C 5 D 5x C 5

127. If

A2 C A2 D 200

A C B D 40

then what isB=A?

128. Solve forx:

33x � 5 D
�

1
9

� x

129. Given:

5x � 1 D 11

Find:

5x C 1

130. Solve forx:

x2 � 25
x � 5

D 10
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131. Solve form:

x C y D m

x � y D m � 2

x2 C y2 D � 1

132. Solve forx:
p

3x D 3x

133. Solve forx:

92 � 1
8

D 0:01x

134. Solve forx:

64x D
q

8
p

8

135. Solve forx:
p

x D x � 2

136. If
p

x2 D 4

y2 C 1 D 17

then what isx � y?

137. Solve forx:

.x � 8/2 � 32 D 16

138. Solve forx:

4x2 � x D 0

139. Solve forx:

8x

4x
D

36
3x

140. Solve forx:

x1� x D 1

141. Solve forx:

log9 x D log3 5
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142. Solve forx:

.
p

2/x � 1 D 2
p

2

143. Solve forx:

x2 � 100
x � 10

D 20

144. Solve forx:

15

6 �
3

1 C
8

x3

D 3

145. Simplify:

201920182 C 1
201920172 C 201920192

(This is another arithmetic problem that can be simpli�ed byemploying algebra.)

146. Solve forx:
p

5x D � x

147. Solve forx:

5
p

x D 125x

148. If

5x � 5 D 4

then what is

5x � 3 D ‹

149. If
p

A D B

B 2 D 81

then what is

A C B D ‹

150. If

4x C 2 � 4x C 1 D 144

then what is

16x D ‹
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8.34 Harder Problems

1. Solve forx: xx D 7x C 49 (This one is quite tricky.)

2. Solve forx:

logx 2 .10/ C log10 .x/ D log2x .10/

At some point you will �nd an algebraic equation, which can solve using a numerical method you write
yourself, or just using something like Wolfram Alpha, Matlab, or Mathematica.

3. Findf .1/ , given:

f .´/ D a
�
´ 2024 C ´ 2023 �

C b´ 2022

f

 
1 C

p
3 i

2

!

D 2052C 2024
p

3 i

wherea andb are real.

4. Solve forx:

x
p

x2 � 1
D

p
35� x

5. Solve forx:
�

x �
1
x

� 1=2

C
�

1 �
1
x

� 1=2

D x

6. Solve forx:

xx 8
D 8

7. Solve for x:

.x � 1/x D 81

8. Solve fora:

.a C 1/a D 625

9. Comment on the solutions to the equationxy D 3x.

10. Findall solutions to the equation

.5 � x/ x 2 C 6x C 9 D 1

11. Findall solutions to the equation

25x D x10
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12. If

x4 C x4 D x8

andx ¤ 0, then what isx8 C x8?

13. Solve forx:

xŠD 2Š� 3Š

14. Findall values ofd that satisfy the equation:

.d � 3/4 D 3 � d

15. Solve forx:

xx 2
D 4

16. Solve the following quartic equation forx:

x4 C 4 D 0

17. Solve forx:

.x 2 � 2x/x D 1

18. Simplify the following expression. (This appears to be an arithmetic problem, but you will �nd it useful
to employ algebra to do the simpli�cation.)

q
7 C 4

p
3

19. Find the maximum value ofxy that satis�es

x2 C y2 C 3xy D 2015

(This was a 2015 Mathematics Olympiad problem.)

20. Findall positive integer pairs.x; y/ that satisfy

1
x

C
1
y

D
1
2

21. If f .x/ is acubicpolynomial function (f .x/ D ax3 C bx2 C cx C d), and the following are true:

f .1/ D 2

f .2/ D 4

f .3/ D 8

f .4/ D 16

then what isf .5/ equal to?
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22. Solve forx:

x .x 2 � 5x C 7/ x
D x

23. Solve forx:

5logx .x 2 � 5x C 15/ D 3logx 25

24. Solve forx:

x
x C x

x C x C x
x C x C x C x

x C x C x C x C x
x C x C x C x

x C x C x
x C x

x

D
1

360

25. Given:

a C b D 5

ab D 3

Finda4 C b4.

26. Solve simultaneously for realx, y, and´ :

x
p

y D 12

y
p

´ D 18

´
p

x D 54
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8.35 Projects

1. Verify the general Candido identity, Eq. (8.34).

2. Findpositive integersa, b, andc that satisfy

a
b C c

C
b

a C c
C

c
a C b

D 4

This deceptive looking problem is extremely dif�cult, and requires some very advanced mathematics,
including Diophantine analysis and elliptic functions. There is more than one solution, and even the
smallest solutions are surprisingly very large numbers, with about 80 decimal digits. But you might
try writing a computer program that searches different integer combinations ofa, b, andc, and see
if you can comecloseto 4. For example, searcha, b, andc from 1 to 100 each, and print out any
value of the left-hand side that is between 3.9 and 4.1. Can you �nd valuesa, b, andc that make this
approximatelytrue? (Be sure you don't trytoo many integers. Searchinga, b, andc each from 1 to
100 is one million combinations. Searching each from 1 to 1000 is one billion combinations, which
may take far too much computer time.)
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Chapter 9

Applied Algebra

A common complaint among algebra students is that they neverend up using algebra in “real life.” The
response to that is: noteverythingin life has to have an “everyday use.” Subjects like art, literature, and
music can be appreciated on their own, without necessarily having a practical “use.” Mathematics falls into
that category: it can be appreciated for its beauty, elegance, and interesting results, apart from needing for
there to be an everyday use. In addition, mathematics is an excellent mental exercise, and teaches one how to
think logically.

Nonetheless, in this chapter, we'll look at some occasions where algebracanbe useful in real-life situa-
tions. Perhaps the truth is that peoplecoulduse algebra in their everyday lives, but don't always stop tothink
about how it might be used. In addition to a few example applications we'll look at here, Chapter 12 shows a
number of examples where algebra can be useful in �nance.

9.1 The Mary Tyler Moore Show

The 1970s TV showThe Mary Tyler Moore Showwas about a TV newsroom (WJM-TV) in Minneapolis.
In one episode1, producer Mary Richards and executive producer Lou Grant demand a raise from the station
manager. After considerable reluctance, the station manager gives in, and offers Mary and Lou a combined
raise of $5000 per year, and leaves it up to them to decide how to divide the raise money between them
(probably a psychological trick by the manager to get them to�ght between themselves over the money).

One simple solution would be to divide the money equally, so that each gets $2500. But suppose they
decide it makes more sense to divide the money so that both getthe samepercentageincrease in salary. How
should they divide the raise money? Mary and Lou can �gure that out by using algebra.

Let Mary's current annual salary beM , let Lou's current annual salary beL , and let the multiplier on their
salaries bea, so that their new salaries will beaM andaL , respectively. Then from the given information,
their combined salaries after the raise will beaM C aL , and it will also be their combined current salaries
plus $5000:

aM C aL D M C L C 5000:

We want to solve for the multipliera:

a.M C L/ D M C L C 5000

a D
M C L C 5000

M C L
1S7E13, “Look at Us, We're Walking.”
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In other words, the multiplier on their current salaries should be the ratio of the sum of their new salaries to
the sum of their current salaries. To �nda, we need to know their current salaries. Suppose Mary's salary is
$11,000 per year, and Lou's is $16,000 per year. Then

a D
M C L C 5000

M C L
D

11;000C 16;000C 5000
11;000C 16;000

D 1:185

To �nd the percent increase in their salaries, subtract 1 from the multiplier and multiply by 100:

percent incr: D .1:185� 1/ � 100D 18:5%

So each of them will get a raise of 18.5%. Their new salaries will be:

Mary W$11;000� 1:185D $13; 037

Lou W$16;000� 1:185D $18; 963

The $5000 raise money should then be divided as follows (new salary minus current salary):2

Mary W$13;037� $11;000D $2037

Lou W$18;963� $16;000D $2963

To double-check the result, we note $2037C $2963D $5000(the total raise money), as it should be.

9.2 Dieting

You are on the Weight Watchers® diet and would like to eat some take-out pizza. Your Weight Watchers®

app says that one slice of a medium pizza will cost you 9 “points” on your diet. (You are given a budget of
a certain number of points you can use for the day.) You don't want to order an entire medium pizza and
eat only one or two slices, because that would be a waste of money. How much of asmall pizza would be
equivalent to one slice of a medium pizza?

You could work this out with arithmetic, but it would be nice to come up with some general formulas you
could use for the future — and you can do that using algebra. Solet's generalize the problem. Given a pizza
of diameterD cut intop slices, what fraction of a smaller pizza of diameterd would have the same area as
oneslice of the larger pizza? Pizzas are circular, so a pizza of diameterD has radiusD=2, and therefore an
area of�.D=2/ 2 , or

A D
�
4

D 2

When cut intop slices, each slice has area

A
p

D
�
4p

D 2

Let's say the smaller pizza has diameterd . Then it has radiusd=2and area�.d=2/ 2 D .�=4/d 2 . The area
of one slice of the larger pizza is equivalent to a fraction ofthe smaller pizza equal to

A=p
.�=4/d 2

D
�
4p

D 2 �
4

�d 2
D

1
p

�
D
d

� 2

(9.1)

2In the TV show, Mary decides that getting $2000 of the $5000 would be fair, and Lou gets the remaining $3000.
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Now let's plug in some numbers. The pizza restaurant's medium pizza is 12 inches in diameter, cut into 8
slices; their small pizza is 10 inches in diameter. A single slice of the medium pizza is equal to what fraction
of the small pizza? Herep D 8, D D 12, andd D 10, giving

1
p

�
D
d

� 2

D
1
8

�
12
10

� 2

D 0:18�
1
6

so 1/6 of the small pizza would be equivalent to 1/8 of the large pizza. Each slice of the medium pizza costs
you 9 diet points, so suppose you want to eat the equivalent of3 slices of medium pizza and spend 27 diet
points. Then that would be the equivalent of3 � 0:18 D 0:54 � 1=2of the small pizza. In other words,
instead of ordering a medium pizza and eating just 3 slices, you could order a small pizza and eat half. You
would record it as 3 slices of medium pizza in your app. Alternatively, you could eat the equivalent of 2 slices
of medium pizza and spend just 18 diet points by eating2 � 0:18D 0:36� 40% of the small pizza.

9.3 Body Mass Index (BMI)

A frequently used (albeit somewhat dubious) measure of a person's physical health is called thebody mass
index, or BMI. Your BMI is de�ned as

BMI D
W
h2

(9.2)

whereW is your weight (mass) in kilograms, andh is your height in meters. If you live in the United States,
you would probably like to �nd a formula that allows you to useyour weight in pounds and your height in
inches. We can use unit conversions to derive such an equation.

First, we'll need a couple of conversions factors. The following �gures are exact:

• 1 pound = 0.45359237 kg

• 1 inch = 2.54 cm

Now we'll do the units conversions to convert input units of pounds per square inch to the BMI units of
kilograms per square meter:

BMI D
pounds
.inch/2

�
0:45359237kg

1 pound
�

��
100cm
1 meter

�
�

1 in
2:54cm

� 2

or

BMI D 703
W .lb/
Œh .in/•2

(9.3)

Your BMI is supposed to be an indicator of whether you are at a healthy weight, according to the following
table:

Table 9.3-1. Body Mass Index (BMI).

BMI Range BMI Category
Below 18.5 Underweight
18.5 to 24.9 Healthy weight
25.0 to 29.9 Overweight
30.0 to 34.9 Obese (Class 1)
35.0 to 39.9 Obese (Class 2)
40.0 or greater Obese (Class 3)
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Now we might ask: given a person with Class 1 obesity whose heighth (in inches) is known, what would
they have to get their weight down to become merely overweight, according to this chart? And what would
their weight need to be to reach the “healthy” range? We can �nd this by solving Eq. (9.3) for weightW
using algebra. The result is:

W D
BMI � h2

703
(9.4)

For example, suppose this person is 5' 10” (70 inches) tall. Then to get down to the “overweight” range,
his or her weight would need to be

W D
29:9� .70 in/2

703
D 208:4lb

To get down to the “healthy” range, his or her weight would need to be

W D
24:9� .70 in/2

703
D 173:6lb

“Underweight” range for this person would be

W D
18:5� .70 in/2

703
D 128:9lb

If you want to shoot for the middle of the “healthy weight” range, �nd the mean of the upper and lower BMI
limits for that range:.18:5 C 24:9/=2D 21:7. Then the corresponding weight for this person would be

W D
21:7� .70 in/2

703
D 151:3lb

So by using algebra, we can manipulate the BMI formula to solve for weight goals.

9.4 Bicycle Gearing

If you ride a bicycle, your bike probably has several gears onthe pedals and rear wheel, and shifting levers
that allow you to change gears. Algebra can be used to determine an ef�cient shifting strategy. [32]

Most bikes have �ve gears in the rear and two or three gears in front, leading them to be called “ten-speed”
or “�fteen-speed” bikes. These so-called “speeds” are really just different combinations of gears; the number
of gear combinations is the product of the number of front gears and the number of rear gears.

Many people ride bikes by just randomly shifting the front and rear gears until they �nd a combination
that seems about right. But by using some simple physics and mathematics to understand how the gearing is
set up on your bike, you can devise an ef�cient shifting strategy that will allow you to systematically shift
from low gear to high gear and back again, without fumbling and guessing at which combination of gears is
best.

Data Collection

You will need two collect two sets of data for your bicycle:

• Your wheel diameter (in inches); and

• The number of teeth in each gear (both front and rear sets of gears).
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The front set of gears is called thechainring, while the rear set of gears is called thecog. Let's use a ten-speed
bicycle owned by the author as an example. This bicycle has wheels that are 27 inches in diameter. For the
number of teeth in each gear, we count:

• Front gears (chainring): 44 and 52 teeth;

• Rear gears (cog): 14, 17, 20, 24, and 28 teeth.

This is all the data that is needed.

Gearing Calculations and Shifting Strategies

Now we can begin the calculations. We want to set up a table showing each combination of gears on the
bicycle. For each combination, we will calculate thegear size(in units of gear-inches) for that gearing
combination; this is de�ned as the product of the wheel diameter (in inches) and thegear ratioF=R:

G D D
F
R

(9.5)

HereG is the gear size in gear-inches,D is the wheel diameter in inches,F is the number of teeth in the
front (chainring) gear, andR is the number of teeth in the rear (cog) gear. Physically,G is the diameter of an
equivalent wheel on a gearless bicycle; for example, using a100-inch gear is equivalent to having 100-inch
diameter wheels. Low values ofG are low gears: you can turn the pedals many times and the bicycle won't
move very far, which is helpful for going up steep hills. Highvalues ofG are high gears: the bike will
move a long way with relatively little turning of the pedals,which is helpful for going fast on level ground or
downhill.

For this example bicycle, one might �nd �nd for the gear sizesG for each gear combination, using
equation (9.5) (and rounding to the nearest gear-inch):

Table 9.4-1. Gear sizesG (gear-in) for the example bicycle.

Chainring (F )
Cog (R) 44 52

14 85 100
17 70 83
20 59 70
24 50 59
28 42 50

As you can see, although this bike is technically a “ten-speed”, there are several duplications in the table. For
example, we can get a 50-inch gear by using either the 44-tooth gear in front and the 24-tooth gear in back,
or by using the 52-tooth gear in front and the 28-tooth gear in back. There are similar duplications for the 59-
and 70-inch gears, and the 83-inch and 85-inch gears are nearly the same. So although this is a “ten-speed”
bike, we really only have six different gear sizes: 42, 50, 59, 70, 83, and 100 gear-inches.

Now we'll examine the above table and try to devise a shiftingstrategy that will allow me to cycle
through these six gear sizes in some reasonable way, withouthaving to move the shifting levers too much.
One possibility, for example, would be to use the small (44-tooth) front gear only for the lowest gear (42
gear-inches), then switch to the large 52-tooth front gear and stay there for all the other gearings, changing
only the rear gear to get 50, 59, 70, 83, and 100 gear-inches. But we might prefer something a bit more
symmetrical. The table below shows a more symmetrical shifting strategy, where the unused gearings (all of
which are duplicates) are stricken:
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Table 9.4-2. Shifting strategy for the example bicycle.

Chainring (F )
Cog (R) 44 52

14 85 100
17 70 83
20 59 70
24 50 59
28 42 50

As this table shows, this shifting strategy is to use the small (44-tooth) front gear for 42, 50, and 59 gear-
inches; then change to the large (52-tooth) front gear to get70, 83, and 100 gear-inches.

Cadence and Shifting Speed

Another question we might like to answer is: at what speed should you change gears? This is related to the
rider's cadence, which is the number of revolutions of the pedals the rider makes per unit time. A typical
cadence used by experienced riders is about 80 revolutions per minute.

Now let's see what bicycle speed corresponds to a cadence of,say, 80 revolutions per minute for each of
the gear sizes found in the tables above. We know from physicsthat the relation between the wheel linear
speed (and therefore also the bicycle speed)v and the wheel angular velocity• is given by

v D r •; (9.6)

wherer is the wheel radius. Now the wheel angular velocity• is related to the pedal angular velocity! (the
cadence) through the gear ratioF=R:

• D !
F
R

; (9.7)

whereF andR are the number of teeth in the front and rear gears, as before.Combining equations (9.6 and
(9.7), we get

v D r!
F
R

: (9.8)

In terms of the wheel diameterD D 2r , this becomes

v D
D
2

!
F
R

: (9.9)

Now let's deal with units. It's customary to have the bike speedv in miles per hour (mph), the wheel diameter
D in inches, and the rider's cadence! in revolutions per minute (rpm). Angular units in equation (9.9) are
implicitly in radians, so we'll have to convert to that from revolutions. Doing the appropriate unit conversions:

v D
�

D in
2

� �
!

rev
min

� �
F
R

�
�

1 ft
12 in

�
1 mi

5280ft
�

2� rad
1 rev

�
60min

1 hr
(9.10)

D
�

1056
D !

F
R

(9.11)

By equation (9.5),G D D.F=R/ ; making this substitution into equation (9.11) gives

v D
�

1056
G ! (9.12)
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In equation (9.12),v is the bicycle speed in mph,G is the gear size in gear-inches, and! is the rider's cadence
in rpm. For example, for each of the six gear sizesG on the example bicycle, we can compute the speedv
that corresponds to a comfortable cadence of! D 80 rpm:

Table 9.4-3. Speeds corresponding to! D 80 rpm for the example bicycle.

G (gear-in) v (mph)
42 10
50 12
59 14
70 17
83 20
100 24

Using this table and the example bicycle's speedometer, we can estimate at roughly what speed the rider
should expect to shift from one gear size to the next to maintain a comfortable cadence of about 80 rpm.

Your Bicycle

The numbers shown here are just an example, and are speci�c tothe author's bicycle. To do this foryour
bicycle, �nd your wheel diameterD (in inches), and count how many teeth are on each of your chainring and
cog gears. Then using equation (9.5), compute the gear sizesG (in gear-inches) for each gear combination;
you will then have a table like Table 9.4-1. By studying your table of gear sizes, you can �gure out a
convenient gear-shifting sequence for moving from one gearsizeG to the next, while avoiding duplicate gear
sizes. Equation (9.12) allows you to calculate the bike speed v for each gear sizeG for a �xed cadence! ,
which gives you an idea of when to shift from one gear size to the next (assuming your bike is equipped with
a speedometer for measuring your speedv).

9.5 Retirement Bliss

Working for the federal government earns you a pension payment from the government when you retire. The
pension amount is calculated as

p D 0:011� S � y

wherep is your annual pension payment,S is your annual salary while working, andy is the number of
years you've worked for the federal government.

Question: How long would you need to work for the federal government in order for your pension pay-
ment to equal your working salary? (At that point, there would be no point in going into work anymore!) We
can answer this question using algebra. We setp D S in the above equation (pension equals working salary)
and solve for the number of years of service,y. The result is

y D
p

0:011S
D

S
0:011S

D
1

0:011
D 91years

Someone starting with the federal government right out of college (age 23) would have to work until age 114.
This is why retirees rely on multiple sources of income during their retirement years.

9.6 Final Exam Grades

Suppose you're taking a college course, and the �nal exam is coming up. You want to know how well you
would have to do on the �nal to get an A in the course. You can usealgebra to answer that question.
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Suppose the professor has the following criteria for determining the �nal grade:

• Homework (H ): 15%

• Lab work (L ): 15%

• Weekly quizzes (Q): 20%

• Midterm exam (M ): 25%

• Final exam (F ): 25%

Then your �nal scoreS is computed as

S D 0:15H C 0:15L C 0:20Q C 0:25M C 0:25F

Shortly before the �nal exam, you already know what you have for scoresH , L , Q, andM . To get an A,
you needS D 90% D 0:90. To �nd what �nal exam score you need for an A, you solve the above equation
for F :

F D
90� 0:15H � 0:15L � 0:20Q� 0:25M

0:25

For example, suppose your scores at the end of the semester are (in percent)H D 100, L D 90, Q D 81,
M D 88. Then we would �nd

F D
90� 0:15.100/� 0:15.90/ � 0:20.81/ � 0:25.88/

0:25
D 93:2

You would need to get a 93.2% on the �nal to get an A in the course. To get a B (80%), you would need

F D
80� 0:15.100/� 0:15.90/ � 0:20.81/ � 0:25.88/

0:25
D 53:2

or 53.2%.
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Theory of Equations
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Chapter 11

Continued Fractions

A continued fractionis a kind of iterated fraction: its numerator is 1, and its denominator is another continued
fraction. It may be written as:

x D a0 C
1

a1 C
1

a2 C
1

a3 C � � �

(11.1)

where thean are all positive integers.
Notice that the numerators in Eq. (11.1) are all 1. This is theusual continued fraction expansion. It

is possible to replace the 1 numerators with a general coef�cient bn , which yields what's called ageneral-
ized continued fraction. In this chapter we'll just be looking at the “normal” continued fractions that have
numerators equal to 1.

The fraction continues like this in�nitely. Because this notation takes a lot of vertical space on the page,
mathematicians often use the alternate notation

x D Œa0I a1; a2; a3; : : :• (11.2)

The integer part isa0, and the following integer valuesa1, a2, a3, . . . are called thepartial quotients.
Continued fractions are of interest in mathematics becausethey can reveal arithmetic properties that can

be hidden by the usual decimal expansion. For example,

1. Rational numbers always have�nite continued fraction expansions.

2. Irrational numbers havein�nite continued fraction expansions.

3. Certain algebraic numbers have remarkably regular patterns. For example,
p

2 D Œ1I 2; 2; 2; 2; 2; 2; : : :•
p

3 D Œ1I 1; 2; 1; 2; 1; 2; : : :•

11.1 �

One interesting property of continued fractions is that they produce the best possible rational approximation
of a real number. For example, for� ,

� D Œ3I 7; 15; 1; 292; 1; 1; 1; 2; 1; 3; 1; 14; 2; 1; 1; 2; 2; 2; 2; : : :• (11.3)
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Truncating the continued fraction expansion after the integer part gives the approximation� � 3. After the
�rst partial quotient, we get

� � Œ3I 7•D 3 C
1
7

D
22
7

which is a very well-known approximation for� . Taking one more term in the continued fraction expansion,

� � Œ3I 7; 15•D 3 C
1

7 C
1

15

D
333
106

Taking still one more term gives another well-known approximation of � , which gives� correct to six
decimal places.

� � Œ3I 7; 15; 1•D 3 C
1

7 C
1

15C
1

1

D
355
113

These rational approximations (3, 22/7, 333/106, . . . ) are called theconvergents.
The reason 355/113 is such a good approximation of� is revealed by its continued fraction expansion:

the expansion is truncated just before the very large term 292.

11.2 e

Euler's numbere has a particularly interesting continued fraction expansion, discovered by Leonard Euler
himself.

e D Œ2I 1; 2; 1; 1; 4; 1; 1; 6; 1; 1; 8; 1; 1; 10; 1; 1; 12; 1; 1; 14; 1; 1; 16; 1; : : :• (11.4)

Notice that triplets of the partial quotients form a patternof the form1; 2k; 1, repeating fork D 1 to 1 .
The continued fraction expansion of the transcendental number e shows a periodic pattern that its decimal
expansion does not. This also suggests some deep fundamental difference between the nature of� ande,
even though both numbers are transcendental.

11.3 Computing the Continued Fraction Expansion

Computing the coef�cients in the continued fraction expansion of Eq. (11.1) is fairly straightforward. Begin
with the number whose continued fraction expansion you wishto compute, then follow these steps:

1. Take the integer part of the number. That is the integer part of the continued fraction expansion (the
number before the semicolon).

2. Subtract this integer part, leaving the fractional part.

3. Take the reciprocal of the result.

4. The integer part of the result is the next term in the partial fraction expansion.

5. Go to step 2.
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What this amounts to is executing the functionsfxg and1=x repeatedly, noting the integer part at each
step, wherefxg D x � b xc is the fractional part ofx — the part to the right of the decimal point.

Example.Find the continued fraction expansion of� .

Solution.The integer part of� is 3, so the continued fraction expansion begins withŒ3I •.

Now subtract 3, leaving 0.14159265. Take the reciprocal, and we have 7.06251331. The integer part is 7,
so the continued fraction expansion so far isŒ3I 7•.

Now subtract 7 (the integer part), leaving 0.06251331. Takethe reciprocal, and we have 15.99659441.
The integer part is 15, so the continued fraction expansion so far isŒ3I 7; 15•.

Now subtract 15 (the integer part), leaving 0.99659441. Take the reciprocal, and we have 1.00341723.
The integer part is 1, so the continued fraction expansion sofar isŒ3I 7; 15; 1•.

Now subtract 1 (the integer part), leaving 0.00341723. Takethe reciprocal, and we have 292.63459101.
The integer part is 292, so the continued fraction expansionso far isŒ3I 7; 15; 1; 292•.

Now subtract 292 (the integer part), leaving 0.63459101. Take the reciprocal, and we have 1.57581809.
The integer part is 1, so the continued fraction expansion sofar isŒ3I 7; 15; 1; 292; 1•.

And so on.

When computing continued fraction expansions like this, itis important that you carry along enough
signi�cant digits to prevent rounding errors. For example,when using an ordinary hand calculator with 10
signi�cant digits, we quickly run into problems with the fourth partial quotient being computed incorrectly.
That's because we've subtracted away all of the original signi�cant digits by then, and so all partial quotients
from the fourth onward will be wrong. The calculations in theabove example were done using the Derive™
software package by Soft Warehouse, using 300 digits of precision to prevent roundoff errors.
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Chapter 12

Mathematics of Finance

Algebra can be employed in �nding the answers to all sorts of problems involving personal �nance. For
example, if you deposit $100,000 into an investment such as astock index fund, how long will it take to
become a millionaire? You can answer this and other �nancialquestions using algebra.

12.1 Simple Interest

Interestis money paid by a borrower to a lender in exchange for a loan. Interest may be paid by a bank to
a depositor, or it may be paid by a borrower on a loan, such as a home loan or car loan.Simple interestis
interest that is paid on the original depositonly. In most modern �nancial transactions, interest is paid on
both the initial depositand the previous interest payments. This calledcompound interest, and is discussed
in the next section.

InterestI is computed from the formula

I D P � r � t (12.1)

whereP is theprincipal (the initial deposit);r is the annual interest rate; andt is the time elapsed in years.

Example.Suppose you deposit $1000 with an institution that pays simple interest at a 6% annual interest
rate. How much interest do you earn after 15 years?

The total interest paid is

I D P � r � t D $1000� 0:06� 15 D $900

So after 15 years you will have your $1000 principal plus $900in interest, for a total of $1900.

You will do much better with compound interest, in which interest is compounded — that is, interest is
paid on both the principal and the accumulated interest. In the previous example, an initial deposit of $1000
paid at an annual interest rate of 6% usingcompoundinterest for 15 years would yield a total of $2443 instead
of the $1900 you would get from simple interest.
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12.2 Compound Interest

Compound interestis interest that is paid on an account — and interest is then paid on the new total that
includes the previous interest payment. The formula for calculating compound interest is

A D P �
�
1 C

r
n

� nt
(12.2)

whereA is the future value of the investment, including interest;P is the principal investment amount (i.e.
the initial investment);r is the annual interest rate;n is the number of times the interest is compounded per
year; andt is the number of years the money is invested.

Example. Suppose you depositP D $5000 into an account bearing compound interest at an annual
interest rate ofr D 6%, compounded monthly (n D 12) for t D 20 years. What is the total amount in the
account at the end of the 20 years?

Solution.The total account balance after 20 years is

A D P �
�
1 C

r
n

� nt

D 5000�
�

1 C
0:06
12

� .12/.20/

D $16;551:02

Example.Let's say we have an investment that will pay 18% annual interest (r D 0:18), and the interest
is compounded quarterly (n D 4). We're making an initial investment ofP D $150;000, and want to know
how many years it will take to reach a future value ofA D $1;000;000. We can use algebra to solve Eq.
(12.2) for the number of yearst :

A
P

D
�
1 C

r
n

� nt

ln
�

A
P

�
D nt ln

�
1 C

r
n

�

nt D
ln.A=P /

ln.1 C r=n/

t D
1
n

ln.A=P /
ln.1 C r=n/

Substituting the above numbers, we �nd

t D
1
4

ln.1;000;000=150;000/
ln.1 C 0:18=4/

D 10:775years

You can get answers to other questions as well. For instance,in the previous example, what would the
interest rater need to be to reach $1,000,000 in just 7 years? In this case, weuse algebra to solve Eq. (12.2)
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for r :

A
P

D
�
1 C

r
n

� nt

ln
�

A
P

�
D nt ln

�
1 C

r
n

�

ln.A=P /
nt

D ln
�
1 C

r
n

�

1 C
r
n

D exp
�

ln.A=P /
nt

�

r
n

D exp
�

ln.A=P /
nt

�
� 1

r D n
�
exp

�
ln.A=P /

nt

�
� 1

�

Substituting the known valuesA D 1;000;000, P D 150;000, n D 4, andt D 7 years, we get

r D 4 �
�
exp

�
ln.1;000;000=150;000/

4 � 7

�
� 1

�
D 0:2804

so this would require an investment returning 28% interest.

Still another question could be: what initial investmentP would I need to have in the previous examples
to reachA D $1;000;000in ten years at an interest rate of 18% (r D 0:18)? Solving Eq. (12.2) for the initial
investmentP ,

P D
A

�
1 C r

n

� nt D
1;000;000

�
1 C 0:18

4

� 4� 10 D $171;928:70

12.3 Compound Interest with Monthly Deposits

In the previous section, we discussed Eq. (12.2) for compound interest based on a single initial deposit. But
what if, instead, we continue to make regular deposits beyond the initial deposit?

Suppose that, in addition to an initial principal depositP , we make a monthly paymentM at theendof
each month. Then the future valueA of the account is given by

A D
�
P �

�
1 C

r
n

� nt
�

C

"

M �

�
1 C r

n

� nt
� 1

r=n

#

(12.3)

If the month payment is made at thebeginningof each month, then there's an extra factor multiplying the
term on the right:

A D
�
P �

�
1 C

r
n

� nt
�

C

"

M �

�
1 C r

n

� nt
� 1

r=n
�

�
1 C

r
n

�
#

(12.4)

12.4 Mortgages

12.5 Amortization Tables
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Chapter 13

Computer Arithmetic

13.1 Number of Bits and Signi�cant Digits

The number of signi�cant decimal digitsN corresponding tob (mantissa) bits is

N D
b

log2 10
D b �

ln 2
ln 10

� 0:30103b (13.1)

13.2 Scaling of Integers
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Chapter 14

Linear Algebra

Linear algebra has to do with the mathematics ofmatrices. A matrix is an array of numbers (usually a two-
dimensional array) that is treated as a single entity. In linear algebra, one learns how to add and subtract
matrices; how to multiply them and invert them, and so forth.Linear algebra has techniques that can be very
helpful in solving systems of simultaneous equations, but it's a topic that is beyond the scope of this course.
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Chapter 15

Abstract Algebra

If you take more advanced algebra in college, you may end up taking courses in what is calledabstract
algebraor modern algebra. The wordalgebramay mean basic algebra as described in this book, or it might
refer to abstract algebra.

Abstract algebra is the study of algebraic structures. It isin a sense a generalization or abstraction of
standard algebra. For example, instead of studying addition and multiplication of real numbers, we study
arbitrary abstract operations operating on sets. In this chapter, we'll examine some of the basic ideas of
abstract algebra.

15.1 Groups

15.2 Rings

15.3 Fields

15.4 Modules
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Chapter 16

Geometry

16.1 Length

The lengthof a (straight or curved) line is a measure of how much one-dimensional space it occupies. In
everyday life, we measure lengths in units like inches, feet, yards, and miles. In metric units, we often use
millimeters (mm), centimeters (cm), meters (m), and kilometers (km). The distance around the border of
a plane (two-dimensional) �gure is called itsperimeter. In the case of a circle, the perimeter is called the
circumference.

Usually, it's only necessary to add up the lengths of the individual sides of the �gure. We do have one
special formula for the circumferenceC of a circle of radiusr (diameterd D 2r):

C D 2�r D �d (16.1)

Here� is the Greek letterpi, and is a mathematical constant equal to 3.1415926. . . .

16.2 Pi (� )

The constant� that appears in the formula for the circumference of a circleis actuallyde�ned by that
equation: it is the ratio of the circumference of any circle to its diameter:

� D
C
d

D 3:14159 26535 89793 23846 26433 83279 50288 41971 69399 37510 58209 74944 : : :(16.2)

The number� is a transcendental number, and its decimal digits continueon and on without end and without
any pattern — just a seemingly random string of digits. The number � appears over and over again in
mathematics and physics, and is the most famous constant in all of mathematics. As of mid-2022 it has been

computed to 100 trillion digits, and it even has its own “holiday”1. You will �nd a � key on any scienti�c

calculator; it allows you to enter the value of� directly from the keyboard without typing in all its digits.
There are two famous fractional approximations of� :

� �
22
7

D 3:142857 142857 142857 142857 142857 142857 142857 142857 142857 142857 : : :

(16.3)

� �
355
113

D 3:14159 29203 53982 30088 49557 52212 38938 05309 73451 32743 36283 : : : (16.4)

1“Pi Day” is March 14 (3/14) of every year, by act of Congress.
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It is important to realize that these are onlyapproximationsof � that can be useful in some circumstances.
The fraction355=113is a better approximation than22=7. In most instances, you will just want to use your

calculator's � key. Do notever write “� D 22=7” — that's false. It's only approximate:� � 22=7.

And frankly, with modern scienti�c calculators having a built-in � key, there is not much use for these
approximations anymore. These are more of a relic from the slide-rule era.

A more extended discussion of the number� can be found in References [14] and [3].

Tau (� )

One �nds that� appears in many, many formulas in mathematics and theoretical physics. It often appears
as the combination2� , and that has led a few in the mathematics community to advocate replacing� with
a new constant� D 2� . Using this constant, the circumference of a circle is� r , and its area is�2 r 2. It's an
interesting idea, but not one that's likely to gain much momentum.2

16.3 Area

Theareaof a plane (two-dimensional) �gure is a measure of how much two-dimensional space it occupies.
In everyday life, we measure areas in units like square inches, square feet, acres, and square miles. In metric
units, we often use square centimeters (cm2), square meters (m2), and hectares.

Here for formulæ involving a radius (circle, cylinder, sphere), we will give formulæ both in terms of the
radiusr and in terms of the diameterd D 2r . The radius formulæ are better know, but the diameter formulæ
are often quite useful, since it is often easier to measure a body's diameter than to measure its radius.

There are some important formulæ for the areaA of some two-dimensional �gures:3

• Square of sidea: A D a2

• Triangle of baseb and altitudeh: A D 1
2 bh

• Circle of radiusr : A D �r 2 D �
4 d 2

• Ellipse of semi-axesa andb: A D �ab

Another way to compute the area of a triangle is usingHeron's formula.4 If the triangle has sides of
lengtha, b, andc, then the area of the triangle is given by

A D
p

s.s � a/.s � b/.s � c/ (16.5)

wheres D .a C b C c/=2 is the semi-perimeter of the triangle.

For the surface area of some three-dimensional �gures:

• Cube of sidea: A D 6a2

• Right circular cylinder (radiusr , lengthL , curved side only):A D 2�rL D �dL

• Sphere of radiusr : A D 4�r 2 D �d 2

2For a discussion by the founder of the “� movement”, seehttps://www.math.utah.edu/˜palais/pi.pdf
3A very old joke about the circle area formula goes: “Pi aren'tsquared — pie are round!”
4Named for Hero of Alexandria (A.D. 10–70).

174



Prince George's Community College College Mathematics Simpson

16.4 Volume

Thevolumeof a solid body is a measure of how much three-dimensional space it occupies. In everyday life,
we measure volumes in units like teaspoons, tablespoons, cups, pints, quarts, and gallons. In metric units, we
often use liters (L), cubic centimeters (cm3), and cubic meters (m3).

There are some important formulæ for the volumeV of some three-dimensional �gures:

• Cube of sidea: V D a3

• Right circular cylinder (radiusr , lengthL ): V D �r 2L D �
4 d 2L

• Sphere of radiusr : V D 4
3 � r 3 D �

6 d 3

16.5 Triangles

A triangleis a �gure formed front he intersection of three straight lines. Each of the three angles in a triangle
is said to beacute, right, or obtuse:

• An acuteangle is less than90� .

• An obtuseangle is greater than90� .

• A right angle equal to90� , forming two perpendicular lines.

They are of several types of triangle:

• Acute triangle.Three acute angles.

• Obtuse triangle.Has an obtuse angle.

• Right triangle.Has a right angle.

• Scalene triangle.No two sides equal.

• Isosceles triangle.At least two sides equal.

• Equilateral triangle.All three sides equal. Also sometimes called anequiangular triangle, because all
angles are equal (60� ).

A detailed study of triangles is a whole subject in itself (trigonometry) (Chapter 17.

The Triangle Inequality

You might think of a triangle as the plane �gure formed by connecting three line segments. But not
every set of three line segments can be made into a triangle: the segments must satisfy thetriangle
inequality. Given three line segments of lengthsa, b, andc, with a � b � c, then the segments can be
connected to form a triangle if and only if

a C b � c (16.6)

This is the triangle inequality.
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16.6 The Pythagorean Theorem

Given a right triangle as shown here.

The two sides that make up the right angle are called thelegsof the triangle, and the side opposite the
right angle is called thehypotenuse. The Pythagorean theorem (due to the ancient Greek philosopher and
mathematician Pythagoras of Samos, c. 570–495 B.C.) statesthat the sum of the squares of the legs is equal
to the square of the hypotenuse:

a2 C b2 D c2 (16.7)

There have been hundreds of different proofs of the Pythagorean theorem. One such proof was devised by
the 20th president of the United States, James A. Gar�eld, while serving as a member of Congress. Gar�eld's
proof was published in a mathematical journal and is considered to be quite original.

An extension of the Pythagorean theorem was investigated bythe French mathematician Pierre de Fer-
mat:5

an C bn D cn (16.8)

Fermat claimed that this equation cannot be satis�ed for anyintegersa, b, c for n > 2 — a conjecture that has
been calledFermat's last theorem.Fermat had written in the margin of a mathematics book, “I have a truly
marvelous demonstration of this proposition which this margin is too narrow to contain.” Mathematicians
have spent centuries searching for Fermat's claimed proof without any luck. The theorem was �nally proved
in 1995 by mathematician Andrew Wiles (with Richard Taylor). [51, 52] But Wiles' proof is hundreds of
pages long and uses the latest cutting-edge ideas in number theory; it could not possibly be the proof Fermat
claims to have had. It is still unknown what proof Fermat had,or whether he even had a valid proof.

16.7 Polygons

The sum of the interior angles of a polygon withn sides is given by

s D �.n � 2/ D 180� .n � 2/ (16.9)

so that in a regular polygon, the angle at each vertex will be

� D �
�

n � 2
n

�
D 180�

�
n � 2

n

�
(16.10)

The number of diagonals than can be drawn in a convex polygon with n sides is given by

d D
n.n � 3/

2
(16.11)

5Pronouncedfer-MAH.
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The following table summarizes the angle properties of regular polygons up through the decagon.

Regular polygon properties.
sides name sum of angles angle per vertex # diagonals

3 triangle 180� 60� 0
4 square 360� 90� 2
5 pentagon 540� 108� 5
6 hexagon 720� 120� 9
7 septagon 900� 128:57� 14
8 octagon 1080� 135� 20
9 nonagon 1260� 140� 27
10 decagon 1440� 144� 35

16.8 Circles

A circle is the locus of points in a plane equidistant from a given point, called thecenterof the circle. The
distance from the center to any point on the circle is called theradius, and twice the radius is thediameter.
The distance around the circle is called thecircumference. An angle� that has its vertex at the center of a
circle of radiusr cuts the circle in an arc of arc length

s D r� (16.12)

where� is in radians.

16.9 Euclid

Euclid (�. 300 B.C.) was an ancient Greek mathematician. He is considered the “father of geometry” and
did a great deal of work forming the foundation of geometry, which he presented in his famous workThe
Elements(in 13 books).

Euclid proposed �vepostulates— ideas which are taken to be true without proof — upon which all other
geometric theorems are built. The following are his �ve postulates:

1. One can draw a straight line from any point to any point.

2. One can construct a straight line from a �nite straight line.

3. One can describe a circle with with any center and radius.

4. All right angles are equal to one another.

5. If a straight line falling on two straight lines makes the interior angles on the same side less than two
right angles, then the straight lines, if produced inde�nitely, will meet on that side on which the angles
are less than two right angles.

Much of the remainder ofThe Elementsconsists of statements and proofs of many interesting geometric
theorems that may be deduced from these postulates.

If you think the �fth postulate seems verbose and different from the rest, you're correct. The �fth postu-
late, called theparallel postulate, de�nes normal Euclidean geometry. One may replace the parallel postulate
with other postulates to construct alternatives, callednon-Euclidean geometries.
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16.10 Geometrical Constructions

Since the time of the ancient Greeks, mathematicians have been interested in �nding what geometrical �gures
can be constructed usingonly a straightedge and a compass. (One may not use markings on a ruler — only
a straightedge and compass are permitted.) Euclid discusses many of these constructions inThe Elements.
Some famous geometrical constructions are:

• Constructing the perpendicular bisector from a segment.

• Finding the midpoint of a line segment.

• Drawing a perpendicular line from a point to a line.

• Bisecting an angle.

• Mirroring a point in a line.

• Constructing a line through a point tangent to a circle.

• Constructing a circle through 3 noncollinear points.

• Drawing a line through a given point parallel to a given line.

• Drawing regular polygons of 3, 4, 5, 6, 8, 10, 12, 15, 16, 17, .. . sides

Note that there are some regular polygons thatcannotbe constructed using only a straightedge and compass:
the septagon (7 sides), nonogon (9 sides), etc.

Some famous problems have been proved to be impossible. It isnot possible to construct the following
using only a straightedge and compass:

• Squaring the circle. That is, constructing a square with the same area as a given circle.

• Doubling the cube. That is, constructing the edge of a cube whose volume is twice the volume of a
cube with a given edge.

• Trisecting an angle. That is, dividing a given angle into three equal parts, each 1/3 of the given angle.

16.11 The Four-Color Theorem

Another interesting problem that has engaged mathematicians for many years is the so-calledfour-color
theorem. It goes like this: given a map of the United States, suppose you wanted to color each state a
different color so that no two states that share a common border would have the same color. Or likewise for
a map of the world, coloring each country a different color sothat no two countries with a common border
would be the same color. Or likewise with any other map. What is theminimumnumber of different colors
you would need?

It was proved some time ago that �ve different colors will suf�ce. It was strongly suspected thatfour
colors would be enough, since no one had been able to think up amap that wouldrequire �ve colors. For
many years nobody was able toprovethat four colors is suf�cient — until 1977, when some mathematicians
�nally proved the theorem is true, using an unorthodox (and somewhat controversial) computer-assisted
proof. It is now known that any map can be colored using only four different colors.
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16.12 Polyhedra

A solid whose faces are polygons is called apolyhedron(pluralpolyhedra).
Since ancient times, it has been know that there are only �veregular polyhedra — that is, polyhedra

whose faces are all identical regular polygons. These are given in the following table.

Name Faces F V E
Tetrahedron triangles 4 4 6
Cube squares 6 8 12
Octahedron triangles 8 6 12
Dodecahedron pentagons 12 20 30
Icosahedron triangles 20 12 30

HereF is the number of faces,V is the number of vertices, andE is the number of edges.
These �ve regular polyhedra are called thePlatonic solids. Amazingly, there are no more regular polyhe-

dra — only these �ve.

Figure 16.1: The Platonic solids. (Credit: cuemath.com)

Also of great interest is a formula (due to Euler) relatingF , V , andE :

V � E C F D 2 (16.13)

This holds foranyconvex polyhedron, including the Platonic solids shown above.

16.13 Ellipsoids

The three-dimensional counterpart of an ellipse is called an ellipsoid. (Prolate, oblate)
The surface area of an ellipsoid with semi-axesa, b, andc is given approximately by [44]

S D 4�
�

ap bp C ap cp C bp cp

3

� 1=3

(16.14)

wherep � 1:6075.
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16.14 Summary of Area and Volume Formulæ

Figure 16.2: Area and Volume Formulas.
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Figure 16.3: The coin rotation paradox. The radius of circleB is three times the radius of circleA. Starting
from the position shown in the �gure, circleA rolls around circleB . When circleA returns to its starting
point, how many rotations will it have completed?(Credit: Amanda Montañez, Scienti�c American, 2023.)

16.15 The Coin Rotation Paradox

The 1982 Scholastic Aptitude Test (SAT) included the following problem in geometry: Given two circlesA
andB, where the radius ofB is three times the radius ofA. Starting from the position shown in the �gure,
circle A rolls around circleB . When circleA returns to its starting point, how many rotations will it have
completed? (Figure 16.3.)

As shown in the �gure, the SAT problem offered �ve possible solutions—yet none of the offered solutions
was correct. Three students pointed this out to the Educational Testing Service that administers the SAT, who
were forced to acknowledge that they had made an error.

What is the solution to the problem? The obvious solution is to notice that the smaller outer circle has
circumference2�r , while the larger inner circle has radius2�.3r / D 6�r . Therefore, when the inner circle
rotates around the outer circle, the number of rotations of the inner circle should be.6�r /=.2�r / D 3.

However, this “obvious” solution is incorrect, as you can verify for yourself by making cardboard circles
with radii of 1 inch and 3 inches. You will �nd that, in fact, the smaller circle makesfour rotations around
the larger — not three. An extra rotation is introduced because the smaller circle is moving along a curved
circular path, not a straight line.

In general, the number of rotations made by the smaller circle of radiusr1 around the larger of radiusr2

will be

C2

C1
C 1 D

r2

r1
C 1 (16.15)

whereC D 2�r is the circle circumference.
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16.16 Higher Dimensions

One of the most fascinating ideas in geometry is the idea of higher dimensions — geometry beyond the three
dimensions we have in the real world. It's dif�cult or impossible for us to visualize these other dimensions,
but it is possible to use mathematics to determine the properties of geometric �gures in higher dimensions.
We can even use computers to get some idea of what higher-dimensional geometric �gures would look like.

An excellent place to begin learning about higher dimensions is the classic short science �ction book
Flatlandby Edwin A. Abbott [1]. First published in 1884, describes a �ctional two-dimensional world, and
what happens when its inhabitants are visited by a being fromthe third dimension.

Hyperspheres

A hyperspherein n dimensions is the locus of points equidistant from a �xed point (the center of the hy-
persphere). In two dimensions, it's a circle. In three dimensions, it's an ordinary sphere. We can extend
the concept to higher dimensions, as shown in this table of “surface areas” and “volumes” for hyperspheres
through 10 dimensions.

Areas and volumes of hyperspheres. [50]
Dim. “Area” “Volume”

1 2 2r

2 2�r � r 2

3 4�r 2 4
3 � r 3

4 2� 2r 3 � 2

2 r 4

5 8
3 � 2r 4 8

15 � 2r 5

6 � 3r 5 � 3

6 r 6

7 16
15 � 3r 6 16

105 � 3r 7

8 � 4

3 r 7 � 4

24 r 8

9 32
105 � 4r 8 32

945 � 4r 9

10 � 5

12 r 9 � 5

120 r 10

n 2� n=2

€ . n
2 / r n� 1 � n=2

€ . n
2 C 1/ r n

Here by “area” we mean the space occupied by the surface of thehypersphere, and by “volume” we mean
the amount of space occupied by the interior.

Hypercubes

We can likewise imaginehypercubes— in two dimensions, it's a square, and in three dimensions, it's a cube.
In n dimensions, a hypercube with sides of lengtha has a “volume”an .

A four-dimensional hypercube is called atesseract. It's dif�cult to visualize a tesseract, but we can make
some drawings. Just as it's possible to make a two-dimensional drawing of a three-dimensional cube, it's also
possible to construct a three-dimensional model of a tesseract (Figure 16.4). For even more insight, you can
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Figure 16.4: Three-dimensional view of a tesseract.

�nd videos of arotating tesseract on Internet sites like YouTube. You'll see that asthe tesseract rotates, the
inner cube in Figure 16.4 passes through one of the faces and becomes the outer cube.
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16.17 Problems

1. Find the area of a triangle with base 8 cm and altitude 5 cm.

2. (a) Find the circumference and area of a circle of radius 6 cm. (b) Find the circumference and area of
a circle of diameter 15 cm.

3. Find the volume of a right circular cylinder of radius 7 cm and length 11 cm.

4. Find the area and volume of a sphere of radius 3.4 centimeters.

5. Derive a formula for the area of a ring of outer radiusR and inner radiusr < R .

6. Derive a formula for the volume of a spherical shell of outer radiusR and inner radiusr < R .

7. What is the radius of a sphere of volume 220 cm3?

8. What is the length of a cylinder of radius 1 cm and volume 300cm3?

9. Find the volume of a 9-dimensional hypersphere of radius 3.4 centimeters.

10. Suppose the Earth is a perfect sphere and a belt is tightened around the equator. The belt is loosened
by adding 1 meter to its length, and now sits the same amount off the ground all the way around. Is
there enough room to slip a credit card underneath the belt? [54]

11. Two right circular cylinders of equal volume have their heights in the ratio 2 : 1. What is the ratio of
their radii?
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16.18 Projects

1. A famous fallacious “proof” in geometry is due to Professor Donald Bentley of Pomona College (Cali-
fornia). Professor Bentley's “proof”, from 1964, purportsto show that all numbers are equal to 47. See
if you can �nd Professor Bentley's “proof” on the Internet, work through it, and �nd where its �aw(s)
are. And theremustbe �aws, since every number isnot equal to 47. (Professor Bentley's “proof” is
the source of an inside joke in many episodes of the TV showStar Trekafter the original series — that
is, Star Trek: The Next Generationand later series. The number 47 is shown on computer screens and
is mentioned in dialog quite a few times.)
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Chapter 17

Trigonometry

Trigonometry is the branch of mathematics that studies triangles, their sides and angles, and functions of the
angles.

17.1 Units for Angle Measurement

By default, we measure angles in trigonometry in units ofradians. In this system, a complete circle is2�
radians, a semicircle is� radians, and a right angle is�2 radians. If no units are indicated, you should assume
the units are radians.

More common in everyday use is to measure angles indegrees. Degrees are indicated by a small raised
circle (� ) to the right of the number. In this system, a complete circleis 360� , a semicircle is180� , and a right
angle is90� .

There are two systems for indicating angles between whole numbers of degrees. In one system, one
simply speci�es degrees as a real number, such as23:844� . In another (somewhat older) system, degrees
are subdivided into minutes and seconds the same way an hour of time is: one degree is divided into 60
minutes, and 1 minute into 60 seconds. Sometimes these unitsare called “minutes of arc” (or “arcminutes”),
and “seconds of arc” (or “arcseconds”) to distinguish them from units of time. The symbol0 is used for
minutes of arc, and00for seconds of arc. For example,36:5� D 36� 300, and20:75� D 20� 450. Fractions of
an arcsecond are indicated by decimals; for example,18� 34011:36500.

Converting between degrees, minutes, and seconds and decimal degrees is done the same way it was done
for hours, minutes, and seconds, described in Section 4.24.

In a third system, angles are measured ingrads. In this system, a complete circle is 400 grads, a semicircle
is 200 grads, and a right angle is 100 grads. Grads appear in some very old literature and may sometimes
be used in surveying, but are otherwise very seldom used, although calculators often include a “grads” angle
mode.

Since a semicircle is� radians and180� , we can covert between degrees and radians as follows:

degD rad�
180
�

I radD deg�
�

180
(17.1)
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It's worth memorizing the following angles:

�
6

radD 30� (17.2)

�
4

radD 45� (17.3)

�
3

radD 60� (17.4)

�
2

radD 90� (17.5)

17.2 Some Odds and Ends

Quadrants

Thex-y plane is divided into four quadrants, conventionally numbered I through IV (in Roman numerals).
The�rst quadrant (Quadrant I) is the one where bothx andy are positive. The other quadrants are numbered
II, III, IV (the second, third, and fourth quadrants), goingcounterclockwise from the �rst quadrant (Figure
17.1). The table below shows the details and angle ranges foreach quadrant.

Quadrant x y Angles (rad)

I C C .0; �
2 /

II � C . �
2 ; � /

III � � .�; 3�
2 /

IV C � . 3�
2 ; 2� /

Complementary and Supplementary Angles

Two angles that add up to a right angle (�
2 radians) are said to becomplementaryangles.

Two angles that add up to� radians are said to besupplementaryangles.

Multiples of 2�

.
You are always free to add or subtract any number of multiplesof 2� radD 360� to or from any angle,

and the result will be the same angle, but called by a different name. This is because360� is a complete
circle. For example, the following are all equivalent to10� :

• Adding multiples of360� : 370� , 730� , 1090� , 1450� , . . .

• Subtracting multiples of360� : � 350� , � 710� , � 1070� , � 1430� , . . .

To reduce an angle to an equivalent angle in the rangeŒ0� ; 360� /, simply divide the angle by360� . The
remainder will be the equivalent angle.

Example.Reduce the angle146;870� to the equivalent angle in the rangeŒ0� ; 360� /.
Solution.If we divide146;810by 360, we get 407 with a remainder of 290. Therefore,146;810� D 290� ;

they are the same angle.
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Figure 17.1: Quadrants in thex-y plane.

17.3 Trigonometric Functions

Consider theunit circle (a circle of radius 1, centered at the originO), as shown here (Fig. 17.2).

Figure 17.2: The unit circle.

By convention, angles are measured counterclockwise, fromtheCx axis. Note the line segmentOP that
makes an angle angle� with respect to theCx axis. This because the circle has radius 1,OP has length 1.
The projection ofOP onto thex axis is called thecosineof angle� , and is denoted cos� . The projection of
OP onto they axis is called thesineof angle� , and is denoted sin� .

Theslopeof line OP is its “rise” (change iny) divided by its “run” (corresponding change inx). The
slope is the same thing as thetangentof angle� (denoted tan� ):

slopeD
rise
run

D
sin�
cos�

D tan�
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These are the three basic functions of trigonometry: sin� , cos� , and tan� .
Somewhat less common are the reciprocals of these three functions:

SecantW sec� �
1

cos�

CosecantW csc� �
1

sin�

CotangentW cot� �
1

tan�
�

cos�
sin�

(The symbol� means “identically equal to” — that is, true for all values of� .)

Even and Odd Trigonometric Functions

The sine function is odd, and the cosine function is even. Therefore:

sin.� � / D � sin� (17.6)

cos.� � / D C cos� (17.7)

For the other functions: the tangent, cosecant, and cotangent functions are all odd; the secant function is
even.

tan.� � / D � tan� (17.8)

csc.� � / D � csc� (17.9)

cot.� � / D � cot� (17.10)

sec.� � / D C sec� (17.11)

Functions of Complementary Angles

The pre�x co- in the function names indicates their relationship to complementary angles: the cosine of an
angle is the same as the sine of its complement. Likewise:

• The cotangent of an angle is the same as the tangent of its complement.

• The cosecant of an angle is the same as the secant of its complement.

In equations:

cos� D sin. �
2 � � / (17.12)

cot� D tan. �
2 � � / (17.13)

csc� D sec. �
2 � � / (17.14)

and similarly,

sin� D cos. �
2 � � / (17.15)

tan� D cot. �
2 � � / (17.16)

sec� D csc. �
2 � � / (17.17)
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Powers of Trigonometric Functions

There is a notational convention used to indicate powers of trigonometric functions:

.sin� / n is written sinn �:

And similarly with the other trigonometric functions:

.cos� / n D cosn � I . tan� / n D tann �; etc:

But we only do this forn > 0 , to avoid a notational con�ict with inverse trigonometric functions (Section
17.5).

Exact Values

Some trigonometric functions have exact values that can be expressed in terms of rational numbers and
radicals. The more important values are shown in the table below, and should be committed to memory. A
more extensive table is given in Appendix 12.

sin0 D 0 cos0 D 1 tan0 D 0

sin �
6 D 1

2 cos �
6 D 1

2

p
3 tan �

6 D 1
3

p
3

sin �
4 D 1

2

p
2 cos �

4 D 1
2

p
2 tan �

4 D 1

sin �
3 D 1

2

p
3 cos �

3 D 1
2 tan �

3 D
p

3

sin �
2 D 1 cos �

2 D 0 tan �
2 D undef.

sin� D 0 cos� D � 1 tan� D 0

sin 3�
2 D � 1 cos3�

2 D 0 tan 3�
2 D undef.

Some Lesser-Used Trigonometric Functions

There are a few trigonometric functions that have been de�ned and used in the past, but which are seldom
used today. But you may run across them from time to time:

ExsecantW exsec� D sec� � 1 (17.18)

VersineW vers� D 1 � cos� (17.19)

CoversineW covers� D 1 � sin� (17.20)

HaversineW hav� D 1
2 vers� (17.21)

17.4 The Right Triangle

Consider the right triangle shown here (Fig. 17.3). The leg opposite the angle� is called theopposite side,
and the other leg is theadjacent side. The hypotenuse is opposite the right angle.

If we divide all sides by the length of the hypotenuse, then weget a similar triangle with all the same
angles, but with a hypotenuse equal to 1, just like the right triangle in Figure 17.2. It follows that we can
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Figure 17.3: A right triangle.

compute the trigonometric functions of the angles of the original triangle as follows:

sin� D
opposite

hypotenuse
(17.22)

cos� D
adjacent

hypotenuse
(17.23)

tan� D
opposite
adjacent

(17.24)

Example.Suppose we have a right triangle as in Figure 17.3, whose opposite side has length 3, whose
adjacent side is length 4, and whose hypotenuse is length 5 ((3,4,5) being a Pythagorean triple). Then we
have

sin� D
3
5

D 0:6 (17.25)

cos� D
4
5

D 0:8 (17.26)

tan� D
3
4

D 0:75 (17.27)

17.5 Inverse Trigonometric Functions

Look again at the unit circle in Figure 17.2. A line segment oflength 1 runs from the origin to the circle, and
that line segment makes an angle� with respect to theCx axis (measuring counterclockwise). When we ask
for the cosine of angle� , we're asking for theprojectionof that line segment onto thex axis.

Now consider the reverse question: given the projectionx onto thex axis, what is the angle� that has
that projection? That angle is given by theinverse cosineof x, sometimes called thearc cosineof x. The
inverse cosine is denoted cos� 1 or as arccos:

� D cos� 1 xI � D arccosx
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Note that this doesnot mean the reciprocal (.cos� / � 1 ¤ 1=cos� D sec� )! The � 1 superscript indicates an
inverse function, not a power.

There is a bit of a complication regarding inverse trigonometric functions. They're not really “functions”
at all – they're double-valued. Even if we restrict angles tothe range of0� to 360� , the inverse trigonometric
relations will generally returntwo different angles for a different argument. If we think for a minute about
what the inverse trigonometric functions do, it should be clear why that is. Consider the inverse cosine, for
example. We give the inverse cosine function a projection onto thex axis, and ask it to tell us what angle�
has that projection. After a few moments' thought, you realize that for any angle� the inverse cosine gives
us, the angle� � will alsohave that same projection onto thex axis.

When you enter a number into your calculator and ask it for theinverse cosine, it will return to you an
angle between 0 and� (radians). This is called theprincipal value(P.V.) of the arccosine function. The
principal value is sometimes indicated with a capital letter:

� D Cos� 1 xI � D Arccosx .principal value/

The same is true of the other inverse trigonometric functions. For the inversesinefunction, your calculator
will return you the principal value, which in this case is an angle between� �

2 andC �
2 . The other, non-

principal value that your calculator doesn't tell you aboutis thesupplementto the principal value: that is,�
minus the principal value.

For the inversetangentfunction, your calculator will return you the principal value, which again an angle
between� �

2 andC �
2 . The other, non-principal value that your calculator doesn't tell you about is� plus the

principal value.
This is all summarized in the table below.

Function P.V. P.V. Quadrants Other value

arcsin � 2 Œ� �
2 ; �

2 • I, IV � � �

arccos � 2 Œ0; �• I, II � �

arctan � 2 .� �
2 ; �

2 / I, IV � C �

arcsec � 2 Œ0;�2 / I, III � �

arccsc � 2 .0; �
2 • I, III � � �

arccot � 2 .0; � / I, II � C �

It's important to keep this multi-value nature of the inverse trigonometric functions in mind whenever
using them: your calculator tells you the principal value angle, but there's a second angle that your calculator
is not telling you; that's the one given by the table above.

17.6 Trigonometry on the Calculator

First of all, whenever doing trigonometry on your calculator, be certain that the calculator is set for the
appropriate angle mode — degrees or radians, depending on which angle units are being used.
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Figure 17.4: A general triangle. (Credit: http://hyperphysics.phy-astr.gsu.edu)

17.7 Trigonometric Identities

One may derive a number of important relations among the trigonometric functions. One immediately comes
from applying the Pythagorean theorem to the triangle in theunit circle (Fig. 17.2). We get

sin2 � C cos2 � � 1: (17.28)

Dividing this equation through by cos� , or by sin� , gives the following additional identities:

1 C tan2 � � sec2 � (17.29)

1 C cot2 � � csc2 � (17.30)

Space will not allow us to present derivations of other important trigonometric identities, but a number of
them are given in Appendix 12. The interested reader is referred to a standard trigonometry textbook, such
as Ref. [47].1

17.8 Law of Sines

Consider a general triangle (Figure 17.4).
Thelaw of sinesis a mathematical relation between the anglesA, B , C and the sidesa, b, c:

a
sinA

D
b

sinB
D

c
sinC

(17.31)

1In the author's opinion, modern textbooks have become far too verbose and bloated, often over-explaining concepts to the point of
making them appear more complicated than they really are. For that reason, I generally recommend textbooks published inthe 1970s or
earlier. The best seem to be from the 1950s and 1960s. (Authornow steps down from his soap box.)
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17.9 Law of Cosines

Once again refer to the diagram of a general triangle, Fig. 17.4. Thelaw of cosinesis a sort of generalization
of the Pythagorean theorem for triangles that are not necessarily right triangles:

c2 D a2 C b2 � 2abcosC (17.32)

Note that if angleC is a right angle, then cosD 0 and the law of cosines reduces to the Pythagorean
theorem, with hypotenusec and legsa andb.

17.10 Law of Tangents

a � b
a C b

D
tan

�
1
2 .A � B/

�

tan
�

1
2 .A C B/

� (17.33)

17.11 The Cosine Formula

The so-calledcosine formulalets you determine the angle between two points on the Earth,with the vertex
at the center of the Earth. From that, you can determine thedistancebetween the two points, simply by
multiplying by the radius of the Earth.

Suppose we have two points on the surface of a spherical Earth. Point 1 is at latitude� 1 and longitude
L 1, and Point 2 is at latitude� 2 and longitudeL 2. Then the angle� subtended by the two points, as seen
from the center of the Earth (the location of the angle vertex) is given by the cosine formula,

cos� D cos� 1 cos� 2 cos.L 1 � L 2/ C sin� 1 sin� 2 (17.34)

Under some conditions for which� is small, this equation may not be numerically well behaved.In that case,
we may instead employ thehaversine formula,

hav� D hav.� 1 � � 2 / C cos� 1 cos� 2 hav.L 1 � L 2 / (17.35)

Finding distances between two points on the Earth's surfacewith this formula follows what's called a
great circlepath: the shortest distance between two points is along a circle whose center is at the center of
the Earth.

This analysis assumes the Earth is a sphere. For a more accurate calculation of the distance between
two points on the Earth's surface, you would want to take intoaccount that the Earth is actually an oblate
ellipsoid. To do that, you would use Vincenty's formulæ. [48]

17.12 The Sine of1�

Appendix 12 includes a table of exact values of trigonometric functions at intervals of3� . Not included in
the table is sin1� , which turns out to be a complicated matter to work out. But ithas been done in a recent
paper by Travis Kowalski of the South Dakota School of Mines and Techology. [28] The result is:
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sin1� D
1 C

p
� 3

8

0

B
B
@

3

s

.
p

5 � 1/

q

2 C
p

3 �
p

2

q

5 C
p

5

q

2 �
p

3 C

r
�

.
p

5 � 1/

q

2 C
p

3 �
p

2

q

5 C
p

5

q

2 �
p

3

� 2

� 64

�
3

s

.1 �
p

5/

q

2 C
p

3 C
p

2

q

5 C
p

5

q

2 �
p

3 C

r
�

.
p

5 � 1/

q

2 C
p

3 �
p

2

q

5 C
p

5

q

2 �
p

3

� 2

� 64

1

C
C
A (17.36)

17.13 Applications

Example.Suppose (on a level �eld) that you are 300 feet from the launchpad of a model rocket. The model
is launched, rises vertically, then reaches itsapogee(maximum altitude) when you read, using a theodolite,
that makes an angle of 80� from the horizontal. What altitude did the rocket reach?
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17.14 Problems

1. Compute the following with your calculator: (a) sin�
6 (b) cos�

5 (c) sin �
8 (d) tan �

2 (e)
cos5�

6 (f) sin37� (g) tan77� (h) cos11� (i) sin45� (j) cot67� (k) sec34� (l) csc81�

2. Compute the following. Giveall angles between0� and 360� (or 0 to 2� radians). Return your
answer in the angular units indicated. (a) cos� 1 0:775, in degrees (b) sin� 1 0:224, in degrees (c)
tan� 1 1:4578, in degrees (d) sin� 1 0:6644, in radians (e) cos� 1 0:5555, in radians.

3. Compute the following. Return the result in degrees. (a) tan� 1

�
18
23

�
(b) tan� 1

�
� 18
23

�
(c)

tan� 1

�
18

� 23

�
(d) tan� 1

�
� 18
� 23

�
(e) tan� 1

�
�

18
23

�

4. Convert the following from degrees, minutes, seconds to decimal degrees: (a)23� 4501800 (b)
71� 0905500

5. Convert the following from decimal degrees to degrees, minutes, and seconds. Give your answers to
the nearest second of arc. (a)17:45567� (b) 88:24405�

6. Suppose you are on level ground, 800 meters from the base ofthe Eiffel Tower. From your position,
you use a protractor to measure the angle from the base to the top of the Tower to be20� . From this
information, estimate the height of the Eiffel Tower.

7. Suppose you wish to measure the height of Chesapeake Hall.You pace off 30 feet from the base of the
building (on level ground), then use a protractor to measurethe angle between the horizontal and the
top of the building. If you measure that angle to be53� , then what is the height of Chesapeake Hall?

8. Lovesick sailor Oscar Odysseus dwells on the island of Tristan da Cunha (37� 030 S, 12� 180 W), and
his sweetheart, Penelope, lives on the nearest island. [22]Unfortunately for the course of true love,
however, Tristan da Cunha is the most isolated inhabited spot in the world. If Penelope lives on the
island of St. Helena (15� 550S,5� 430W), use the following formula to calculate the great circle distance
that Odysseus must sail in order to court her. (By convention, north latitude is positive and south latitude
is negative; east longitude is positive, and west longitudeis negative.)

DistanceD cos� 1Œsin� s sin� d C cos� s cos� d cos.L d � L s/• � 60

where� s andL s are the latitude and longitude (respectively) of the source(Tristan da Cunha); and
� d andL d are the latitude and longitude (respectively) of the destination. This formula will give the
distance innauticalmiles, where 1 nautical mile = 1.150779 statute miles, or exactly 1852 meters.
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17.15 Projects

1. Write a calculator or computer program to compute the sineof 1� using Eq. (17.36).
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Chapter 18

Analytic Geometry

18.1 Graphs

We can plot points, curves, and functions on what is called thexy -plane: a diagram that has aCx axis pointed
to the right, and aCy axis pointed upward. The axes are perpendicular, and they meet at theorigin. To plot a
point on thexy -plane, we indicate the point as anordered pair.x; y/ , wherex indicates the number of units
to go from the origin “over”, andy indicates the number of units to go “up”.

A graphof an equation is a drawing that shows all points that satisfythe equation. For example, the graph
of y D x2 is a drawing that shows all points.x; y/ that satisfy this equation. In other words, the graph shows
all ordered pairs.x; x 2/ for all values ofx. Of course, we can't really showall values — a graph can only
show a certain �nite range of values overx and overy.

18.2 Rectangular (Cartesian) Coordinates

18.3 Distance Formula

The distance between two pointsP1 D .x 1; y1/ andP2 D .x 2 ; y2/ is given by

jP1P2 j D
p

.x 2 � x1/2 C .y 2 � y1/2 (18.1)

18.4 The Line

There are many ways to write the equation of a straight line. Commonly used parameters are: theslope
(“the rise over the run”), thex-intercept (the value ofx when the line crosses thex-axis aty D 0), and the
y-intercept (the value ofy when the line crosses they-axis atx D 0). These three parameters are related
through

m D �
b
a

(18.2)

so that they are not independent of each other. Normally the slopem andy-interceptb are chosen as the two
independent standard parameters.

Thestandard formfor the equation of a straight line is

Ax C By C C D 0 (18.3)
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In this form, the slopem D � A=B, thex-intercept isa D � C=A, and they-intercept isb D � C=B.
Inversely, standard form can be written in terms of the slopem andy-interceptb via

A D km (18.4)

B D � k (18.5)

C D kb (18.6)

wherek is any nonzero constant.

Theslope-intercept formis a very common way of writing the equation of a straight line. It is used when
both the slopem and they-interceptb are known:

y D mx C b (18.7)

In this form, thex-intercept isa D � b=m.
A less common version of the slope-intercept form involves thex-intercepta instead of they-intercept

b:

y D m.x � a/ (18.8)

In this form, they-intercept isb D � ma.

Thepoint-slope formis used when we know the slope of the line and one pointP1 D .x 1; y1/ lying on
the line:

y � y1 D m.x � x1/ (18.9)

In this form, thex-intercept isa D b.x1 � y1=m/, and they-intercept isb D � mx1 C y1.

Theintercept formis used when we know both thex-intercepta and they-interceptb:

x
a

C
y
b

D 1 (18.10)

Thetwo-point formis used when we know the coordinates of two points lying on theline,P1 D .x 1 ; y1/
andP2 D .x 2 ; y2/:

y � y1 D
y2 � y1

x2 � x1
.x � x1/ (18.11)

The parametric formdescribes the line in terms of a varying parametert , along with a starting point
P0 D .x 0; y0/:

x D x0 C at (18.12)

y D y0 C bt (18.13)

Perpendicular to a line

If a line has slopem, then a line perpendicular to it has slope� 1=m.
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Distance from a Point to a Line

If a line has equationAx C By C C D 0 and a pointP0 D .x 0 ; y0/, then the perpendicular distanced
between pointP0 and the line is given by

d D
jAx0 C By0 C Cj

p
A2 C B 2

(18.14)

In terms of the slope-intercept form of the liney D mx C b, this distanced is given by

d D
mx0 C b � y0p

m2 C 1
(18.15)

18.5 The Circle

Center at the origin; radiusr :

x2 C y2 D r 2 (18.16)

Center at.x 0; y0/; radiusr :

.x � x0/2 C .y � y0/2 D r 2 (18.17)

18.6 The Conic Sections

The Parabola

A parabolais the locus of all points whose distances from a �xed point isequal to their distances from a
�xed line. The �xed point is called thefocusand the �xed line thedirectrix. The line through the focus and
parallel to the directrix is called thelatus rectum.1

y D �
1

2p
x2 .p > 0/ (18.18)

The focus is at.� p=2; 0/, and the liney D � p=2 is the directrix. The liney D p=2 is the latus rectum.
In standard form, a parabola generally has the form

y D ax2 C bx C c (18.19)

Here the parametera determines the overall shape of the parabola: a largejaj is a “narrower” parabola, while
a smalljaj is a “wide” parabola. Also,a > 0 is a parabola opening upward, whilea < 0 is a parabola opening
downward. Changingb causes the parabola to move left and right (in thex direction); and changingc causes
the parabola to move up and down (in they direction).

The Ellipse

An ellipseis the locus of all points the sum of whose distances from two �xed points is a constant. The two
�xed points are called thefoci.2

1The plural oflatus rectumis latera recta.
2Foci is the plural offocus, and is pronouncedFOHS-eye(rhymes with “goat's eye”).
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x2

a2
C

y2

b2
D 1 (18.20)

The semi-major axis isa, and the semi-minor axis isb. Theeccentricityis

e D
c
a

(18.21)

wherec D
p

a2 � b2 is the distance from the center of the ellipse to either of thetwo foci. For an ellipse,
0 � e < 1. The special casee D 0 is a circle.

The Hyperbola

A hyperbolais the locus of all points the difference of whose distances from two �xed points is a positive
constant. The two �xed points are called thefoci.

The line passing through the foci of the hyperbola is called thetransverse axis. The perpendicular bisector
of the segment connecting the foci is called theconjugate axis. The intersection of these axes is called the
centerof the hyperbola.

x2

a2
�

y2

b2
D 1 (18.22)

The length of the transverse axis is2a, and the length of the conjugate axis axis isb. Theeccentricityis

e D
c
a

(18.23)

wherec D
p

a2 C b2 is the distance from the center of the hyperbola to either of the two foci. For an ellipse,
e > 1.

18.7 Polar Coordinates

18.8 Interesting Curves in Polar Coordinates

Roses, Witch of Agnesi, spirals, etc.

18.9 Solid Analytic Geometry

The Line

The Plane

Standard form:

ax C by C c´ C d D 0 (18.24)

The Sphere

A sphere of radiusr has the equation

x2 C y2 C ´ 2 D r 2 (18.25)
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The Ellipsoid

The Elliptic Cone

The Paraboloid

The Elliptic Paraboloid

The Hyperboloid of One Sheet

The Hyperboloid of Two Sheets

Hyperbolic Paraboloid
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18.10 Problems

203



Chapter 19

Vectors

A vectoris a mathematical object that bundles several numbers together. Vectors with two or three dimension
are particularly common, since they can represent physicalquantities in two and three dimensions, respec-
tively. Here we'll examine the mathematics of vectors.

19.1 Introduction

Some quantities we measure in physics have only amagnitude; such quantities are calledscalars. Examples
of scalars are mass and temperature. Other quantities have both a magnitude and adirection; such quantities
are calledvectors. Examples of vectors are velocity, acceleration, and electric �eld.

You can represent a vector graphically by drawing anarrow. The direction of the arrow indicates the
direction of the vector, while the length of the arrow represents the magnitude of the vector on some chosen
scale. By convention, we write vector names in boldface typein typeset text (e.g.A); when writing vectors
by hand, it is customary to draw a small arrow over the name (e.g. EA).

Besides drawing a vector in the plane of the page, occasionally you may want to draw a vector diagram
in which you want to indicate a vector pointing directly intoor out of the page. You can do this using these
symbols:

Symbol Meaning

�! Vectorin plane ofpage
N

Vectorinto page
J

Vectorout of page

The symbol
N

is supposed to look like the tail feathers of an arrow �ying away from you, while the symbolJ
is supposed to resemble the head of an arrow �ying directly toward you. Of course, if you use these

two symbols, you can only indicate thedirectionof the vector, not its magnitude—but this is often all that's
needed.

It is possible to do arithmetic on vectors: for example, you can add or subtract two vectors, or multiply a
vector by a scalar. These operations may be done either graphically or algebraically. Both methods will be
described here.
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19.2 Vector Arithmetic: Graphical Methods

Vector arithmetic can be done graphically, by drawing the vectors as arrows on graph paper, and measuring
the results with a ruler and protractor. The advantage of thegraphical methods are that they give a good
intuitive picture of what's going on to help you visualize what you're trying to do. The disadvantages are that
the graphical methods can be time-consuming, and not very accurate.

In practice, the graphical methods are usually used to make aquick sketch, to help organize and clarify
your thinking, so you can be clear that you're doing things correctly. The algebraic methods are then used for
the actual calculations.

When drawing vectors, you are free to move the vector around the page however you want, as long as you
don't change the direction or magnitude.

Addition

We'll begin with addition. There are two methods available to add two vectors together: the �rst is called the
parallelogram method. In this method, you draw the two vectors to be added with their tail end points at the
same point. This �gure forms half a parallelogram; draw two additional lines to complete the parallelogram.
Now draw a vector from the tail endpoint across the diagonal of the parallelogram. This diagonal vector is
the sum of the two original vectors (Fig. 19.1(a)).

The second graphical method of vector addition is called thetriangle method. In this method, you �rst
draw one vector, then draw the second so that its tail is at thehead of the �rst vector. To �nd the sum of the
two vectors, draw a vector from the tail of the �rst vector to the head of the second (Fig. 19.1(b)).

The triangle method can be extended to add any number of vectors together. Just draw the vectors one by
one, with the tail of each vector at the head of the previous one. The sum of all the vectors is then found by
drawing a vector from the tail of the �rst vector in the chain to the head of the last one (Fig. 19.1(c)). This is
called thepolygon method.

Subtraction

To subtract two vectors graphically, draw the two vectors sothat their tail endpoints are at the same point. To
draw the difference vector, draw a vector from the head of thesubtrahend vector to the head of the minuend
vector (Fig. 19.1(d)).

Scalar Multiplication

Multiplying a vector by a scalar will change the length of thevector. Multiplying by a scalar greater than 1
(in absolute value) will lengthen the vector; multiplying by a scalar less than 1 in absolute value will shrink
the vector. If the scalar is positive, the product vector will have the same direction as the original; if the scalar
is negative, the product vector will be opposite the direction of the original (Fig. 19.1(e)).

19.3 Vector Arithmetic: Algebraic Methods

Although the graphical methods just described give a good intuitive picture of the mathematical operations,
they can be a bit tedious to draw. A much more convenient and accurate alternative is the set ofalgebraic
methods, which involve working with numbers instead of graphs. Before we can do that, though, we need to
�nd a way to quantify a vector—to change it from a graph of an arrow to a set of numbers we can work with.
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Figure 19.1: Graphical methods for vector arithmetic. (a) Addition of vectorsA andB using the parallelogram
method. (b) Addition of the same vectorsA andB using the triangle method. (c) Addition of vectorsA, B,
andC using a generalization of the triangle method called thepolygon method. The sum vector points from
the tail of the �rst vector to the head of the last. (d) Vector subtraction:A � B points from the head ofB
to the head ofA. (e) Multiplication of a vectorA by various scalars. Multiplying by a scalar greater than 1
makes the vector longer; multiplying by a scalar less than 1 makes it shorter. The resulting vector will be in
the same direction asA unless the scalar is negative, in which case the result will point opposite the direction
of A.
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Figure 19.2: Cartesian components of a vector.

Rectangular Form

One idea would be to keep track of the coordinates of the head and tail of the vector. But remember that
we are free to move a vector around whereever we want, as long as the direction and magnitude remain
unchanged. So let's choose to always put the tail of the vector at the origin—that way, we only have to keep
track of the head of the vector, and we cut our work in half. A vector can then be completely speci�ed by just
giving the coordinates of its head.

There's a little bit of a different way of writing this, though. We begin by de�ning twounit vectors
(vectors with magnitude 1):i is a unit vector in thex direction, andj is a unit vector in they direction. (In
three dimensions, we add a third unit vectork in the´ direction.)

Referring to Fig. 19.2, letAx be the projection of vectorA onto thex-axis, and letAy by its projection
onto they-axis. Then, recalling the rules for the multiplicationof avector by a scalar,Ax i is a vector pointing
in thex-direction, and whose length is equal to the projectionAx . Similarly, Ay j is a vector pointing in the
y-direction, and whose length is equal to the projectionAy . Then by the parallelogram rule for adding two
vectors, vectorA is the sum of vectorsAx i andAy j (Fig. 19.2). This means we can write a vectorA as

A D Ax i C Ay j ; (19.1)

or, if we're working in three dimensions,

A D Ax i C Ay j C A´ k: (19.2)

Eq. (19.1) or (19.2) is called therectangularor cartesian1 form of vectorA.

1The namecartesianis from Cartesius, the Latin form of the name of the French mathematician RenéDescartes, the founder of
analytic geometry.
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Magnitude

Themagnitudeof a vector is a measure of its total “length.” It is indicatedwith absolute value signs around
the vector (jAj in type, orj EAj in handwriting), or more simply by just writing the name of the vector in regular
type (A; no boldface or arrow). In terms of rectangular components,the magnitude of a vector is simply given
by the Pythagorean theorem:

jAj D A D
q

A2
x C A2

y C A2
´ : (19.3)

Example.The magnitude of vectorA D 2i C 5j is

jAj D A D
p

22 C 52 D
p

29 D 5:3852

Polar Form

Instead of giving thex andy coordinates of the head of the vector, an alternative form isto give the magnitude
and direction of the vector. This is called thepolar form of a vector, and is indicated by the notation

A D A† �; (19.4)

whereA is the magnitude of the vector, and� is the direction, measured counterclockwise from theCx axis.
By convention, in polar form, we always take the magnitude ofa vector as positive. If the magnitude

comes out negative (as the result of a calculation, for example), then we can make it positive by changing its
sign and adding180� to the direction.

Converting between the rectangular and polar forms of a vector is fairly straightforward. To convert from
polar to rectangular form, we use the de�nitions of the sine and cosine to get sin� D opp=hypD Ay =A, and
cos� D adj=hypD Ax =A. Therefore to convert from polar to rectangular form, we use

Ax D A cos� (19.5)

Ay D A sin� (19.6)

To go the other way (rectangular to polar form), we just invert these equations to solve forA and� . To solve
for A, take the sum of the squares of both equations and add; to solve for � , divide theAy equation by theAx

equation. The results are

A D
q

A2
x C A2

y (19.7)

tan� D
Ay

Ax
(19.8)

To �nd � , you must take the arctangent of the right-hand side if Eq. (19.8). But be careful: to get the angle
in the correct quadrant, you �rst compute the right-hand side of Eq. (19.8), then use the arctangent (TAN-1 )
function on your calculator. IfAx > 0, then the calculator shows� . But if Ax < 0, you must remember to
add180� (� rad) to the calculator's answer to get� in the correct quadrant.

It is also possible to write three-dimensional vectors in polar form, but this requires a magnitude andtwo
angles. We won't have any need to write three-dimensional vectors in polar form for this course.
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Example: Polar to rectangular.Convert the vectorA D 7† 40� from polar form to rectangular form:

Ax D A cos� D 7cos40� D 5:3623 (19.9)

Ay D A sin� D 7sin40� D 4:4995 (19.10)

so the rectangular form isA D 5:3623i C 4:4995j

Example: Rectangular to polar.Convert the vectorB D � 4 i C 8 j from rectangular form to polar form:

jBj D
q

B 2
x C B 2

y D
p

.� 4/2 C 82 D
p

16C 64 D
p

80 D 8:9443 (19.11)

tan� D
By

Bx
D

8
� 4

D � 2 ) � D 116:565� (19.12)

so the polar form is8:9443† 116:565� .
Notice that to �nd� , we take the inverse tangent of� 2 and the calculator returns� 63:435� . But because

the denominator (� 4) is negative, we add180� to the calculator's answer:� 63:435� C 180� D 116:565� . If
the denominator had beenpositive, we wouldnot have added this180� . For example, the rectangular vector
C D 4i � 8 j would be8:9443† � 64:435� in polar form.

Vector Equality

In order for two vectors to beequal, they must have the same magnitude and point in the same direction. This
means that each of their components must be equal. For example, if A D B, then all of the following must
be true:

Ax D Bx (19.13)

Ay D By (19.14)

A´ D B´ (19.15)

Addition

Now we're ready to describe the algebraic method for the addition of two vectors. First, both vectorsmust be
in rectangular (cartesian) form—you cannotadd vectors in polar form. If you're given two vector in polar
form and must add them, you must �rst convert them to rectangular form using Eq. (19.5-19.6).

Once the vectors are in rectangular form, you simply add the two vectors component by component: the
x-component of the sum is the sum of thex components, etc.:

A D Ax i C Ay j C A´ k
C B D Bx i C By j C B´ k
A C B D .A x C Bx / i C .Ay C By / j C .A ´ C B´ /k

Subtraction

Just as with addition, vectors must be in rectangular (cartesian) form before they can be subtracted. Vector
subtraction is similar to vector addition: you simply subtract the two vectors component by component:

A D Ax i C Ay j C A´ k
� B D Bx i C By j C B´ k
A � B D .A x � Bx / i C .Ay � By / j C .A ´ � B´ /k
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Scalar Multiplication

Multiplication of a vector by a scalar may be done in either rectangular or polar form. In rectangular form,
you multiply each component of the vector by the scalar. For example, given the vectorA and scalarc:

cA D c.Ax i C Ay j C A´ k/ (19.16)

D cAx i C cAy j C cA´ k (19.17)

It's even simpler in polar form: if the vectorA D A† � , then

cA D .cA/ † �: (19.18)

It's conventional to keep the vector magnitude positive, soif cA < 0, you should change the sign of the
magnitudecA, then add180� (� radians) to the angle� .

Example: Addition.Add the vectorsA D 6i � 9 j andB D 2i C 12j :

A D 6i � 9 j
C B D 2i C 12j
A C B D 8i C 3 j

Example: Subtraction.Subtract the vectorsA D 6i � 9 j andB D 2i C 12j :

A D 6i � 9 j
� B D 2i C 12j
A � B D 4i � 21j

Example: Scalar multiplication.Multiply the vectorA D 6i � 9 j by 5:

5 � .6 i � 9 j / D 30i � 45j

19.4 The Zero Vector

Thezero vectoris the vector0 D 0i C 0 j C 0k. It has zero magnitude, and its direction is unde�ned. The
zero vector isnot the same thing as the scalar 0:0 ¤ 0. One is a vector, and the other is a scalar.

19.5 Other Vector Operations

Other mathematical operations with vectors are possible. For example, is it possible toadd a vector and a
scalar together? The answer is: sort of. You get something similar to aquaternion, which is a hypercomplex
number of the forma C bi C cj C dk (wherei 2 D j 2 D k2 D � 1). Quaternions are sometimes used in
aeronautical and astronautical engineering to describe the rotation of one coordinate system with respect to
another.

What about multiplying a vector by another vector? Yes, thisis possible. In fact, there arethreedifferent
kinds of multiplication that can be used to multiply two vectors together, as described in the next chapter.
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How about division—can you divide by a vector? No; division by a vector is not de�ned. A vector may be
a dividend, but not a divisor. But you can divide a vector by ascalarby simply multiplying by the reciprocal
of the scalar:

A
c

D
1
c

.A x i C Ay j C A´ k/ (19.19)

D
Ax

c
i C

Ay

c
j C

A´

c
k: (19.20)

19.6 The Dot Product

De�nition

In the arithmetic you're accustomed to (involving scalars), there is only one type of multiplication de�ned—
for example,2 � 3 D 6. But with vectors, there arethreedifferent kinds of multiplication:

• Thedot productA � B, in which you multiply two vectors together and get ascalarresult.

• The cross productA � B, in which you multiply two vectors together and get anothervector as the
result.

• Thedirect productAB, in which you multiply two vectors together and get atensorresult.

In this chapter we'll look at the dot product, which is sometimes called thescalar product.
Thedot productof two vectorsA andB (writtenA � B, and pronounced “A dot B”) is de�ned to be the

product of their magnitudes, times the cosine of the angle between them:

A � B D AB cos�: (19.21)

Why do we de�ne it this way? It turns out that this combinationoccurs frequently in physics; the dot product
is related to theprojectionof one vector onto the the other.

Component Form

Suppose we have two vectors in rectangular form. What is the dot product of the two in terms of their
components? To answer this, we begin with the de�nition of the dot product, Eq. (19.21):

A � B D AB cos.� � �/; (19.22)

where� is the angle vectorA makes with respect to thex axis, and� is the angle vectorB makes with respect
to thex axis, so that� � � is the angle between the two vectors (Fig. 19.3). We now use a trigonometric
identity to expand the argument of the cosine:

A � B D AB. cos� cos� C sin� sin�/ (19.23)

Now making use of the relations cos� D adj=hyp and sin� D opp=hyp, we have

cos� D
Ax

A
I cos� D

Bx

B
I sin� D

Ay

A
I sin� D

By

B
(19.24)

Making these substitutions into Eq. 19.23, we have

A � B D AB
�

Bx

B
Ax

A
C

By

B
Ay

A

�
(19.25)

D Ax Bx C Ay By (19.26)
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Figure 19.3: The two vectorsA andB are to be multiplied using the dot product to getA � B.

This result can be generalized from two to three dimensions to get

A � B D Ax Bx C Ay By C A´ B´ (19.27)

Example.Suppose vectorsA D 3i C 4j � 2k andB D i � 5j C 2k. Then the dot product of the two vectors
is

A � B D .3/.1/ C .4/. � 5/ C .� 2/.2/ D � 21

Notice that the �nal result is ascalar, not a vector.

19.7 Properties of the Dot Product

Commutativity

Let's look at a few properties of the dot product. First of all, the dot product iscommutative:

A � B D B � A (19.28)

The proof of this property should be obvious from Eqs. (19.21) and (19.27). This isn't a trivial property; in
fact, the other two types of vector multiplication arenon-commutative.

Projections

The dot product is de�ned as it is because it gives the projection of one vector onto the direction of another.
For example, dotting a vectorA with any of the cartesian unit vectors gives the projection of A in that
direction:

A � i D Ax (19.29)

A � j D Ay (19.30)

A � k D A´ (19.31)

In general, the projection of vectorA in the direction of unit vectorOu is A � Ou.
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Magnitude

From Eq. (19.27), it follows thatA � A D A2
x C A2

y C A2
´ D A2; so the magnitude of a vectorA is given in

terms of the dot product by

A2 D A � A (19.32)

A D
p

A � A (19.33)

Angle between Two Vectors

The dot product is also useful for computing the separation angle between two vectors. From Eq. (19.21),

cos� D
A � B
AB

(19.34)

Example.We wish to �nd the angle between the two vectorsA D 3i C 4j � 2k andB D i � 5j C 2k. We
�rst �nd the dot product of the two vectors:

A � B D .3/.1/ C .4/. � 5/ C .� 2/.2/ D � 21

The magnitudes of the two vectors are

A D
p

32 C 42 C .� 2/2 D
p

29

B D
p

12 C .� 5/2 C 22 D
p

30

Therefore

cos� D
� 21

p
29

p
30

D � 0:711967

and so the angle betweenA andB is

� D 135:40�

You do not need to worry about getting the angle� in the correct quadrant, because� will necessarily
always be between0� and180� , and the inverse cosine function will always return its result in this range.

Orthogonality

Another useful property of the dot product is: if two vectorsare orthogonal, then their dot product is zero.
For example, for the cartesian unit vectors:

i � j D j � k D i � k D 0: (19.35)

The converse is also true: if the dot product is zero, then thetwo vectors are orthogonal.
The cartesian unit vectorsi, j , andk areorthonormal, so that

i � i D j � j D k � k D 1: (19.36)
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Matrix Formulation

The dot product can also be written in matrix form. To begin, let's represent vectors ascolumn vectors—that
is, 3 � 1 matrices. We'll de�ne the vectorsA andB as the column vectors

A D

0

@
Ax

Ay

A´

1

A I B D

0

@
Bx

By

B´

1

A (19.37)

The dot product can then be written

A � B D AT B D
�

Ax Ay A´
�
0

@
Bx

By

B´

1

A D .A x Bx C Ay By C A´ B´ /: (19.38)

This the the product of a1 � 3 row array with a3 � 1 column array, which gives a1 � 1 result (i.e. a scalar).

19.8 The Cross Product

You'll recall from Section 19.6 that there are several different ways of multiplying one vector by another
vector. There we examined one such type of multiplication, thedot product. Here we'll examine another type
of vector multiplication, thecross product. In the cross product, one multiplies a vector by another vector,
and getsanother vectorback as the result (unlike the dot product, which returns a scalar result). The cross
product is often used in the study of rotational motion and inelectromagnetism.

Unlike the other two kinds of vector multiplication, the cross product is only de�ned forthree-dimensional
vectors.2

De�nition

The cross product (sometimes called thevector product) is indicated with a cross sign (A � B) and is pro-
nounced “A crossB.” When you take the cross product of two vectors, you get backanother vector, whose
magnitude is

jA � Bj D AB sin�; (19.39)

where� is the angle separating vectorsA andB.3

The direction of the vectorA � B is perpendicular to the plane of vectorsA andB. But there aretwo
possible choices for direction of a vector perpendicular toa plane; which one do we choose? By convention,
we choose the one given by aright-hand rule: if you curl the �ngers of your right and from vectorA toward
vectorB, then the thumb of your right hand points in the direction ofA � B (Fig. 19.4).

SinceA � B is perpendicular to the plane formed by vectorsA andB, it is also perpendicular to both
vectorsA andB:

.A � B/ ? A (19.40)

.A � B/ ? B (19.41)

2It is also possible to de�ne a vector cross product insevendimensions. A meaningful vector cross product can only be de�ned in
three or seven dimensions.

3An old physics joke: What do you get when you cross an elephantwith a banana?Ans.“Elephant banana sine� .”
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Figure 19.4: The vector cross productA � B is perpendicular to the plane ofA andB, and in the right-hand
sense. (Credit: “Connected Curriculum Project”, Duke University.)

Component Form

A convenient mnemonic for �nding the rectangular components of the cross product is through a matrix
determinant:

A � B D

�
�
�
�
�
�

i j k
Ax Ay A´

Bx By B´

�
�
�
�
�
�

(19.42)

D .Ay B´ � A´ By / i � .A x B´ � A´ Bx / j C .A x By � Ay Bx /k: (19.43)

For example, ifA D 3i C 5j C 2k andB D 2i � j C 4k, thenA � B D .20� .� 2// i � .12� 4/j C .� 3� 10/k D
22i � 8j � 13k.

19.9 Properties of the Cross Product

Anti-Commutativity

The cross product isanti-commutative:

A � B D � B � A; (19.44)

as should be clear by applying the right-hand rule.

Orthogonality

If two vectors are parallel or anti-parallel, their cross product will be zero. For example, for the cartesian unit
vectors,

i � i D j � j D k � k D 0: (19.45)

Notice that the result is the zerovector, encountered earlier in Chapter 19: a vector whose components are
all zero. The zero vector has magnitude zero, and no de�ned direction.
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Also, the products of any two different cartesian unit vectors permute cyclically:

i � j D kI j � i D � k (19.46)

j � k D iI k � j D � i (19.47)

k � i D j I i � k D � j (19.48)

The Triple Vector Product

Unlike normal scalar multiplication, the cross product isnon-associative: A� .B � C/ 6D.A � B/� C. The
cross products of three vectors may be expanded like so:

A� .B � C/ D B.A � C/ � C.A � B/ (19.49)

.A � B/� C D B.A � C/ � A.B � C/ (19.50)

Eq. (19.49) is sometimes remembered as the “back cab” rule (from the letters “BAC CAB” on the right-
hand side), but this requires remembering where the parentheses are on the left-hand side. A better way to
rememberbothproducts in Eqs. (19.49) and (19.50) is: “The middle vector times the dot product of the two
on the ends, minus the dot product of the two vectors straddling the parenthesis times the remaining one.”

Products of Two Cross Products

The dot product of two cross products can be expanded as

.A � B/ � .C � D/ D .A � C/. B � D/ � .A � D/. B � C/; (19.51)

while the cross product of two cross products can be expandedas

.A � B/ � .C � D/ D .A � B � D/C � .A � B � C/D: (19.52)

The Triple Scalar Product

An interesting vector product is the so-calledtriple scalar product, A � B � C, involving one dot product and
one scalar product. No parentheses are needed here: the cross product must be done before the dot product.
(Attempting to do the dot product �rst results in the cross product of a scalar with a vector, which is not
de�ned.) The result is a scalar.

The triple scalar product has a number of interesting properties:

• The dot and cross operators can be exchanged without changing the result:A � B � C D A � B � C.
(Because of this property, the triple scalar product is sometimes written simply asŒA; B; C•.)

• VectorsA, B, andC can be permuted cyclically without changing the result:A � B � C D B � C � A D
C � A � B.

• The absolute value of the triple scalar product is equal to the volume of the parallelepiped whose edges
are formed by the vectorsA, B, andC.

• In terms of cartesian components, the triple scalar product can be written as a determinant:

A � B � C D

�
�
�
�
�
�

Ax Ay A´

Bx By B´

Cx Cy C´

�
�
�
�
�
�

(19.53)

D Ax By C´ � Ax B´ Cy � Ay Bx C´ C Ay B´ Cx C A´ Bx Cy � A´ By Cx (19.54)
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Matrix Formulation of the Cross Product

Another way to represent the components of the cross productis to write the components of vectorA into an
antisymmetric3 � 3 matrix, then multiply that matrix by the column vectorB:

A � B D

0

@
0 � A´ Ay

A´ 0 � Ax

� Ay Ax 0

1

A

0

@
Bx

By

B´

1

A (19.55)

D

0

@
Ay B´ � A´ By

A´ Bx � Ax B´

Ax By � Ay Bx

1

A : (19.56)

19.10 Inverse of the Cross Product

Suppose we have vectorsA, B, andC such thatA � B D C. If vectorsB andC are known, can we solve for
vectorA?

There is no such thing as a “cross division” operation, so we can't do anything similar toA D C=B. In
fact, there isnounique solution for vectorA. There are an in�nite number of vectors that can be crossed with
B to yield vectorC; the smaller the angle betweenA andB, the larger the magnitudeA must have to yield a
given vectorC.

To solveA � B D C for vectorA, we will need to know vectorsB andC, along with one other piece of
information, such as the magnitude of vectorA or the angle� betweenA andB. Suppose the magnitudeA
of vectorA is known; then sincejA � Bj D AB sin� D C, we have

sin� D
C

AB
: (19.57)

On the other hand, if� is known, then

A D
C

B sin�
: (19.58)

In either case, we now know both the magnitudeA and the angle� . Then sinceA � B D AB cos� , we can
now �nd the dot productA � B. Now let's take

A � B D C: (19.59)

Crossing both sides on the right with vectorB, we get

.A � B/� B D C � B: (19.60)

The left-hand side is a vector triple product; applying Eq. (19.50), we get

B.A � B/ � B 2A D C � B: (19.61)

Solving for vectorA, we �nd

A D
1

B 2
Œ .B � C/ C .A � B/ B • (19.62)

So if eitherA or � is known, then we can �ndA � B D AB cos� ; knowing this andB andC, Eq. (19.62) lets
us solve for vectorA (providedB, C 6D0).
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Chapter 20

Interpolation

Interpolationis the process of estimating the value of a function between two points when only its value at
the two points is known.

20.1 Linear interpolation

The simplest interpolation method of interpolation islinear interpolation, in which we assume that two
known points are connected by a straight line.

y D
y2 � y1

x2 � x1
.x � x1/ C y1 (20.1)

20.2 Logarithmic Interpolation

logy D
log.y 2=y1/
log.x 2=x1/

log.x=x1/ C logy1 (20.2)

Logarithms many be to any convenient base: base 10 (common logarithms), basee (natural logarithms) or
any other base.

20.3 Semi-logarithmic Interpolation

Logarithmic Ordinate

logy D
log.y 2=y1/

x2 � x1
.x � x1/ C logy1 (20.3)

Logarithmic Abscissa

y D
y2 � y1

log.x 2=x1/
log.x=x1/ C y1 (20.4)
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Chapter 21

Curve Fitting and Regression Analysis

21.1 Linear Regression

21.2 Nonlinear Regression

21.3 Cubic Spline

21.4 Over�tting
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Chapter 22

Probability

Probability is the study of random events, and how likely certain outcomes will be. Probability and random-
ness play a central role inquantum mechanics, which is the theory that describes the motion of matter at
subatomic distance scales.

22.1 Some Simple Problems

For many simple problems, we may �nd probabilities just by listing the total number of outcomes, and seeing
how many of those satisfy the given conditions.

Example.When you roll a single six-sided die, that is the probabilityof rolling a 5?
Solution.There are six possible outcomes: 1, 2, 3, 4, 5, 6. Only one of those is a 5, so the probability of

rolling a 5 is 1
6 .

Example.When you roll a single six-sided die, what is the probabilityof rolling something other than 2
or 3?

Solution.There are six possible outcomes: 1, 2, 3, 4, 5, 6. Four of thoseare neither 2 nor 3: 1, 4, 5, 6. So
the probability of rolling something other than 2 or 3 is4

6 , or 2
3 .

Example.If you roll a pair of dice, what is the probability of rolling a7?
Solution.There are 36 possible outcomes: six for for the �rst die, and six for the second. The possible

outcomes are:

1 1 1 2 1 3 1 4 1 5 1 6
2 1 2 2 2 3 2 4 2 5 2 6
3 1 3 2 3 3 3 4 3 5 3 6
4 1 4 2 4 3 4 4 4 5 4 6
5 1 5 2 5 3 5 4 5 5 5 6
6 1 6 2 6 3 6 4 6 5 6 6

Of all these possible outcomes, six of them add to 7: (6,1), (5,2), (4,3), (3,4), (2,5), (1,6). Therefore, the
probability of rolling a 7 is 6

36 D 1
6 .
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Example.If you roll a pair of dice, what is the probability of rolling an 11?
Solution.There are 36 possible outcomes: six for for the �rst die, and six for the second. The possible

outcomes are:

1 1 1 2 1 3 1 4 1 5 1 6
2 1 2 2 2 3 2 4 2 5 2 6
3 1 3 2 3 3 3 4 3 5 3 6
4 1 4 2 4 3 4 4 4 5 4 6
5 1 5 2 5 3 5 4 5 5 5 6
6 1 6 2 6 3 6 4 6 5 6 6

Of all these possible outcomes, only two of them add to 11: (6,5), (5,6). Therefore, the probability of
rolling an 11 is 2

36 D 1
18 .

Another way to think of this kind or problem is as follows: suppose we throw a pair of dice, and want
the probability of rolling a 7. The �rst die could be any number, but then there is only one possible value for
the second die. For example, if the �rst die is a 5, then the second diemustbe 2; therefore the probability of
rolling a 7 is 1

6 .
Or look again a rolling an 11. The �rst die must be either a 5 or a6; the probability of rolling a 5 or 6 is

2 out of 6, or2
6 D 1

3 . In either case, there's only one number that will give an 11:if the �rst die is a 5, the
second must be 6; and if the �rst is 6, the second must be 5. The odds of rolling the correct “complement” to
the �rst die is 1

6 . Therefore, the probability of rolling an 11 is the probability of rolling a 5 or 6, followed by
the probability of rolling its complement for the given �rstdie: 1

3 � 1
6 D 1

18 .

22.2 Combinations and Permutations

Combinations and permutations have to do with the number of different ways we can arrange a set of objects.
Combinations: the number of ways of choosingk things from a set ofn, where order doesnot matter.

This is found to be:
 

n
k

!

D nCk D
nŠ

kŠ .n� k/Š
(22.1)

Permutations: the number of ways of choosingk things from a set ofn, where orderingdoesmatter.

nPk D
nŠ

.n � k/Š
(22.2)

Example.Suppose our objects are the �ve letters A, B, C, D, E. Now suppose I reach into this set and
grab two letters. How many different ways are there of grabbing two letters from a set of �ve? The answer
is: it is the number ofcombinationsof 5 things taken 2 at a time:

 
5
2

!

D 5C2 D
5Š

2Š .5� 2/Š
D 10

There are 10 ways of grabbing a pair of letters: AB, AC, AD, AE;BC, BD, BE; CD, CE; and DE. Note that
order doesn't matter in this case: we just grabbed “a pair' ofletters, so AB and BA are the same choice.

221



Prince George's Community College College Mathematics Simpson

Example. Suppose again that our objects are the same �ve letters: A, B,C, D, and E. This time we'll
reach into the set and grab one letter, then reach in and grab asecond one. In this case, we will consider that
the order of selectiondoesmatter: AB (choosing A, then B) will be a different choice than BA (choosing B
�rst, then A). In this case, the answer is the number ofpermutationsof 5 things taken 2 at a time:

5P2 D
5Š

.5 � 2/Š
D 20: (22.3)

There are 20 ways of selecting one letter, then second letter, such that ordering is important:

AB BA AC CA AD DA AE EA
BC CB BD DB AE ED
CD DC CE EC
DE ED

As a special case, the consider the case where we select alln objects. In that case, the number of combina-
tions (order does not matter) is clearly just 1. To �nd the number of permutations, we reason that the number
of different ways of selecting the �rst object isn, the number of different ways of selecting the second object
is n � 1, etc., until we get down to the last letter remaining, which there will be only one way of choosing.
Then the number of permutations (orderdoesmatter) isn � .n � 1/ � .n � 2/ � : : : � 1 D nŠ. In general,

 
n
n

!

D nCn D
nŠ

nŠ .n� n/Š
D

nŠ
nŠ0Š

D
nŠ
nŠ

D 1 (22.4)

nPn D
nŠ

.n � n/Š
D

nŠ
0Š

D nŠ (22.5)

Example.In the previous examples, we were choosing from the set of letters A, B, C, D, E. Suppose now
that we select all �ve letters. The number of combinations (order doesn't matter) of letter selections is then
just 1: A, B, C, D, E. But if orderdoesmatter, then the number of possible letter selections is5ŠD 120.

22.3 Flipping Coins

Suppose you have �ve fair coins, and �ip all �ve so that each one lands either heads-up (H) or tails-up (T).
What is the probability of getting two heads?

The answer is: you need to re-phrase the question. The question as stated is ambiguous. What do you
want to know, exactly? The probability of gettingexactlytwo heads, or the probability of gettingat leasttwo
heads? The original question could be interpreted either way, and this can be a major dif�culty in working
with probability questions. Questions must be posed very precisely, so that it's clear what we're trying to
�nd. In either case, there are a number of ways to approach this kind of problem.

Counting

This is the most basic and straightforward way to attack thiskind of probability problem: simply list all
possible outcomes, and count how many satisfy the given criteria. In this case, there are �ve coins, and each
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one could land either heads or tails. How many possible outcomes are there? The �rst coin could come up
either heads or tails (two possibilities). Independent of that, the second coin has two possible outcomes, so
the �rst two coins together have2 � 2 D 22 D 4 possible outcomes: HH, HT, TH, TT. Independent ofthat,
the third coin likewise has two possible outcomes, so the �rst three coins together have2 � 2 � 2 D 23 D 8
possible outcomes: HHH, HHT, HTH, HTT, THH, THT, TTH, TTT. Continuing in this way, it's clear that
the �ve coins have25 D 32possible outcomes:

HHHHH HTHHH THHHH TTHHH
HHHHT HTHHT THHHT TTHHT
HHHTH HTHTH THHTH TTHTH
HHHTT HTHTT THHTT TTHTT
HHTHH HTTHH THTHH TTTHH
HHTHT HTTHT THTHT TTTHT
HHTTH HTTTH THTTH TTTTH
HHTTT HTTTT THTTT TTTTT

Now let's count how many of these possible outcomes have no heads, exactly one head, exactly two
heads, etc:

Exactly 0 heads: 1
Exactly 1 head: 5
Exactly 2 heads: 10
Exactly 3 heads: 10
Exactly 4 heads: 5
Exactly 5 heads: 1

These numbers add up to 32 (as they must) — the total number of possible outcomes. The number of
outcomes that haveat leasttwo heads is the sum of the numbers for exactly 2, exactly 3, exactly 4, and
exactly 5 heads:10C 10C 5 C 1 D 26.

From these numbers, it's clear that:

• The probability of gettingexactlytwo heads is
10
32

D 0:3125.

• The probability of gettingat leasttwo heads is
26
32

D 0:8125.

Now if you look closely at the list of outcomes above for exactly n heads, you may notice something: the
numbers listed are from a row in Pascal's triangle — the tableof coef�cients for the expansion of a binomial
to then-th power (the 5th power in this case). The �ipping of coins results in what's called abinomial
distribution.

P.x D k/ D

 
n
k

!

p k .1 � p/ n� k (22.6)

for a coin,p D 1
2 , and this reduces to

P.x D k/ D

 
n
k

!
1
2n

(22.7)

223



Prince George's Community College College Mathematics Simpson

where
 

n
k

!

D nCk D
nŠ

kŠ .n� k/Š
(22.8)

22.4 Pizza Toppings

Question:Suppose Pizza Palace restaurants offer 35 different toppings for their pizza. How manydifferent
pizzas can Pizza Palace make?

There's a nice way to solve this kind of problem, usingbinary (base 2) arithmetic. In binary, the digits
can only by 0 or 1. Counting in binary goes like this:

0 D 0
1 D 1
10 D 2
11 D 3
100 D 4
101 D 5
110 D 6
111 D 7
1000 D 8
1001 D 9

and so forth. Binary arithmetic is used by electronic computers, because the binary digits (calledbits) can
each represent an “on” or “off” state:0 D “off”, 1 D “on”.

Now consider a binary integer that is 35 bits long. We assign apizza topping to each bit: a 0 bit means
that topping is missing, and a 1 bit indicates that topping ispresent. Then all the numbers we can represent
with 35 bits is equal to the number of different pizzas we can make:

00000000000000000000000000000000000 represents a pizzawith no toppings
11111111111111111111111111111111111 represents a pizzawith everything (all toppings)

The binary number 11111111111111111111111111111111111 in base 10 (decimal) is236 � 1, so the total
number of integers from 0 to236 � 1 (inclusive) is236 . Thus the total number of different pizzas that Pizza
Palace can make with 35 different toppings is

236 D 68;719;476;736

or about 68.7 billion.

22.5 The Birthday Problem

Question:How many people would you have to have in a room in order for there to be at least a 50% chance
that at least two people in the room have the same birthday?

You intuition might tell you the answer is something like 366, but it's very different. We'll attack this
problem by calculating the probability ofno matches, then subtract that from 1 to �nd the probability of at
least one match. In a room ofN people, the �rst person can have any of 365 days for his birthday.1 The

1For simplicity, we'll ignore leap years.
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second person may have his birthday on any of the remaining 364 days; the third person may have his birthday
on any of the remaining 363 days, and so forth. The probability P that at least two have the same birthday is
then

P D 1 �
365� 364� 363� : : : � .365 � N C 1/

365N
(22.9)

Where the denominator,365N , is the total number of possible combinations of birthdays.Plugging in speci�c
values ofN , we �nd the numbers shown in Figure 22.1 Surprisingly, one needs only 23 people in the room
to have a 50.7% chance of at least one pair of matching birthdays. As you can see from the plot, any room
with more than about 60 people is almost guaranteed to have atleast one pair of matching birthdays.

Figure 22.1: Probability of �nding at least one pair of matching birthdays in a room ofN people.

22.6 The Golden Grahams Cereal Problem

Years ago, the author spotted boxes of Golden Grahams cerealin the supermarket. The boxes were marked,
“Free digital watch in every 15th box!” In other words, one box out of 15 had a digital watch inside. That
raises the question: how many boxes of cereal would you have to buy in order to be certain of getting a watch?

Your intuitive response might be: 15 boxes. But it's not as simple as that. There are many thousands of
boxes, and you could very easily buy 15 boxes and �ndall of them to be “watchless”; 15 would only be the
correct answer if there were exactly 15 boxes and you knew that exactly one of them contained a watch.

Actually, the question we asked is not well posed. To becertainof getting a watch, you would have to
know the total number of boxes made. Then 85% of them would be “watchless”, and you would have to
buy one more than that number to be absolutely certain of getting a watch. For example, suppose 900,000
boxes were produced. Then 15% of those (135,000) would contain a watch, and 85% (765,000) would be
watchless. In order to becertainof getting at least one watch, you would have to buy at least 765,001 boxes
of cereal.

But this is not a particularly useful result — nobody is goingbuy $5 million in boxes of cereal in order
to get a $5 watch. The problemshouldbe phrased as: how many boxes of cereal would you have to buy in
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order to have a (50%, 90%, 95%) chance of getting at least one watch?
The way to think about this kind of problem is to think in termsof “success” (getting a watch) and

“failure” (not getting a watch). In buying any one box, the probability of success is115 , and the probability of
failure (no watch) is14

15 . Now supposed I buytwoboxes. The probability of �nding a watch in the �rst one is
1
15 , and so

�
1
15

�
�

�
1
15

�
D

�
1
15

� 2

is the probability oftwosuccesses: that is, the probability thatbothboxes contain a watch. Similarly,
�

1
15

� 3

is the probability ofthreesuccesses: that is, the probability thatall threeboxes contain a watch (about 0.03%
— a very small chance). But this isn't what we're after. What we want is actually the probabilityof successive
failures, because the �rst time wedon't have a failure, then we have at least one watch.

Since the probability of a failure (no watch) is14
15 , then buying one box will have a probability of14

15 of
no watch, which means a probability of1 � 14

15 that wedo �nd a watch. Likewise, if we buy two boxes, then

�
14
15

�
�

�
14
15

�
D

�
14
15

� 2

is the probability of two failures — the probability thatneitherbox has a watch, and so

1 �
�

14
15

� 2

is the probability of getting at least one watch if we buy two boxes. Continuing with this same reasoning, the
probability of getting at least one watch inN boxes of cereal is

P D 1 �
�

14
15

� N

(22.10)

Figure 22.2 shows a plot of this probabilityP as a function of the number of boxes bought.
As you can see from the �gure, we would need to buy the following number of boxes to get at least one

watch:

• 50% chance: 11 boxes

• 90% chance: 34 boxes

• 95% chance: 44 boxes

As this analysis shows, buying 15 boxes would give you a probability of only 1 �
� 14

15

� 15
D 64:5% of

getting at least one watch.

22.7 Benford's Law

It's not unusual for probability theory to produce results that are quite counterintuitive.
Table 22-1 shows data for per capita energy use for 33 countries. Two columns of data are shown in the

table: one of the columns is real data, and one columns is fakedata. Which column shows the real data, A or
B?
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Figure 22.2: Probability of getting at least one digital watch after buyingN boxes of Golden Grahams cereal.

At �rst glance, it appears that there is no possible way to tell which column contains the real data—we
simply aren't given enough information. But it turns out that there is a way to distinguish the real data from
the fake data, without knowing anything about the countrieslisted.

In the 1880s, astronomer Simon Newcomb noticed that when he went to the library to use their table
of logarithms, the pages near the front of the book were much more worn than those toward the end. After
doing some investigating, he discovered that in many cases experimental data has the property that the leading
number is 1 most often, the leading digit is 2 somewhat less often, and so on—with the leading digit being
9 least often. This principle was re-discovered by physicist Frank Benford in the 1930s, and is known as
Benford's law. It states that in many situations, real-world data has the leading digitd with probability

P.d / D log10

�
1 C

1
d

�
: (22.11)

Computing this for each of the digits1 : : : 9, we �nd

d P.d /
1 0.3010
2 0.1761
3 0.1249
4 0.0969
5 0.0792
6 0.0669
7 0.0580
8 0.0512
9 0.0458

so that the leading digit should be 1 about 30% of the time, butit should be 9 less than 5% of the time.
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Table 22-1. Per capita energy usage by country (in GJ/year).

Country Column A Column B

Albania 28.29 67.02
Belgium 239.54 199.75
Brazil 44.84 86.27
Bulgaria 105.34 61.62
Canada 348.63 342.93
China 47.81 64.78
Columbia 26.75 56.43
Egypt 31.97 47.61
France 189.77 255.96
Ghana 16.81 30.54
Greece 113.34 151.54
Guatemala 25.53 36.29
Iceland 492.16 697.20
India 21.52 47.37
Italy 131.34 85.57
Jamaica 64.89 99.71
Japan 169.70 76.41
Kenya 20.21 55.64
Luxembourg 395.17 509.80
Nepal 14.11 47.56
Norway 249.21 369.28
Portugal 104.24 74.87
Qatar 898.62 754.22
Russia 185.77 84.29
South Africa 109.07 80.44
Tajikistan 21.05 50.74
Togo 18.70 36.16
Turkey 46.44 47.39
United Kingdom 164.56 75.92
United States 327.38 530.31
Yemen 12.38 37.21
Zambia 25.23 10.11
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Now let's look back at the data in Table 22-1. If we count up thenumber of times the leading digit in
column A is1; 2; : : : ; 9, then do the same for column B, we �nd:

d Column A Column B
1 13 3
2 9 1
3 4 6
4 4 4
5 0 5
6 1 4
7 0 4
8 1 4
9 0 1

Dividing each of these by the number of countries (32) gives the frequency distributions of the leading
digits:

d Column A Column B
1 0.4063 0.0938
2 0.2813 0.0313
3 0.1250 0.1875
4 0.1250 0.1250
5 0.0000 0.1563
6 0.0313 0.1250
7 0.0000 0.1250
8 0.0313 0.1250
9 0.0000 0.0313

These frequencies are plotted in Figure 22.3, along with thefrequencies predicted by Benford's law.
Clearly column A follows Benford's law more closely; the fake data is column B.

The same situations applies in many other cases. For example, you can check the leading digits in the
tables of physical constants in Appendix 33. The results areshown in Figure 22.4. There is better agreement
with Benford's law in this case because there are more numbers, and therefore better statistics.

Benford's law is quite counter-intuitive, since you would probably expect the leading digit of numbers in
a data set to be each of the digits 1 through 9 with equal probability. The reason most numbers begin with 1
has to do with the way the data is distributed: if the data is distributed by anexponential distribution, then the
leading digits will be equally distributed logarithmically, so that the leading digit 1 occurs most frequently.
Not all data is distributed this way, though. You could not, for example, apply Benford's law to data on the
heights of human adults. If the heights are measured in feet,there will be a lot of numbers whose leading digit
is 5, a smaller number beginning with 4 or 6, and few or no numbers whose leading digit is 1, 2, 3, 8, or 9.
This is because adult human heights are distributed by anormal distribution, not an exponential distribution.

Benford's law can be used in many practical circumstances tocheck for fraudulent data. For example, it
can be used by the IRS to check tax returns for tax cheaters, byscience instructors looking for “invented” lab
data, or by economists checking for fraudulent data in economic transactions.

(For more on Benford's law, see e.g.Brainteaser Physicsby Göran Grimvall [21], which inspired the
energy use example.)
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Figure 22.3: Benford's law applied to energy use for 32 countries.

Figure 22.4: Benford's law applied to physical constants.
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22.8 The Monty Hall Problem

TheMonty Hall Problemis named after the host of the 1960s game showLet's Make a Deal. The problem
caught the attention of the public when it appeared inParademagazine (a Sunday newspaper supplement) in
1990, in Marilyn vos Savant's “Ask Marilyn” column. One reader asked Marilyn the following question:

Suppose you're on a game show, and you're given the choice of three doors: Behind one door
is a car; behind the others, goats. You pick a door, say No. 1, and the host, who knows what's
behind the doors, opens another door, say No. 3, which has a goat. He then says to you, “Do you
want to pick door No. 2?” Is it to your advantage to switch yourchoice?

Marilyn's answer was “yes” — youshouldswitch. Switching to door No. 2 willdoublethe odds of winning
the car, from1

3 to 2
3 .

Marilyn received some 10,000 letters from readers (including nearly 1000 PhDs), telling her she was
wrong. Marilyn wrote a follow-up column explaining her answer in detail, and even that failed to convince
many people. Even the prominent mathematician Paul Erd�os refused to believe it until he was shown a
computer simulation that supported Marilyn's result.

Here is Marilyn vos Savant's original answer inParademagazine: [49]

Dear Craig:
Yes; you should switch. The �rst door has13 chance of winning, but the second door has2

3
chance. Here's a good way to visualize what happened. Suppose there are amillion doors, and
you pick door #1. Then the host, who knows what's behind the doors and will always avoid
the one with the prize, opens them all except #777,777. You'dswitch to that door pretty fast,
wouldn't you?

Quite a few people wrote in to Marilyn (including prominent mathematicians), telling her why she was
wrong. (She wasn't wrong.) Here are some example letters from readers.

Dear Marilyn:
Since you seem to enjoy coming straight to the point, I'll do the same. In the following question
and answer, you blew it!

“Suppose you're on a game show, and you're given a choice of three doors. Behind one is a
car; behind the others, goats. You pick door #1, and the host,who knows what's behind them,
opens #3, which has a goat. He then asks if you want to pick #2. Is it to your advantage to
switch?” You answered, “Yes, you should switch. The �rst door has a1

3 chance of winning, but
the second has a23 chance.”

Let me explain. If one door is shown to be a loser, that information changes the probability of
either remaining choice,neither of which has any reason to be more likely, to 1

2 . As a professional
mathematician, I'm very concerned with the general public's lack of mathematical skills. Please
help by confessing your error and in the future being more careful.
Robert Sachs, Ph.D.
George Mason University

You blew it, and you blew it big! Since you seem to have dif�culty grasping the basic
principle at work here, I'll explain. After the host revealsa goat, you now have a one-in-two
chance of being correct. Whether you change your selection or not, the odds are the same. There
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is enough mathematical illiteracy in this country, and we don't need the holder of the world's
highest I.Q. propagating more! Shame!
S.S., Ph.D.
University of Florida

Your answer to the question is in error. But if it is any consolation, many of my academic
colleagues have also been stumped by this problem.
Barry Pasternack, Ph.D.
California Faculty Association

Marilyn followed up in herParadecolumn the following week:

Dear Readers:
Good heavens! With so much learned opposition, I'll bet thisone is going to keep math classes
all over the country busy on Monday.

My original answer is correct. But �rst, let me explain why your answer is wrong. The
winning odds of13 on the �rst choice can't go up to12 just because the host opens a losing door.
To illustrate this, let's say we play a shell game. You look away, and I put a pea under one of the
three shells. Then I ask you to put your �nger on a shell. The odds that your choice contains a
pea are1

3 , agreed? Then I simply lift up an empty shell from the remaining other two. As I can
(and will) do this regardless of what you've chosen, we've learned nothing to allow us to revise
the odds on the shell under your �nger.

The bene�ts of switching are readily proven by playing through the six games that exhaust all
the possibilities For the �rst three games, you choose #1 and“switch” each time; for the second
three games, you choose #1 and “stay” each time; and the host always opens a loser. Here are
the results.

DOOR 1 DOOR 2 DOOR 3
Game 1 AUTO GOAT GOAT Switch and you lose.
Game 2 GOAT AUTO GOAT Switch and you win.
Game 3 GOAT GOAT AUTO Switch and you win.

DOOR 1 DOOR 2 DOOR 3
Game 4 AUTO GOAT GOAT Stay and you win.
Game 5 GOAT AUTO GOAT Stay and you lose.
Game 6 GOAT GOAT AUTO Stay and you lose.

When you switch, you win23 of the time and lose13 , but when you don't switch, you only
win 1

3 of the time and lose23 . You can try it yourself and see.
Alternatively, you can actually play the game with another person acting as the host with

three playing cards—two jokers for the goat and an ace for theprize. However, doing this a few
hundred times to get statistically valid results can get a little tedious, so perhaps you can assign
it as extra credit—or for punishment! (That'll get their goats!)

Even after this explanation, the debate continued. In Marilyn's next column:
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Dear Readers: Gasp! If this controversy continues, even thepostmanwon't be able to �t
it into the mailroom. I'm receiving thousands of letters, nearly all insisting that I'm wrong, in-
cluding the Deputy Director of the Center for Defense Information and a Research Mathematical
Statistician from the National Institutes of Health! But math answers aren't determined by votes.

Marilyn then goes on to explain her solution in even more detail, receives more letters telling her she's
wrong, etc.

Marilyn's answer is absolutely correct. If you'd like to read more about the letters she received and her
responses explaining her solution, you can �nd it all in her bookAsk Marilynby Marilyn vos Savant [49].
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22.9 Problems
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Chapter 23

Statistics

23.1 An Abundances of Averages

Given a set of data, there are many different ways to determine the “average” of the data.

• Use the(arithmetic) meanwhen the data values are symmetrical and there are no clear outliers.

• Use themedianwhen the data values are skewed or when there are clear outliers.

• Use themodewhen the data values are nominal or ordinal, or when the most frequent value is of
interest. Used for categorial data or histograms.

• Thegeometric meanis best for reporting average in�ation, percentage change,and growth rates. Be-
cause these types of data are expressed as fractions, the geometric mean is more accurate for them than
the arithmetic mean.

• Theharmonic meanis applied in the �nance to the average multiples like price-earnings ratio. It is also
used by the market technicians in order to determine the patterns like Fibonacci Sequences.

• Thearithmetic-geometric mean

23.2 The Mean

To �nd the mean (also called thearithmetic mean), we add allN points together, then divide byN :

Nx D
1
N

NX

k D 1

xk (23.1)

23.3 The Median

Themedianof a set of data is found by arranging the data in numerical order, then taking the number in the
center of the list. If the number of data points is even, we take the mean of the two center points in the ordered
list.
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23.4 The Mode

Themodeof a set of data is the value that occurs most frequently.

23.5 The Geometric Mean

For two data pointsx andy, the geometric mean is the square root of the product:

G D
p

xy (23.2)

More generally, forN data points, we multiply allN points together, then take theN -th root of the
product:

G D N

p
nY

k D 1

xk (23.3)

23.6 The Harmonic Mean

The reciprocal of the mean of the reciprocals.

H D

 
1
N

NX

k D 1

1
xk

! � 1

(23.4)

23.7 The Arithmetic-Geometric Mean

Thearithmetic-geometric meanagm.x; y/ of two numbersx andy is found by computing the arithmetic and
geometric means ofx andy, then the arithmetic and geometric mean of those two means, then iterating this
process over and over again until the two means converge:

AnC 1 D
An C Gn

2
(23.5)

GnC 1 D
p

AnGn (23.6)

HereAn denotes an arithmetic mean, andGn a geometric mean.

23.8 Standard Deviation

Thestandard deviationof a set of data is the square root of the mean of the squares of the deviation of the
data from the mean:

� D

p
1
N

NX

k D 1

.x k � Nx/ 2 (23.7)

The square of the standard deviation (� 2) is called thevariance.
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23.9 Linear Regression

Linear regressionis a method for calculating the equation of the “best” straight line that passes through a
set of points. By “best,” we mean the “best �t” straight line—the one that passes as closely as possible to as
many points as possible.

To calculate the equation of this best �t straight line, you begin with a set ofN data points,.x i ; y i /, for
i D 1; 2; 3; : : : ; N. You then calculate:

Sum ofx i :
NP

i D 1
x i

Sum ofy i :
NP

i D 1
y i

Sum of squares ofx i :
NP

i D 1
x2

i

Sum of productsx i y i :
NP

i D 1
x i y i

The equation of the “best �t” straight liney D mx C b will then have slope

m D

N
NP

i D 1
x i y i �

 
NP

i D 1
x i

!  
NP

i D 1
y i

!

N
NP

i D 1
x2

i �

 
NP

i D 1
x i

! 2 ; (23.8)

andy-intercept

b D

 
NP

i D 1
y i

!  
NP

i D 1
x2

i

!

�

 
NP

i D 1
x i

!  
NP

i D 1
x i y i

!

N
NP

i D 1
x2

i �

 
NP

i D 1
x i

! 2 : (23.9)

Example

Suppose we're given the following data, and wish to �nd the best-�t straight line through the points.

i x i y i

1 � 3 � 15
2 1 1
3 5 17
4 8 29
5 12 45
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We begin by calculating the squares of thex i 's and the productsx i y i for eachi :

i x i y i x2
i x i y i

1 � 3 � 15 9 45
2 1 1 1 1
3 5 17 25 85
4 8 29 64 232
5 12 45 144 540

We then �nd the sums of each column:

i x i y i x2
i x i y i

1 � 3 � 15 9 45
2 1 1 1 1
3 5 17 25 85
4 8 29 64 232
5 12 45 144 540

Sums 23 77 243 903

So that we have

NX

i D 1

x i D 23

NX

i D 1

y i D 77

NX

i D 1

x2
i D 243

NX

i D 1

x i y i D 903

(Note thatN D 5, since we have �ve data points.) Substituting these into Eqns. (1) and (2), we get

m D
.5 � 903/ � .23 � 77/

.5 � 243/ � 232
D 4

b D
.77 � 243/ � .23 � 903/

.5 � 243/ � 232
D � 3

The equation of the straight line that best �ts these points is thus

y D 4x � 3 (23.10)

You should work through this example carefully to be certainthat you understand how this works.
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Application to Nonlinear Fits

You can do quite a bit with linear regression beyond just �tting data to a straight line. For example, if you
know your data should follow a relation of the formy D Ax 2, you can ploty vs.x2; the slope will give you
straight line with slopeA. Or if you know the relation should be of the formy D A

p
x (as with the period of

a pendulum, for example), you can ploty vs.
p

x; you should get a straight line whose slope isA. Or even if
you only know that the data should follow something of the form y D Ax b , you can plot lny vs. lnx. Since
ln y D ln A C b ln x, the result should be a straight line with slopeb andy-intercept lnA. (You could use
logarithms to any convenient base here.)

23.10 The� 2 Test

The� 2 test is used to determine whether variations in data are due to random chance, or if there is some other
effect present causing the variations. To use the� 2 test, we do the following steps:

1. Form anull hypothesis: a statement of what you expect to be true of the data.

2. From the null hypothesis, you can compute the expected result for each possible outcome.

3. Find the number ofdegrees of freedom: this isone less thanthe number of different outcomes.

4. For the number of degrees of freedom, we will look up thecritical valuein a � 2 table (see Appendix
19). The nominal con�dence level when using this table is 0.05 (95% con�dence).

5. Compute the� 2 value for the data, using this formula:

� 2 D
NX

i D 1

.O i � E i /2

E i
(23.11)

where there areN data points,Oi are the observed results (data), andE i are the expected results.

6. If � 2 is less thanthe critical value, then we accept the null hypothesis as true; if � 2 is greater thanthe
critical value, then we reject the null hypothesis.

Example.Suppose you �ip a coin 50 times, and you get 28 heads and 22 tails. Is the coin fair?
Solution. First we form a null hypothesis: the coin is fair. As a consequence, we expect 25 heads and

25 tails. For each coin, there are two possible outcomes: heads or tails. Then the number of degrees of
freedom is2 � 1, or 1. Referring to the� 2 table (Appendix 19), we �nd a critical value for the 0.05 level
(95% certainty) is 3.841.

Now compute� 2 for the data:

� 2 D
NX

i D 1

.O i � E i /2

E i

D
.28 � 25/2

25
C

.22 � 25/2

25

D
9
25

C
9
25

D
18
25

D 0:72
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The computed� 2 D 0:72is less than the critical value of 3.841, so we accept the nullhypothesis (with 95%
con�dence), and conclude that the coin is fair.

Example.Suppose you roll 36 dice, and get the results shown in this table. Are the dice fair?

n # dice
1 2
2 4
3 8
4 9
5 3
6 10

Solution.First, we form a null hypothesis: the dice are fair. If that'sso, then we expect to get each number
1–6 1/6 of the time. Since there are 36 dice, that means that weshould expect six rolls of each number: the
expected number of dice showing each value is 6.

For this problem, the number of degrees of freedom is6 � 1 D 5. Referring to the� 2 table (Appendix
19), we �nd a critical value for the 0.05 level (95% certainty) is 11.070.

Now compute� 2 for the data:

� 2 D
NX

i D 1

.O i � E i /2

E i

D
.2 � 6/2

6
C

.4 � 6/2

6
C

.8 � 6/2

6
C

.9 � 6/2

6
C

.3 � 6/2

6
C

.10 � 6/2

6

D
16
6

C
4
6

C
4
6

C
9
6

C
9
6

C
16
6

D
58
6

D 9:667

The computed� 2 D 9:667is less than the critical value of 11.070, so we accept the null hypothesis, and
conclude that the dice are fair (with 95% con�dence).

23.11 The German Tank Problem

This problem has its origin in an historical application faced by the Allied forces during World War II, in
which the Allies wished to determine the rate of German tank production based on limited information. [42]
A more modern formulation may be posed by this example: suppose you observe a number of delivery trucks
from a certain company, and each truck is marked with a truck number. You know the trucks are numbered
starting with 1. Around town one day, you spot trucks number 19, 40, 42, and 60. How many total trucks
does the company have?

Of course, it's impossible to answer this exactly without observing every single truck, but youcanmake
an estimate. The idea is that since you've seen truck #60, there must beat least60 trucks. But if the company
had, say, 1000 trucks, then it's unlikely that you would haveobserved such low numbers. So the most
probable number of total trucks must lie somewhere between 60 and 1000.

There are a couple of ways to attack this problem. In one theory, called thefrequentist approach, we
estimate the total number of trucksN using the largest truck number observed (m) and the number of truck
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spotted (k). The total number of trucks is estimated by

N � m C
m
k

� 1 (23.12)

In this example,m D 60 is the largest truck number observed andk D 4 is the number of trucks spotted, so
we estimateN � 74 trucks total.

According to another approach, theBayesian approach, the estimate for themediantotal number of trucks
is given by

Nmed � m C
mln.2/
k � 1

(23.13)

while an estimate for themeantotal number of trucks is found from

Nmean� .m � 1/
k � 1
k � 2

(23.14)

The Bayesian approach in this example yieldsNmed � 74, andNmean� 89.

23.12 Bayesian Statistics
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23.13 Problems
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23.14 Projects

1. Investigate the details of how the� 2 table in Appendix 19 is calculated. Then write a computer program
(in the language of your choice) to compute your own� 2 table. Your table may contain more rows, or
more columns, or more signi�cant digits for each critical value.
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Chapter 24

Proofs

Mathematical proofs are the core of higher mathematics. Moving beyond calculation and elementary algebra,
most of higher pure mathematics is focused on �nding proofs of conjectures. The ability to write clear and
logical mathematical proofs is the key to higher mathematics.

Proofs may take different forms. In elementary geometry, atwo-column deductive proofis common. In
this type of proof, one is given one or more statements to be taken as true; one is also given a statement to
prove. One then starts with the given statements, and step bystep, arrives at the conclusion using logic, with
the steps listed in the �rst column of a table and the justi�cation listed in the second column at each step. But
in more advanced mathematics, a proof takes the form of paragraphs of text that describe the argument step
by step. In writing proofs, it is crucial that one is able to think and write clearly and logically, and write out
the steps in such a way that other mathematicians can follow your argument.

In the professional world, a mathematician would write a proof of some conjecture, then informally hand
it to colleagues and students for them to read for an initial review. If it seems to be valid, then one writes the
proof as a paper for publication in a mathematical journal, to then be reviewed by the broader mathematical
community. After the proof has been studied for some time andno �aws are found, it is considered to be a
valid mathematical proof.

In this chapter we'll look at four of the most important techniques for writing mathematical proofs:
deductive, inductive, by contradiction, and contrapositive.

24.1 Terminology

Let's introduce some terms used in writing proofs.

• Axiom. — A statement assumed to be true without proof. Often (but notalways), these are statements
that are “obvious” or “self-evident.”

• Postulate.— Essentially the same thing as an axiom, but sometimes the term postulateis reserved for
a �eld like geometry.

• De�nition. — A precise statement specifying the meaning of a mathematical term.

• Theorem. — This is a statement that has been rigorously proved based onaxioms, de�nitions, and
previous theorems and other results.

• Corollary. — A result that follows immediately from a theorem with little additional effort.

• Lemma. — A result that immediately follows from a previous theorem,which will be used later to
help establish a more important theorem.
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• Conjecture. — A statement believed to be true based on evidence or intuition, but not yet rigorously
proven to be true.

• Proof. — A logically rigorous argument proving a statement must be true based on previous axioms,
de�nitions, and other proven theorems and results.

• Q.E.D.— Latin forquod erat demonstrandum, meaning “which was to be demonstrated.” This is often
placed at the end of a proof to indicate that the proof is complete.

24.2 Deductive Proofs

In a deductiveproof, one begins with
Here one makes amodus ponensargument (p � q, andp is true, thereforeq is true).

Example of a Two-Column Deductive Proof

We will prove a theorem from geometry using a two-column deductive proof. Refer to the �gure below.

Theorem.If two parallel lines are cut by a transversal, then alternate interior angles are congruent.
Given.Two parallel linesj andk cut by transversals.
To Prove.† 1 Š † 2.
Proof.

Statement Reason

1. Two parallel linesj andk cut by transversals. 1. Given.

2. † 1 Š † 3. 2. If two parallel lines are cut by a transversal, then
corresponding angles are congruent.

3. † 2 Š † 3. 3. If two lines intersect, then the vertical angles
formed are congruent.

4. † 1 Š † 2. 4. Transitive property of equality.
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Another Example of a Deductive Proof

24.3 Inductive Proofs

Example of an Inductive Proof

Theorem. The sum of the �rstn natural numbers is equal ton.n C 1/=2:

nX

k D 1

k D 1 C 2 C 3 C : : : C n D
n.n C 1/

2

Proof. We will prove this by induction. We �rst show that the formulais correct forn D 1, then show
that if it holds forn D p then it also holds forn D p C 1.

If n D 1, then the sum contains just one term: 1. The formula in this case gives

n.n C 1/
2

D
1.1 C 1/

2
D

2
2

D 1

as expected. Thus the formula works correctly forn D 1.
Now suppose the formula is correct for some arbitrary positive integerp . Then by assumption,

pX

k D 1

k D
p.p C 1/

2

Now we addp C 1 to both sides:

p C 1X

k D 1

D
p.p C 1/

2
C .p C 1/

D
p.p C 1/

2
C

2.p C 1/
2

D
.p C 1/.p C 2/

2

De�ne r D p C 1, and we have

rX

k D 1

D
r.r C 1/

2

and we have just shown that if the formula works forn D p, then it also works forn D p C 1 D r . We have
already shown that the formula is correct forn D 1, so this result means it is correct forn D 2; and since it's
correct forn D 2, it must be correct forn D 3, etc. The theorem has been proven by induction.

24.4 Proof by Contradiction

In this form of argument, one assumes that the given statement is false, then shows that this assumption must
lead to a contradiction. Therefore, the original statementmust be true.
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Example of a Proof by Contradiction

Proof that
p

2 is irrational.

Proof. We will assume the statement is false (assume
p

2 is rational), then show that this leads to a
contradiction.

First, assume that
p

2 is rational. That means it can be written as a ratio of two integers:
p

2 D
p
q

wherep andq are integers with no common factor, andq ¤ 0. We can assume thatp andq are relatively
prime (that is, they have no common factor), becauseeveryrational number has a unique representation in
lowest terms. Here we assumep=q is that unique representation.

Now square both sides:

p 2 D 2q2 (24.1)

This shows thatp 2 must be even. Now the square of any odd number is odd, and the square of any even
number is even. Sincep 2 is even, that means thatp itself must be even, so we can write it as

p D 2k

wherek is an integer. Substituting this into Eq. (24.1), we get

.2k/ 2 D 2q2

4k2 D 2q2

2k2 D q2

which shows thatq2 is even, and thereforeq must be even. Sincep andq are both even, they have a common
factor of 2, which contradicts the original assumption thatp andq are relatively prime. Therefore our original
assumption that

p
2 is rational must be false — it cannot be rational, and it is therefore irrational.Q.E.D.

A variation of this proof was devised by Pierre de Fermat, andis called thein�nite descent proofof the
irrationality of

p
2. Begin by assuming that

p
2 can be written as the ratio of two integers:

p
2 D

p
q

Thenp 2 D 2q2 as before; thereforep 2 is even and sop is even:p D 2p1, wherep1 is an integer. And as
before, substitute this intop 2 D 2q2:

.2p1/2 D 2q2

4p2
1 D 2q2

2p2
1 D q2

and soq2 must be even, soq must be even:q D 2q1 for some integerq1:

p
q

D
2p1

2q1
D

p1

q1

Now repeat the same argument again, and we �nd thatp1 andq1 must both be even, so we can divide out the
common factor of 2. Repeat the process again, and you �nd the new ratiop2=q2 is alsoeven, and you can
divide outanothercommon factor of 2. Repeating in this way, you �nd thatp andq are both divisible by 2,
4, 8, 16, 32, . . . ,ad in�nitum, which is impossible for nonzero integers. Therefore the assumption that

p
2 is

rational must be false, and so
p

2 must be irrational,Q.E.D.
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24.5 Contrapositive Proofs

Instead of themodus ponensargument (p � q andp, thereforeq) of a direct proof, one makes amodus
tollensargument (p � q and: q, therefore: p).

Example of a Contrapositive Proof

Conjecture.If a2 C b2 is odd (wherea andb are both integers), thena andb have opposite “parity”: one is
even and one is odd.

Proof. In a direct proof, we would assumea2 C b2 is odd, then try to prove thata andb have opposite
signs (p � q). But in this case it will be simpler to prove the logically equivalent statement, the contrapositive
(: q � : p ): if a andb have thesameparity (both even or both odd), thena2 C b2 is even.

Here's the proof. Ifa andb are botheven, thena2 andb2 are both even. The sum of two even integers is
even, so the result will be even.

But if a andb are bothodd, thea2 andb2 are both odd. But the sum of two odd numbers is always even,
so the result will still be even.

We have therefore proven the contrapositive of the originalstatement, and so the original statement is true
by modus tollens, Q.E.D.

24.6 Proof by Counterexample

This technique may be the easiest of all proofs. You can �nd a conjecture to befalseby simply �nding a
counterexample.

Example of Proof by Counterexample

Conjecture.All odd integers greater than 2 are prime.

Counterexample.The conjecture is true for 3, 5, and 7, but not for 9. The integer 9 is a counterexample:
it is odd, but is a composite number (9 D 3 � 3) and therefore not prime. The conjecture is therefore false: it
is not the case that all odd integers greater than 2 are prime.

This method may be employed for any mathematical conjecture. For example, it is conjectured (but not
proven) that all perfect numbers are even. One could prove this conjecture to be true by writing a theorem
that proves it to be true. To prove that the conjecture is false, one might write a theorem proving it to be false;
or alternatively, one may simply �nd a counterexample: an odd perfect number.

If a counterexample is found, then no theorem is needed to prove that a conjecture is false. It is already
known to be false by counterexample.
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Chapter 25

Set Theory

Set theory (along with mathematical logic, presented in thenext chapter) form what are called the “founda-
tional” branches of mathematics. In principle, the entire body of mathematics can be derived starting with
these two �elds as the basis. In this chapter, we'll present abrief overview of some of the concepts of el-
ementary set theory, but these ideas gomuchdeeper than what is presented here. Research in set theory
continues to this day, and includes some cutting-edge mathematical research. Most of the interesting math-
ematics involves sets that contain an in�nite number of elements, or entities such as the “set of all possible
sets.”

25.1 Sets

A set is a collection of objects. The objects (calledmembersor elementsof the set) might be letters of the
alphabet, people, cars, dogs, horses, or anything else, butmost often in mathematics the objects are numbers.
Sets can include a �nite or an in�nite number of members.

Sets can be speci�ed by simply listing all their elements, between braces. For example, the set of the �rst
�ve lowercase letters can be written as

A D f a; b; c; d; eg

HereA is the name of the set containing the elementsa, b, c, d , ande. Similarly,

B D f 1; 2; 3; 4; 5; 6; 7; 8; 9; 10g

de�nes a set calledB whose elements are the �rst ten positive integers. Sets can also be described in words:

C D f n Wn is an odd integerg

There are also some special symbols used to indicate frequently occurring sets of numbers:

• N: The natural numbers (1, 2, 3, 4, 5, . . . ).

• Z: The integers.

• Q: The rational numbers.

• R: The real numbers.

• C: The complex numbers.
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• A: The algebraic numbers.

To indicate that an object is an element of a set, we use the symbol 2. For example, to show thatn is an
integer, we may write

n 2 Z

meaning “n is an element of the setZ”, or (more simply) “n is an integer.” As you might guess, the idea of
an objectnot being a members of a set is shown with the symbol62. For example,12 62Z means “12 is not an
integer.”

There is a special set that contains no elements. It is calledthenull set(or empty set), and is designated
by the symbol¿ . The null set may also be written as a set of braces listing no elements:

¿ D f g (25.1)

Two sets are said to beequalif they contain exactly the same elements; otherwise they are unequal: The
notation is the same as with ordinary numbers. For example, if A D f 1; 2; 3gandB D f 1; 2; 3g, then

A D B (25.2)

f8; 10; 12; 15g D f8; 10; 12; 15g (25.3)

f8; 10; 12; 15g ¤ f 8; 10; 12g (25.4)

A ¤ f 1; 2; 3; 4; 5g (25.5)

A ¤ ¿ (25.6)

25.2 Union and Intersection

SupposeA andB are two sets. Then theunionof setsA andB (designatedA [ B) is the set of all objects
belonging to eitherA or B , or both. If an object occurs in both sets, then it is listed only once in the setA [ B .
For example, suppose

A D f 1; 2; 3; 4; 5g

B D f 4; 5; 8; 9; 10g

then the set

A [ B D f 1; 2; 3; 4; 5; 8; 9; 10g

The union of any set with the null set is the orginal set:A [ ¿ D A for any setA.
In a like manner, theintersectionof setsA andB (designatedA \ B) is the set of all objects belonging

only to both setsA andB. Using the above setsA andB, their intersection is

A \ B D f 4; 5g

If two sets have no elements in common, then their intersection is the null set. For example,

f1; 2; 4g \ f 8; 9g D ¿

Such sets with no common elements are said to bedisjoint sets.
Note that

¿ [ ¿ D ¿ (25.7)

¿ \ ¿ D ¿ (25.8)
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25.3 Subsets

We say setA is asubsetof another setB if every elements ofA is an element ofB . We distinguish two cases:

• A is aproper subsetof B if B contains at least one element that is not inA. This is writtenA � B .

• If A is a subset ofB and there is a possibility thatA D B, thenA is animproper subsetof B , which
we write asA � B .

The null set¿ is a subset of every nonempty set.

25.4 Set Identities

25.5 Russell's Paradox

25.6 Zermelo-Fraenkel Set Theory

25.7 Axioms of Set Theory

• Axiom of Extensionality.Consider you have two boxes containing exactly the same legoblocks. Ac-
cording to this axiom, we say both boxes are the same because their contents match perfectly. This is
important because in math, we need to know that when we talk about two sets being equal, we mean
they have the same elements, no more, no less.

• Axiom of Pairing.Lets say you picked two of your favorite comic books. This axiom allows you to
put them together to form a set with just those two. This is useful because we often need to combine
speci�c objects into new sets in mathematics.

• Axiom of Union. If you own several different decks of cards, the axiom of union lets you combine
them into one big deck that contains all the cards from each smaller deck. This is like creating a master
collection from multiple sets, which is something we often do in math.

• Axiom of In�nity. Imagine having a bag of candy that never runs out, no matter how much you take
from it. In set theory, the Axiom of In�nity says that there isa set like that it goes on forever. This
idea is crucial because it introduces the concept of in�nityinto mathematics.

• Axiom of Regularity(also known asAxiom of Foundation). This rule is like having an organizer for
your comic book collection that stops you from storing a box inside itself, preventing a confusing loop.
It ensures that sets are arranged in a well-de�ned order.

25.8 The Axiom of Choice

25.9 Trans�nite Numbers

We typeset trans�nite numbers like this:@0 and so forth./
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25.10 Problems

1. If A [ B D A \ B , then which of the following is true?

(a) A D ¿

(b) B D ¿

(c) A D B

(d) A � B
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Chapter 26

Mathematical Logic

26.1 First-Order Logic

26.2 Truth Tables
p : p
T F
F T

p q p ^ q p _ q p � q p � q p � q
T T T T T T F
T F F T F F T
F T F T T F T
F F F F T T F

Exclusive or:p � q (equivalent to: .p � q/) is usuallynot included with the others as one of the basic
logical operators.

Necessity and Suf�ciency

The statementp � q means

• if p , thenq

• q if p

• q only if p

• p is a suf�cient condition forq

• q is a necessary condition forp

For example, let the statements
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• p is “it is snowing”

• q is “it is cold”

The statementp � q means

• p if and only if q

• p iff q

26.3 Inference Rules
Name of Rule Abbrev. Argument Form

modus ponens MP p � q p ) q
modus tollens MT p � q : q ) : p
conjunction Conj p q ) p ^ q
simpli�cation Simp p ^ q ) p

p ^ q ) q
disjunctive syllogism DS p _ q : p ) q

p _ q : q ) p
addition Add p ) p _ q

p ) q _ p
biconditional modus ponens BMP p � q p ) q

p � q q ) p
hypothetical syllogism HS p � q q � r ) p � r
dilemma Dilm .p � q/ ^ .r � s/ p _ r ) q _ s

26.4 Equivalence Rules

Name of Rule Abbrev. Form
double negation equivalence DNE p equiv :: p
DeMorgan's equivalences DeME : .p ^ q/ equiv : p _ : q

: .p _ q/ equiv : p ^ : q
commutation equivalences ComE p ^ q equiv q ^ p

p _ q equiv q _ p
p � q equiv q � p

transposition equivalence TrnE p � q equiv : q � : p
tautology equivalences TauE p equiv p _ p

p equiv p ^ p
distribution equivalences DstE p _ .q ^ r/ equiv .p _ q/ ^ .p _ r/

p ^ .q _ r/ equiv .p ^ q/ _ .p ^ r/
regrouping equivalences RgrE p ^ .q ^ r/ equiv .p ^ q/ ^ r

p _ .q _ r/ equiv .p _ q/ _ r
p � .q � r / equiv .p � q/ � r

biconditional equivalence BicE p � q equiv .p � q/ ^ .q � p/
conditional equivalence ConE p � q equiv : p _ q
exportation equivalence ExpE .p ^ q/ � r equiv p � .q � r /
negated biconditional equivalence NBE : .p � q/ equiv p � : q
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26.5 Conditional Statements
Statement Form

Conditional p � q
Converse q � p
Inverse : p � : q
Contrapositive : q � : p

By the transposition equivalence (TrnE), the conditional and contrapositive statements are equivalent to
each other. Also, the converse and inverse are equivalent toeach other.
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Chapter 27

Real Analysis

27.1 Limits

27.2 In�nite Series
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Chapter 28

The Calculus

28.1 In�nitesimal Numbers

An in�nitesimal numberis a number that isvery, very tiny. It's smaller than any number you can imagine. In
fact, it's smaller than any real number, and yet it's larger than zero. It's basically a number that is “in�nitely
small”. It's a bizarre concept, and yet a very useful one.

An in�nitesimal variable is designated with the pre�x letter d . For example, an in�nitesimal variable in
thex direction is calleddx, one in they direction is calleddy, etc. Such an in�nitesimal variable is called a
differential.

The calculusis the mathematics of such in�nitesimal numbers. We learn how to do basic algebra on them
and get useful results. There are two main branches of elementary calculus:

1. Differential calculusinvolves dividing one in�nitesimal number by another, in order to �nd slopesof
lines (which may include curved lines).

2. Integral calculusinvolves adding together an in�nite number of in�nitesimalnumbers, in order to �nd
areasunder curves.

28.2 Slopes (Derivatives)

Consider a straight line, such as shown in Figure 28.1. Theslopeof the line is a number that characterizes
how “steep” the line is with respect to the horizontal. A horizontal line has a slope of zero, while a vertical
line has in�nite slope. More speci�cally, the slope is de�ned to be how much they value changes per unit
change inx value. If we choose two points along the line (as shown in the �gure), then the difference inx
coordinates is called therun, while the difference iny coordinates is called therise. The slope is de�ned as

slopeD
rise
run

D
•y
•x

(28.1)

where•y is the change iny and•x is the change inx. A positiveslope hasincreasingy for increasingx
(as shown in the �gure), while anegativeslope hasdecreasingy for increasingx.

On highways, you may occasionally see signs waring something like, “TRUCK WARNING: 6% GRADE
AHEAD”. Here gradeis the same thing as slope — a 6% grade means a slope of 0.06. (Grades are always
given as positive numbers — you can look though the windshield to see whether it's uphill or downhill. But
the warning is usually given for downhill slopes so that truck drivers can shift to a lower gear and avoid
overtaxing their brakes.)
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Figure 28.1: Caption for slope-formula-allno highlight

Now suppose we wish to �nd the slope of acurve, such as a parabola. Clearly the slope will be different
depending on which two points we choose along the curve: points chosen near the vertex of the parabola will
give a lower slope, while points chosen farther away will give a higher slope. In fact, we de�ne the slope of
a curved line at a point to be the slope of thetangentline at that point. The slope of that tangent line will
change as we move along the parabola, away from the vertex.

How do we compute the slope at a point along a curved line? Let's say we have a curvef .x/ , and let the
point at which you wish to calculate the slope have abscissax. Also de�ne a point we'll callx0 (greater than
x), but we allowx0 to move freely along thex axis. Then for a given choice ofx0, the “run” is•x D x0 � x
and the “rise” is•y D f .x 0/ � f .x/ D f .x C •x/ � f .x/ . The slope between these two points is then

slope�
rise
run

D
•y
•x

D
f .x C •x/ � f .x/

•x
(28.2)

Now imaginex0 moving closer and closer tox, so that•x gets closer and closer to zero. Then the slope will
get closer and closer to a limiting value. We write the slope as

slopeD lim
•x ! 0

f .x C •x/ � f .x/
•x

D
dy
dx

D
d
dx

f .x/ (28.3)

This is the de�nition of what we call thederivativeof f .x/ at pointx: the slope of the tangent line, which is
the slope between two points that are “in�nitely close” to each other at the point of interest.
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Example.Suppose we have the parabolaf .x/ D x2. Then the derivative off at x is

dy
dx

D lim
•x ! 0

f .x C •x/ � f .x/
•x

(28.4)

D lim
•x ! 0

.x C •x/ 2 � x2

•x
(28.5)

D lim
•x ! 0

.x 2 C 2x•x C .•x/ 2 / � x2

•x
(28.6)

D lim
•x ! 0

2x•x C .•x/ 2

•x
(28.7)

D lim
•x ! 0

.2x C •x/ (28.8)

In the limit where•x goes to zero, the•x term disappears, and we have simply

dy
dx

D 2x (28.9)

Example.Suppose we have the cubicf .x/ D 4x3. Then the derivative off at x is

dy
dx

D lim
•x ! 0

f .x C •x/ � f .x/
•x

(28.10)

D lim
•x ! 0

4.x C •x/ 3 � 4x3

•x
(28.11)

D lim
•x ! 0

4.x 3 C 3x2•x C 3x.•x/ 2 C .•x/ 3 / � 4x3

•x
(28.12)

D lim
•x ! 0

4x3 C 12x2•x C 12x.•x/ 2 C 4.•x/ 3 � 4x3

•x
(28.13)

D lim
•x ! 0

12x2•x C 12x.•x/ 2 C 4.•x/ 3

•x
(28.14)

D lim
•x ! 0

Œ12x2 C 12x•x C 4.•x/ 2• (28.15)

In the limit where•x goes to zero, the last two terms (involving•x ) disappear, and we have simply

dy
dx

D 12x2 (28.16)

In general, we have the following derivative formulas:

d
dx

.constant/ D 0 (28.17)

d
dx

Œcf .x/•D c
d
dx

Œf .x/• (28.18)

Using the binomial theorem, it is possible to derive the following derivative formula:

d
dx

xn D nxn� 1 (28.19)
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Operations on Derivatives

d
dx

Œf .x/C g.x/• D f 0.x/ C g0.x/ (28.20)

d
dx

Œf .x/� g.x/• D f 0.x/ � g0.x/ (28.21)

d
dx

Œf .x/� g.x/• D f 0.x/g.x/ C f .x/g 0.x/ (28.22)

d
dx

f .x/
g.x/

D
g.x/f 0.x/ � f .x/g 0.x/

Œg.x/•2
(28.23)

Derivative Notation

Historically, several different notations have been devised to indicate the derivative:

Leibniz:
dy
dx

Lagrange: f 0.x/

Newton: Py

Euler: D x f .x/

The Leibniz and Lagrange notations are used today interchangeably. Newton's notation is common in
advanced classical mechanics, and today it is usedonly to indicate derivatives with respect totime: Px D
dx=dt. The Euler notationD x is attributed to Leonhard Euler, although he may not have used it himself.

28.3 Areas (Integrals)

28.4 Arc Length

28.5 Optimization Problems

Example.

28.6 Differential Equations
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28.7 Problems

1. You have 100 ft of fence available, and wish to construct a rectangular play area for your dog Scruffy
next to your house. You will use the side of the house as one side of the rectangle, and the fencing for
the other three sides. What must be the dimensions of the rectangular play area that will maximize its
area? What will be its area in square feet?

2. There is a 50-boat �shing �eet, each boat of which can catchan average of 5000 lb of �sh. For each
additional boat there is a corresponding drop in the catch of50 lb of herring per (extra) boat. Find the
number of boats that should go out so that the entire �eet can catch the largest amount of �sh. What is
the amount of �sh?
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Chapter 29

Complex Analysis

29.1 Complex Roots

´ D a C bi

Write ´ in polar form:

´ D r. cos� C i sin� /

where

r D
p

a2 C b2

� D tan� 1
�

b
a

�

Thus

´ D r expŒi.�C 2�k/•

wherek is an integer. Then then-th root of´ is

wk D ´
1
n D n

p
r exp

�
i

�
� C 2�k

n

��
(29.1)

or

wk D ´
1
n D n

p
r

�
cos

�
� C 2�k

n

�
C i sin

�
� C 2�k

n

��
(29.2)

for k D 0 : : : n � 1.

The n-th Roots of Unity

Let's look at a special case: then-th roots of unity (1). If´ D 1, thenr D 1 and� D 0. Then then-th roots
of 1 are

wk D
�
cos

�
2�k

n

�
C i sin

�
2�k

n

��
(29.3)

for k D 0 : : : n � 1.
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Chapter 30

Graph Theory
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Chapter 31

Game Theory
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Chapter 32

Fractals
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Chapter 33

Mathematical Lore

This history of mathematics is replete with lore and personal anecdotes. A few are given here.

33.1 Gauss's Summation Shortcut

Once when Carl Friedrich Gauss was a young pupil (age 10), hisschoolteacher wanted to take a rest and
asked the students to sum the integers from 1 to 100 as busy work. After a few seconds, the teacher saw
Gauss sitting idle. When asked why he was not frantically doing addition, Gauss quickly replied that the sum
was 5050. His classmates and teacher were astonished, and Gauss ended up being the only pupil to calculate
the correct answer.

Gauss had devised a shortcut. He recognized that if you add together the 1 at the beginning of the sequence
to the 100 at the end, you get 101. Likewise, if you add the second number to the second-to-last, you get 101,
and so on. Re-arranging the numbers into pairs like this, Gauss found the sum to be

.1 C 100/C .2 C 99/ C .3 C 98/ C .4 C 97/ C : : : C .50 C 51/

Gauss realized that there were 50 pairs of numbers and that each pair added to 101, so the total must be
50� 101D 5050.

33.2 Ramanujan and 1729

British mathematician G.H. Hardy once went to visit Indian mathematician Srinivasa Ramanujan when Ra-
manujan was in the hospital. Hardy writes this anecdote thatillustrates Ramanujan's familiarity with num-
bers:

I remember once going to see him [Ramanujan] when he was ill atPutney. I had ridden in taxi
cab No. 1729 and remarked that the number seemed to me rather adull one, and that I hoped
it was not an unfavourable omen. “No,” he replied, “it is a very interesting number; it is the
smallest number expressible as the sum of two cubes in two different ways.”

(The number1729D 13 C 123 D 93 C 103.)
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33.3 Fermat's Last Theorem

Pierre de Fermat (1601–1665) was a lawyer and amateur mathematician. Around the year 1637, he annotated
his copy (now lost) of Bachet's translation of Diophantus'Arithmetica1 with the following statement (in
Latin):

Cubum autem in duos cubos, aut quadratoquadratum in duos quadratoquadratos, et generaliter
nullam in in�nitum ultra quadratum potestatem in duos ejusdem nominis fas est dividere: cujus
rei demonstrationem mirabilem sane detexi. Hanc marginis exiguitas non caperet.

In English, and using modern terminology, the paragraph above reads as:

There are no positive integers such thatxn C yn D ´ n for n > 2 . I've found a remarkable proof
of this fact, but there is not enough space in the margin [of the book] to write it.

(See Reference [41].)
This theorem has since been calledFermat's last theorem. Fermat's lost proof has since become one

of the greatest mysteries in all of the history of mathematics. Did Fermat really have a valid proof of this
theorem? If so, what happened to it? Fermat's missing proof has never been found.

However, in 1994, English mathematician Andrew Wiles �nally did prove the theorem, after many years
of work and using the very latest cutting-edge techniques known to number theory. [51,52] Wiles's proof is
hundreds of pages long, and involves mathematics far more advanced than anything Fermat had available in
his time. It may well be that Fermat never did have a valid proof, but some mathematicians still hold out hope
that one day Fermat's mysterious proof will one day be found,or perhaps independently re-discovered.2

33.4 Ramanujan's Amicable Numbers

Mathematician Ramanujan didn't have any close friends and someone asked him the reason. He replied that
although he wanted to have close friends but nobody was up to his expectations.

When pressed how he expected his friend to be, he replied, “like numbers 220 and 284.”
The person got confused and asked, “What is the connection between friendship and these numbers?”
Ramanujan asked him to �nd the divisors of each number. With much dif�culty, the person derived and

listed them as,

220! 1; 2; 4; 5; 10; 11; 20; 22; 44; 55; 110; 220

284! 1; 2; 4; 71; 142; 284

Ramanujan then asked the person to exclude the numbers 220 and 284 and asked the sum of the remaining
divisors. The person was astonished to �nd

220! 1 C 2 C 4 C 5 C 10C 11C 20C 22C 44C 55C 110D 284

284! 1 C 2 C 4 C 71C 142D 220

Ramanujan explained that an ideal friendship should be likethese numbers, to complement each other.
Even when one is absent, the other should represent the friend.3

1Arithmeticais an Ancient Greek text on mathematics written by the mathematician Diophantus of Alexandria (c. 200/214 A.D. - c.
284/298 A.D.).

2Fermat's last theorem is mentioned in the TV seriesStar Trek: The Next Generation. In the series episodeThe Royale, Captain
Picard is in his Ready Room, working on trying to prove the theorem — apparently unaware that the theorem had been proved almost
400 years earlier. The Season 2 episode aired in 1989, just �ve years before Wiles proved the theorem in real life.

3Numbers related in this way are calledamicable numbers.
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33.5 The “Unsolvable Problems”

One day in 1939, George Bernard Dantzig, a doctoral candidate at the University of California, Berkeley,
arrived late for a graduate-level statistics class. He was lucky he was late for class that day, because it led to
some important results.

Dantzig recounted the story in a 1986 interview for theCollege Mathematics Journal:

It happened because during my �rst year at Berkeley I arrivedlate one day at one of [Jerzy]
Neyman's classes. On the blackboard there were two problemsthat I assumed had been assigned
for homework. I copied them down. A few days later I apologized to Neyman for taking so long
to do the homework — the problems seemed to be a little harder than usual. I asked him if he still
wanted it. He told me to throw it on his desk. I did so reluctantly because his desk was covered
with such a heap of papers that I feared my homework would be lost there forever. About six
weeks later, one Sunday morning about eight o'clock, [my wife] Anne and I were awakened
by someone banging on our front door. It was Neyman. He rushedin with papers in hand, all
excited: “I've just written an introduction to one of your papers. Read it so I can send it out right
away for publication.” For a minute I had no idea what he was talking about. To make a long
story short, the problems on the blackboard that I had solvedthinking they were homework were
in fact two famous unsolved problems in statistics. That wasthe �rst inkling I had that there was
anything special about them.

A year later, when I began to worry about a thesis topic, Neyman just shrugged and told me
to wrap the two problems in a binder and he would accept them asmy thesis.

The second of the two problems, however, was not published until after World War II. It
happened this way. Around 1950 I received a letter from Abraham Wald enclosing the �nal
galley proofs of a paper of his about to go to press in theAnnals of Mathematical Statistics.
Someone had just pointed out to him that the main result in hispaper was the same as the second
“homework” problem solved in my thesis. I wrote back suggesting we publish jointly. He simply
inserted my name as coauthor into the galley proof.

33.6 Frank Nelson Cole andM 67

On October 31, 1903, American mathematician Frank Nelson Cole famously made a presentation to a meeting
of the American Mathematical Society where he identi�ed thefactors of the Mersenne number267 � 1, or
M67 . Édouard Lucas had demonstrated in 1876 thatM67 must have factors (i.e., is not prime), but he did not
determine what those factors were. During Cole's so-called“lecture,” he approached the chalkboard and in
complete silence proceeded to calculate the value ofM67 , with the result being 147,573,952,589,676,412,927.
Cole then moved to the other side of the board and wrote 193,707,721� 761,838,257,287, and worked
through the tedious calculations by hand. Upon completing the multiplication and demonstrating that the
result equaledM67 , Cole returned to his seat, not having uttered a word during the hour-long presentation.
His audience greeted the presentation with a standing ovation. Cole later admitted that �nding the factors had
taken “three years of Sundays”. [20]

33.7 Gar�eld's Pythagorean Proof

The twentieth president of the United States, James A. Gar�eld, once developed an original proof of the
Pythagorean theorem. He got the idea while a member of the House of Representatives, after discussing
mathematics with other members of Congress. Gar�eld's proof was published in an educational journal, and
is considered to be quite original.
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Chapter 34

Mental Arithmetic

In this chapter, we'll look at a few tricks of mental arithmetic. You will probably �nd these handy in everyday
life, and you can also use these methods to impress your friends.

34.1 Multiplying or Dividing by Powers of 2

If you want to multiply or divide by a power of 2, just double (or halve) the number by the number of times
given in the power:

• To multiply a number by 4, double it twice.

• To multiply a number by 8, double it 3 times.

• To multiply a number by 16, double it 4 times.

• To multiply a number by 32, double it 5 times.

and similarly for division:

• To divide a number by 4, halve it twice.

• To divide a number by 8, halve it 3 times.

• To divide a number by 16, halve it 4 times.

• To divide a number by 32, halve it 5 times.

Example.15� 8. Just double 15 three times: 30, 60, 120. The answer is 120.

Example.84� 16: Just halve 84 four times: 42, 21, 10.5, 5.25. The answer is 5.25.

34.2 Squares of Numbers Near 50

In his bookSurely You're Joking, Mr. Feynman!, Nobel laureate Richard Feynman relates a trick of mental
arithmetic he learned from fellow physicist Hans Bethe at Los Alamos.
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Don't you know how to square numbers near 50? [Bethe] says, “You square 50 — that's 2500
— and subtract 100 times the difference of your number from 50. If you want the correction,
square the difference and add it on.”

Example.Find482.
Solution.If we want482, we (mentally) �nd the difference from 50 is 2, so

482 � 2500� 200D 2300

or to be more precise, we add on the correction of22 D 4:

482 D 2500� 200C 4 D 2304

Example.Find532.
Solution.If we want532, we (mentally) �nd the difference from 50 is 3, so

532 � 2500C 300D 2800

or to be more precise, we add on the correction of32 D 9:

532 D 2500C 300C 9 D 2809

34.3 Squares of Numbers Near 100

To square a number near 100: Take the difference of the numberfrom 100, and subtract it from your number.
Multiply by 100, and add the square of that difference.

Example.Find962.
Solution. The difference of 96 from 100 is 4. Take 4 from 96 to get 92. The square of 4 is 16, so the

answer is 9216.

Example.Find942.
Solution. The difference of 94 from 100 is 6. Take 6 from 94 to get 88. The square of 6 is 36, so the

answer is 8836.

Example.Find1022.
Solution.The difference of 102 from 100 is� 2. Take� 2 from 102 to get 104. The square of� 2 is 4, so

the answer is 10404.

34.4 Divisibility Rules

There are a few tricks you can use to determine the divisibility of integers “by inspection”:

• 2 is a factor of all even numbers.

• 3 is a factor when the sum of the digits is divisible by 3.
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• 4 is a factor when the rightmost two digits are a 0 or a number divisible by 4.

• 5 is a factor when the units digit is 5 or 0.

• 6 is a factor of all even numbers that are divisible by 3.

• 7 is a factor if, writing the number as10aC b, we �nd a � 2b is 0 or a multiple of 7.

• 8 is a factor when the rightmost three digits are zeros or a number divisible by 8.

• 9 is a factor when the sum of the digits is visible by 9.

• 10 is a factor if the units digit is 0.

• 11 is a factor when the sum of the digits in the even places equalsthe sum of the digits in the odd
places, or when the difference between these two sums is 11 orsome multiple of 11.

• 19 is a factor if, when the number is written in the form100aC b, the numbera C 4b is divisible by
19.

Example.Is 4,065,717 divisible by 3?
Solution.The sum of the digits is 30, whichis a multiple of 3. Soyes, 4,065,717 is divisible by 3.

34.5 Square Root of a Two-Digit Number

To �nd the (approximate) square root of a two-digit number inyour head:

• Think of the largest perfect square less than your number; then you want to �nd the square root of the
sum of your perfect square and the difference.

• The approximate answer is: the square root of your perfect square, plus the difference divided by twice
the square root. In other words, write your problem as

p
N D

p
p 2 C d, wherep 2 is a perfect square.

The desired square root is approximatelyp C d=.2p/ .

Example.
p

12.
Solution.For this problem, the largest perfect square less than the radicand is32 D 9, so the solution is

p
12 �

p
9 C 3

D 3 C 3=.2 � 3/

D 31
2 D 3:5:

Example.
p

37.
Solution.The largest perfect square less than 37 is is62 D 36, so write this as

p
37 �

p
36C 1

D 6 C 1
12 D 6:083
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34.6 Cube Roots

This is a clever method for quickly determining the cube rootof any perfect cube less than1;000;000.1 First,
examine the following tables, showing the perfect cubes of 10 through 90 on the left, and 1 through 9 on the
right:

103 D 1;000 13 D 1
203 D 8;000 23 D 8
303 D 27;000 33 D 27
403 D 64;000 43 D 64
503 D 125;000 53 D 125
603 D 216;000 63 D 216
703 D 343;000 73 D 343
803 D 512;000 83 D 512
903 D 729;000 93 D 729

Example. As an example of this method, suppose we ask someone to cube a two-digit number on a
calculator and tell us the result. We're told the result is12;167. Now what is the cube root of12;167(i.e. the
person's original two-digit number)? It's quite easy to do this mentally. Just look in the left-hand table and
�nd the largest number less than12;167. It's 20, so we know the desired cube root lies between 20 and 30,
and so it begins with a 2. Now notice an interesting property of the right-hand table: the cube of any digit
ends in a different, unique digit. (For example, the cube of 2ends in 8, the cube of 3 ends in 7, etc.) The
number we were given (12;167) ends in a 7, and the only cube that ends in a 7 is 3. Therefore, the cube root
is 23.

Example.What is the cube root of79; 507? In the left-hand table, the biggest number less than this isthe
cube of 40, and so the cube root begins with a 4. The given number ends in a 7, so the second digit must be
3 (since33 D 27). Therefore, the cube root is 43.

Example.What is the cube root of474; 552? Referring to the tables, the �rst digit must be 7, and the last
digit must be 8. The cube root is 78.

This method requires memorizing the tables above, but it's not as bad as it may �rst appear. In the �rst
place, the cubes in the left-hand table are just 1000 times the cubes in the right-hand table. Furthermore, in
the right-hand table, notice that 1, 4, 5, 6, and 9 all map to themselves:13 ends in 1,43 ends in 4,53 ends in
5, etc. For the other digits, 2 and 8 are switched, and 3 and 7 are switched (23 ends in 8,83 ends in 2,33 ends
in 7, and73 ends in 3.). So all you really need to remember is the cubes of 1through 9.

Practice this for a while, and you can challenge your friendsto give you the cube of any two-digit number,
and you can provide the cube root in just a few seconds.

34.7 Multiplication Tables through 19� 19

In elementary school, you memorized your multiplication tables through12� 12. It's pretty easy to extend
this through19� 19, without memorizing anything.

Here's the method. You want to memorize10C a by 10C b, wherea andb are single digits. This is:

.10 C a/ � .10 C b/ D 100C 10.a C b/ C ab

1See YouTube videosLearning Math with Howie Hua.
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In other words, add 100, 10 times the sum of the �nal digits, and the product of the �nal digits. With practice,
you can do this pretty quickly.

Example.12� 13 is 100, plus the sum times 10, plus the product:100C Œ.2C 3/• � 10C .2 � 3/ D 156.

Example.14� 17 D 100C 110C 28 D 238:

Example.19� 19 D 100C 180C 81 D 361:
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Chapter 35

Recreational Mathematics

35.1 Magic Squares

A magic squareis a square array of numbers in which all the rows, all the columns, and the two diagonals
add up to the same number. We'll describe here some particularly interesting magic squares.

The Melencolia Magic Square

One very famous magic square appears in the 1514 engravingMelencholia Iby the German artist Albrecht
Dürer (1471–1528) (Figure 35.1).

If you look carefully at the upper-right part of Dürer's engraving (below the bell), you'll see a4 � 4 array
of numbers. (This is also shown enlarged in the table below.)This is not just some random array of numbers,
but amagic square: all the rows, columns, and the two diagonals add up to the same number, 34. Also, for
this remarkable magic square square, the four corner squares and four center squares add up to 34; so do the
opposite pairs 3 2 15 14 and 8 12 9 5; and so do the slanting squares 2 8 15 9 and 3 5 12 14. The corner sets
of squares also add up 34: 9 6 15 14, 3 10 5 16, 2 13 8 11, and 12 1 14 7. Furthermore, the bottom line of the
square shows the date of the engraving: 1514.

16 3 2 13

5 10 11 8

9 6 7 12

4 15 14 1
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Figure 35.1:Melencolia Iby Albrecht Dürer.
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Figure 35.2: The IXOHOXI magic square. [34]

IXOHOXI

Another unusual magic square goes by the name IXOHOXI1 [34] (Figure 35.2). As with other magic squares,
all the rows, columns, and two diagonals add up to the same number: in this case, 19998. But IXOHOXI
has a special property: it's still a magic square if you hold it upside-down, or in front of a mirror, or even
upside-down in front of a mirror. The sums all rows, columns,or the two diagonals is still always 19998. In
fact, the name of the magic square (IXOHOXI) also remains unchanged whether rightside-up, upside-down,
in a mirror, or upside-down in a mirror.

35.2 The Möbius Strip

Take a long, thin strip of paper (like a strip of thermal printer paper), a couple of feet or so long. Now bring
the ends together. But instead of forming a simple ring, giveone of the ends a half-twist before gluing them
together. The result is a peculiar surface called aMöbius strip(Figure 35.3).

For more about the Möbius strip, see Reference [15].
Starting at one spot on the strip, begin coloring it red. Moveleft to right along the strip, coloring red as

you go, and stop when you reach the point where you started. Now color the other side green.
You'll �nd that you can't. The strip is already all red, and thereis no “other side” to color green. The

Möbius strip is a one-sided surface.
You might like to see what happens if you cut the Möbius stripinto two strips, by cutting lengthwise

along the strip. What happens if you cut it into thirds (threestrips lengthwise)?

1PronouncedIxo-hocksee.
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Figure 35.3: A Möbius strip. (wonderopolis.org)

35.3 Conway's Game of Life

The October 1970 issue ofScienti�c American Magazineincluded a very popular article in its monthly
“Mathematical Games” column: a game created by mathematician John Horton Conway, who is well known
for his work in recreational mathematics. The article described Conway's latest game, which he calledLife.
It was originally envisioned as a board game with a board of squares and black and white counters, but today
is is run almost entirely on computers.

Life is an example of what is calledcellular autonoma.
Imagine a board or piece of paper of in�nite extent, on which are drawn a grid of square (like graph

paper). You begin by placing some initial pattern on the board by placing counters on squares, however you
wish. This is the initial “generation.” You then apply the rules of the game to your pattern, and the rules
determine what the next “generation” will look like.

The rules of the game of Life are:

1. Survivals.Every counter with two or three neighboring counters survives for the next generation.

2. Deaths. Each counter with four or more neighbors dies (is removed) from overpopulation. Every
counter with one neighbor or none dies from isolation.

3. Births. Each empty cell adjacent to exactly three neighbors—no more, no fewer—is a birth cell. A
counter is placed on it at the next move.

You end of with a surprising variety of outcomes, depending on the initial pattern. There are “still life”
patterns that do not change from one generation to the next; “oscillators” that repeat over and over with some
period; “gliders” and “spaceships” that travel across the board; and many more. Figure 35.4 gives a small
sample of some of the patterns that have been discovered.

If you're interested in learning more about Life, see references [16,17,23].
You can play Life yourself using Internet implementations such as https://conwaylife.com/ . Just enter

some different initial patterns and watch what happens—theresults can be unexpected and unpredictable.
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Figure 35.4: A few patterns in Life. (Credit: blog.xojo.com)
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Figure 35.5: The Mandelbrot set.

For example, one early discovery was the “R pentomino” pattern. It consists of only �ve counters, and yet it
takes 1103 generations for it to �nally evolve into a stable pattern of eight blocks, six gliders, four beehives,
four blinkers, one boat, one loaf, and one ship.

35.4 The Mandelbrot Set

The Mandelbrot set2 (Figure 35.5) is a �gure on the complex plane: the real axis ishorizontal, and the
imaginary axis is vertical. For each pointc on the plane, one initializes the variable “count” and the complex
numbeŕ to zero, then calculates the following repeatedly:

1. ´  ´ 2 C c

2. count count + 1

Repeat these steps untilj´ j > 2 or “count” exceeds 1000, whichever comes �rst. We then assign a color to
pointc based on the value reached by “count” at the end of this procedure. Points that reach a value of 1000
are in the Mandelbrot set, and are shown in black in Figure 35.5. Other colors indicate in a sense how “near”
those points are to the Mandelbrot set.

The Mandelbrot set is an example of a branch of mathematics called fractal geometry. You may wish
to search the Internet for “Mandelbrot set viewer”3 and use it to zoom in on parts of the Mandelbrot set,
particularly near the “edges”. You'll see what appears to betiny copies of the whole set scattered throughout
the complex plane, and yet every region is different. You canlook all over the Mandelbrot set and zoom in to
see more and more detail — and yet you'll never see the same thing twice.

Exploring the Mandelbrot set became a popular pastime afterit was the cover story on the August 1985
issue ofScienti�c Americanmagazine. It was the subject of that month'sMathematical Recreationscolumn.

2Pronounced asMAN-dell-brot.
3For example, the Mandelbrot Set Explorer at https://mandel.gart.nz/
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35.5 Martin Gardner's “Mathematical Games”

For thirty years (1956–1986), Martin Gardner wrote a very popular column inScienti�c Americanmagazine
called “Mathematical Games.” The column covered many different topics in recreational mathematics. Ap-
pendix 20 is an index to the all “Mathematical Games” columns. The articles can be found in back issues of
Scienti�c American, and they have also been reprinted in a series of 15 books (also listed in Appendix 20).

The table below shows a few of these “Mathematical Games” columns on topics discussed in this text.

The game of Hex July 1957
The Soma cube September 1958
Magic squares March 1959
The golden ratio August 1959
The number� July 1960
The four-color map problem September 1960
Binary numbers December 1960
The ellipse February 1961
The numbere October 1961
Ternary numbers May 1964
Trisecting an angle June 1966
The Möbius strip December 1968
Fibonacci & Lucas Numbers March 1969
The game of Life October 1970, February 1971
The Collatz conjecture June 1972
The hyperbola September 1977
The numberi August 1979
The parabola August 1981
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35.6 Problems

1. Is the boy safe?

2. You have two ropes that each take exactly two minutes to burn from one end to the other. How do you
measure 45 minutes using the ropes?
(No cutting, measuring, or folding of the ropes is allowed. The ropes can only be lit from the end of
the rope. You will use both ropes laid out in a straight line.)

3. Given:


 2 4
+ 
 2 4
+ 
 2 4

4 4 4

Find the values of
 , 2 , and4 .
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35.7 Projects

1. InvestigateTupper's self-referential formula:

1
2

<
j
mod

�j y
17

k
2� 17bx c� mod.by c;17/ ; 2

�k

When this function is plotted, it creates a graph of itself.
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Chapter 36

Topology
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Chapter 37

Measure Theory
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Chapter 38

Topics in Advanced Mathematics

38.1 The Riemann Zeta Function

An important special function in number theory is theRiemann zeta function�.n/ , de�ned for integer argu-
ments as

�.n/ D
1X

k D 1

1
kn

(38.1)

The de�nition can be extended to real arguments, giving the plots shown in Figure 38.1.

The Riemann Hypothesis

The Riemann hypothesis is the conjecture that the Riemann zeta function has its zeros only at the negative
even integers and complex numbers with real part1

2 . A proof of this conjecture is one of Hilbert's 23 problems
and is one of the Millennium Prize problems (see below, Sections38.3 and 38.4). It is considered by many
to bethemost important unsolved problem in pure mathematics, and its solution would have very important
implications for the study of prime numbers.

Figure 38.1: Plot of the Riemann zeta function,�.x/ . (Credit: Wolfram MathWorld)
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Figure 38.2: The prime counting function�.n/ and its approximation Li.n/ , for prime numbersn < 1000.
(Credit: Wolfram MathWorld.)

38.2 The Prime Number Theorem

Theprime number theoremhas to do with the distribution of prime numbers. In particular, de�ne theprime
counting function�.n/ to be the number of prime numbers less than some integern. Although noexact
analytic form of�.n/ is known, the prime number theorem gives an approximation (due to Gauss):

�.n/ � Li .n/ (38.2)

where Li.n/ is thelog integral function, de�ned by

Li .n/ D
Z n

2

dx
ln x

�
1X

k D 0

kŠ n
.ln n/k C 1

(38.3)

Figure 38.2 shows a plot of the prime counting function�.n/ and its approximation Li.n/ for prime
numbersn < 1000. As seen in the �gure, an alternative approximation for the prime counting function is due
to Legendre (1808),

�.n/ �
n

ln n C B
(38.4)

whereB D � 1:08366is known asLegendre's constant.

38.3 Hilbert's 23 Problems

In 1900, German mathematician David Hilbert published a list of 23 (then) unsolved problems in mathe-
matics, intending for it to a list of example problems that could lead to future directions for mathematical
research. A description of Hilbert's 23 problems is given below.1

1These descriptions are from Wolfram MathWorld, https://mathworld.wolfram.com .
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1. “Cantor's problem of the cardinal number of the continuum.” The question of if there is a trans�nite
number between that of a denumerable set and the numbers of the continuum was answered by Gödel
and Cohen in their solution to the continuum hypothesis to the effect that the answer depends on the
particular version of set theory assumed. The question of ifthe continuum of numbers be considered a
well ordered set is related to Zermelo's axiom of choice. In 1963, the axiom of choice was demonstrated
to be independent of all other axioms in set theory. There is universal consensus on whether these
results give a solution to this problem.

2. “The compatibility of the arithmetical axioms.” Gödel's second incompleteness theorem indicated
that it is cannot be proven that the axioms of logic are consistent in the sense that any formal system
interesting enough to formulate its own consistency can prove its own consistency iff it is inconsistent.
There is no consensus if the results of Gödel and Gentzen provide a solution.

3. Give two tetrahedra that cannot be decomposed into congruent tetrahedra directly or by adjoining
congruent tetrahedra. Dehn [57, 58] showed that a regular tetrahedron cannot be decomposed into
a �nite number of congruent tetrahedra (directly or by joining congruent tetrahedra) which can be
reassembled to make a cube. It follows immediately form thisresult that two tetrahedra cannot be
decomposed, as Hilbert proposed.

4. Find geometries whose axioms are closest to those of Euclidean geometry if the ordering and incidence
axioms are retained, the congruence axioms weakened, and the equivalent of the parallel postulate
omitted. This problem was solved by G. Hamel.

5. Can the assumption of differentiability for functions de�ning a continuous transformation group be
avoided? (This is a generalization of the Cauchy functionalequation.) Solved by John von Neumann
in 1930 for bicompact groups. Also solved for the Abelian case, and for the solvable case in 1952
with complementary results by Montgomery and Zippin (subsequently combined by Yamabe in 1953).
Andrew Gleason showed in 1952 that the answer is also “yes” for all locally bicompact groups.

6. Can physics be axiomatized?

7. Let � ¤ 1 ¤ 0 be algebraic and� irrational. Is � � then transcendental? In particular, are the
Gelfond-Schneider constant2

p
2 and Gelfond's constante� transcendental [59]?� � is known to be

transcendental for the special case of� an irrational algebraic number, as proved in 1934 by Aleksander
Gelfond in a result now known as Gelfond's theorem [60]. However, the case of nonalgebraic irrational
� has not been resolved, with solutions known only for degenerate constructions such as� D 2; � D
ln 3=ln 2.

8. Prove the Riemann hypothesis. The conjecture has still been neither proved nor disproved.

9. Construct generalizations of the reciprocity theorem ofnumber theory.

10. Does there exist a universal algorithm for solving Diophantine equations? The impossibility of obtain-
ing a general solution was proven by Yuri Matiyasevich in 1970 [61–65] by showing that the relation
n D F2m (whereF2m is the.2m/th Fibonacci number) is Diophantine. More speci�cally, Matiyase-
vich showed that there is a polynomialP in n, m, and a number of other variablesx; y; ´; : : : having
the property thatn D F2m iff there exist integersx; y; ´; : : : such thatP.n; m; x; y; ´; :::/ D 0.

11. Extend the results obtained for quadratic �elds to arbitrary integer algebraic �elds.

12. Extend a theorem of Kronecker to arbitrary algebraic �elds by explicitly constructing Hilbert class
�elds using special values. This calls for the constructionof holomorphic functions in several variables
which have properties analogous to the exponential function and elliptic modular functions [66].
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13. Show the impossibility of solving the general seventh degree equation by functions of two variables.

14. Show the �niteness of systems of relatively integral functions.

15. Justify Schubert's enumerative geometry [67].

16. Study the topology of real algebraic curves and surfaces. See [68–70] for additional details.

17. Find a representation of de�nite form by squares.

18. Build spaces with congruent polyhedra.

19. Analyze the analytic character of solutions to variational problems.

20. Solve general boundary value problems.

21. Solve differential equations given a monodromy group. More technically, prove that there always exists
a Fuchsian system with given singularities and a given monodromy group. Several special cases had
been solved, but a negative solution was found in 1989 by B. Bolibruch [56].

22. Uniformization of analytic relations by means of automorphic functions. This problem asks whether
every algebraic or analytic curve (solutions to polynomialequations) can be written in terms of single-
valued functions.

23. Extend the methods of the calculus of variations.

38.4 The Millennium Prize Problems

In 2000, the Clay Mathematics Institute challenged the mathematical community to solve these seven prob-
lems, in homage to the 23 famous problems posed by David Hilbert in 1900. These are considered to be
the most important unsolved problems in mathematics. To date, only one of these has been solved — the
Poincaré conjecture. The Clay Institute offers a prize of US $1,000,000 for the solvers of each problem. [6,8]

1. The Birch and Swinnerton-Dyer Conjecture.The rank of an elliptic curve equals its analytic rank.

2. The Hodge Conjecture.Every Hodge class on a projective complex manifold is algebraic.

3. Existence and Smoothness of the Navier-Stokes Equation.Given any initial conditionv0 D v.x; 0/
a vector �eld onR3, is there a vector functionv.x; t / and a pressure functionp. x; t / that satisfy the
equations? Is there a smooth solution ifv0 is smooth?

4. The Poincaré Conjecture.Any simply connected, closed 3-manifold is the same as the 3-sphere. (This
is the only Millennium Prize problem that has been solved.)

5. The P versus NP Problem.DoesP D NP? HereP is the set of computational problems for which a
solution can be found in polynomial time;NP is the set of computational problems for which a solution
can be veri�ed in polynomial time.

6. The Riemann Hypothesis.The nontrivial zeroes of the Riemann zeta function lie on theline Res D 1
2 .

7. Quantum Yang-Mills Theory.Show that the Yang-Mills theory in quantum physics is internally log-
ically consistent, and prove that there is a strictly positive lower bound on the masses of particles
predicted by the theory.
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38.5 Prizes in Mathematics

There is no Nobel prize in mathematics. Its equivalent is theFields medal, which recognizes speci�c major
contributions to mathematics. The Fields medal has been awarded every four years since 1950. Recipients
must be under the age of 40.

The other major award in mathematics is theAbel prize. This is awarded to mathematicians to recognize
a lifetime of achievements in mathematics. There is no age limit for the Abel prize.
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Chapter 39

Introduction to the Electronic
Calculator

An electronic calculator is allowed for all homework and exams for this course. No speci�c model of cal-
culator is required, and a very simple, inexpensive TI-30XIIS (about $15) would be perfectly adequate. The
author's personal preference is for calculators with Reverse Polish Notation (RPN), such as the Hewlett-
Packard HP 15C, HP 42S, and their modern SwissMicros1 clones DM 15 and DM 42. You may wish to
investigate these calculators yourself, along with the free “app” calledFree42.2 Many people �nd RPN easier
to use and less error-prone than calculators with the more common algebraic notation.

For the following chapters, I will give instructions for both the popular TI 84 Plus calculator from Texas
Instruments, and the HP 42S calculator from Hewlett-Packard. If you have different calculator, the instruc-
tions should be similar, but you should consult your calculator user's manual for details.

Here we will be reviewing some basic calculator skills, withspecial emphasis on traps that tend to cause
students the most dif�culty.

39.1 Algebraic Notation

39.2 Reverse Polish Notation

39.3 Arithmetic Notation

1https://www.swissmicros.com
2Free42 by Thomas Okken,https://thomasokken.com/free42
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Chapter 40

Calculators with Algebraic Notation (TI
84 Plus)

The Texas Instruments TI-84 Plus (and its cousins1) is a full-featured graphing scienti�c calculator, and an
enhanced version of Texas Instruments' earlier TI-83 Plus calculator. It is a favorite among college students
today

40.1 Calculator Memory Registers

The TI 84 Plus calculator has 27 memories you can use to store results; they are labeledA throughZ, plus� .
You may store a number into any of these memories (rather thanwriting down intermediate results on paper).
The names of the memory registers are printed in green on the keyboard, above and to the right of the keys.

The names are accessed using the greenALPHA key.

For example, to store the number 3 in memory register X:

3 STOI ALPHA X ENTER

You may also store the result of the most recent calculation into a memory register. For example, to
calculate2 C 3, then store the result in memory register Y:

2 C 3 ENTER STOI ALPHA Y ENTER

To retrieve the number from a memory register, just enter itsname. For example, to recall the value stored
in memory register X:

ALPHA X ENTER

40.2 Break Problems Up Into Small Pieces

1TI-84 Plus Silver Edition, TI-84 Plus C Silver Edition, TI-84 Plus CE, and TI-84 Plus CE Python.
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Chapter 41

Calculators with Reverse Polish
Notation (HP 42S)

41.1 Introduction

The Hewlett-Packard HP 42S is another full-featured scienti�c calculator (without graphics). The HP 42S
uses Reverse Polish Notation (RPN) entry mode, which will bedescribed here.

41.2 Reverse Polish Notation (RPN)

Electronic calculators like the HP 42S use a notation calledReverse Polish Notation, a “reversed” version of a
mathematical notation developed by the Polish logician Jan�ukasiewicz. In �ukasiewicz's original notation,
instead of placing operators between numbers as we normallywould,

.5 � 6/ � 7

he proposed putting the operators in front:

� � 5 6 7

thus eliminating any need for parentheses. This is sometimes calledPolish notation.
In Reverse Polish Notation (RPN), one writes the operatorsafter the expression. In this example, we

would write

5 6 � 7 �

This system is easy to implement in hardware: one creates a “stack” on which numbers are temporarily
stored, and the operator acts on the most recent two numbers in the stack. The stack contains four registers
named X, Y, Z, and T, and each register can hold one number. We can think of the stack as looking like this:

T
Z
Y
X
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On an RPN calculator, normally only the X register is visiblein the display. On the HP 42S, both the
X and Y registers are visible. The DM 42S can be con�gured to show all four registers in the display. But
always, the result of the current calculation is shown in theX register (at the bottom of the stack).

With RPN, we enter numbers onto the stack, separating them with the ENTER key as needed. Then

each operation key operates on the two numbers in the X and Y registers:

• TheC key doesY C X

• The� key doesY � X

• The� key doesY � X

• The� key doesY � X

For example, to compute3 C 4, we would do:

3 ENTER 4 C

The result (7) is left in the X register.
To look at this in more detail:

• Pressing 3 enters the number 3 into the X register.

• PressingENTERcopies the 3 from the X register to the Y register. Now both X and Y contain a 3.

• Pressing 4 overwrites the X register with a 4. Now X contains4, and Y contains 3.

• PressingC adds the contents of X and Y, leaving the result (7) in X.

Similarly, to compute3 � 4, we would do:

3 ENTER 4 �

The result (� 1) is left in the X register.
The other arithmetic keys work similarly. Some, like these,operate on the two numbers in the X and Y

registers. Others, like1=x and
p

x operate only on the number in the X register.
Here's a more complicated example:

2 C
3.5 C 7/

p
8 C 2

p
6

we would evaluate this the same way we would work with paper and pencil, allowing the stack to store
intermediate results:

• 5 ENTER7 C — Start with5 C 7, leaving 12 in the X register.

• 3 � — multiply the 12 by 3, leaving 36 in the X register.

• 6
p

x — Now go to the denominator and �nd
p

6, which will be left in X. The previous result (36)
is saved in Y.

• 2 � — Now X has2
p

6, and Y still has 36.

• 8
p

x C — Add
p

8 to the denominator in X. Now X has 7.7274. Y still has 36.
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• � — Now divide Y � X to evaluate the fraction. Now X has 4.6587.

• 2 C — Add the 2 in front. Now X has 6.6587, the �nal result, in X.

Notice that we have no need for parentheses, and we evaluate the expression just as we would with paper and
pencil.

41.3 Calculator Storage Registers

The HP 42S has 25 storage registers (called R0 through R24 that can be used to store temporary results. To

store the contents of the X register into a storage register,press theSTO key, followed by the two-digit

register number. Similarly, to recall the number in a storage register back to the X register in the stack, press

the RCL key, followed by the two-digit register number.

For example, let's compute2 C 3, and save the result in storage register R7.

2 ENTER 3 C STO 0 7

Now we'll recall R7 to the stack and add 4.

RCL 0 7 4 C

The result, 9, is left in the X register.

294



Appendices

295



Appendix 1

Hints for Selected Problems

Chapter 2
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Appendix 2

Solutions to Selected Problems

Chapter 2
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Appendix 3

Greek Alphabet

Table 3-1. The Greek alphabet.

Letter Name
A � Alpha
B � Beta
€ 
 Gamma
• � Delta
E " Epsilon
Z � Zeta
H � Eta
‚ � Theta
I � Iota

K � Kappa
ƒ � Lambda
M � Mu
N � Nu
„ � Xi
O o Omicron
… � Pi
P � Rho
† � Sigma
T � Tau
‡ � Upsilon
ˆ ' Phi
X � Chi
‰  Psi
• ! Omega

(Alternate forms:° D � , � D ", # D � , ~ D � , $ D � , %D � , & D � , � D ' , YD ‡ .)
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Appendix 4

Fraktur Alphabet

TheFraktur alphabet was used to write German from the 16th century until1941, when its use was banned
by the Nazi regime. Today it is still occasionally used in mathematics to make available more symbols than
those in the standard Roman and Greek alphabets.
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Appendix 5

Arithmetic Tables

Addition Table

C 0 1 2 3 4 5 6 7 8 9
0 0 1 2 3 4 5 6 7 8 9
1 1 2 3 4 5 6 7 8 9 10
2 2 3 4 5 6 7 8 9 10 11
3 3 4 5 6 7 8 9 10 11 12
4 4 5 6 7 8 9 10 11 12 13
5 5 6 7 8 9 10 11 12 13 14
6 6 7 8 9 10 11 12 13 14 15
7 7 8 9 10 11 12 13 14 15 16
8 8 9 10 11 12 13 14 15 16 17
9 9 10 11 12 13 14 15 16 17 18

Multiplication Table

� 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
1 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25
2 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50
3 3 6 9 12 15 18 21 24 27 30 33 36 39 42 45 48 51 54 57 60 63 66 69 72 75
4 4 8 12 16 20 24 28 32 36 40 44 48 52 56 60 64 68 72 76 80 84 88 92 96 100
5 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100 105 110 115 120 125
6 6 12 18 24 30 36 42 48 54 60 66 72 78 84 90 96 102 108 114 120 126 132 138 144 150
7 7 14 21 28 35 42 49 56 63 70 77 84 91 98 105 112 119 126 133 140 147 154161 168 175
8 8 16 24 32 40 48 56 64 72 80 88 96 104 112 120 128 136 144 152 160 168 176 184 192 200
9 9 18 27 36 45 54 63 72 81 90 99 108 117 126 135 144 153 162 171 180 189198 207 216 225
10 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190 200210 220 230 240 250
11 11 22 33 44 55 66 77 88 99 110 121 132 143 154 165 176 187 198 209 220231 242 253 264 275
12 12 23 36 48 60 72 84 96 108 120 132 144 156 168 180 192 204 216 228 240 252 264 276 288 300
13 13 24 39 52 65 78 91 104 117 130 143 156 169 182 195 208 221 234 247 260 273 286 299 312 325
14 14 28 42 56 70 84 98 112 126 140 154 168 182 196 210 224 238 252 266 280 294 308 322 336 350
15 15 30 45 60 75 90 105 120 135 150 165 180 195 210 225 240 255 270 285300 315 330 345 360 375
16 16 32 48 64 80 96 112 128 144 160 176 192 208 224 240 256 272 288 304320 336 352 368 384 400
17 17 34 51 68 85 102 119 136 153 170 187 204 221 238 255 272 289 306 323 340 357 374 391 408 425
18 18 36 54 72 90 108 126 144 162 180 198 216 234 252 270 288 306 324 342 360 378 396 414 432 450
19 19 38 57 76 95 114 133 152 171 190 209 228 247 266 285 304 323 342 361 380 399 418 437 456 475
20 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300 320 340 360 380 400 420 440 460 480 500
21 21 42 63 84 105 126 147 168 189 210 231 252 273 294 315 336 357 378 399 420 441 462 483 504 525
22 22 44 66 88 110 132 154 176 198 220 242 264 286 308 330 352 374 396 418 440 462 484 506 528 550
23 23 46 69 92 115 138 161 184 207 230 253 276 299 322 345 368 391 414 437 460 483 506 529 552 575
24 24 48 72 96 120 144 168 192 216 240 264 288 312 336 360 384 408 432 456 480 504 528 552 576 600
25 25 50 75 100 125 150 175 200 225 250 275 300 325 350 375 400 425 450475 500 525 550 575 600 625
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Appendix 6

Prime Numbers

Table 6-1. Prime numbers less than 1000.
2 3 5 7 11 13 17 19
23 29 31 37 41 43 47 53
59 61 67 71 73 79 83 89
97 101 103 107 109 113 127 131
137 139 149 151 157 163 167 173
179 181 191 193 197 199 211 223
227 229 233 239 241 251 257 263
269 271 277 281 283 293 307 311
313 317 331 337 347 349 353 359
367 373 379 383 389 397 401 409
419 421 431 433 439 443 449 457
461 463 467 479 487 491 499 503
509 521 523 541 547 557 563 569
571 577 587 593 599 601 607 613
617 619 631 641 643 647 653 659
661 673 677 683 691 701 709 719
727 733 739 743 751 757 761 769
773 787 797 809 811 821 823 827
829 839 853 857 859 863 877 881
883 887 907 911 919 929 937 941
947 953 967 971 977 983 991 997
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Appendix 7

Prime Factorizatons

Table 7-1. Prime factorizations of integers to 100.
1 — 26 2 � 13 51 3 � 17 76 22 � 19
2 2 27 33 52 22 � 13 77 7 � 11
3 3 28 22 � 7 53 53 78 2 � 3 � 13
4 22 29 29 54 2 � 33 79 79
5 5 30 2 � 3 � 5 55 5 � 11 80 24 � 5
6 2 � 3 31 31 56 23 � 7 81 34

7 7 32 25 57 3 � 19 82 2 � 41
8 23 33 3 � 11 58 2 � 29 83 83
9 32 34 2 � 17 59 59 84 22 � 3 � 7
10 2 � 5 35 5 � 7 60 22 � 3 � 5 85 5 � 17
11 11 36 22 � 32 61 61 86 2 � 43
12 22 � 3 37 37 62 2 � 31 87 3 � 29
13 13 38 2 � 19 63 32 � 7 88 23 � 11
14 2 � 7 39 3 � 13 64 26 89 89
15 3 � 5 40 23 � 5 65 5 � 13 90 2 � 32 � 5
16 24 41 41 66 2 � 3 � 11 91 7 � 13
17 17 42 2 � 3 � 7 67 67 92 22 � 23
18 2 � 32 43 43 68 22 � 17 93 3 � 31
19 19 44 22 � 11 69 3 � 23 94 2 � 47
20 22 � 5 45 32 � 5 70 2 � 5 � 7 95 5 � 19
21 3 � 7 46 2 � 23 71 71 96 25 � 3
22 2 � 11 47 47 72 23 � 32 97 97
23 23 48 24 � 3 73 73 98 2 � 72

24 23 � 3 49 72 74 2 � 37 99 32 � 11
25 52 50 2 � 52 75 3 � 52 100 22 � 52
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Appendix 8

Julian Day Conversions

The following algorithms are taken fromAstronomical Algorithmsby Jean Meeus [33]. Here INT.x/ means
taking the integer part ofx.

Calendar Date to Julian Day

Let Y be the year,M the month number (1 to 12), andD the day of month (including fraction of a day).
Then:

• If M D 1 or M D 2, then replaceY by Y � 1 andM by M C 12. (If M > 2 , then leaveY andM
unchanged.)

• ComputeA andB:

A D INT
�

Y
100

�
B D 2 � A C INT

�
A
4

�

(If using the Old-Style Julian calendar, instead takeB D 0.)

• The Julian Day is then

JD D INTŒ365:25.YC 4716/•C INTŒ30:6001.MC 1/• C D C B C 1524:5 (8.1)

Julian Day to Calendar Date

• Add 0.5 to the Julian Day. LetZ be the integer part, andF the fractional (decimal) part of the result.

• If Z < 2299161, takeA D Z . Otherwise, �nd

� D INT
�

Z � 1867216:25
36524:25

�

A D Z C 1 C � � INT
� �

4

�
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• Then calculate

B D A C 1524

C D INT
�

B � 122:1
365:25

�

D D INT.365:25C /

E D INT
�

B � D
30:6001

�

• The day of the month (with decimals, if any) is then

B � D � INT.30:6001D/ C F

• The month numberm is

E � 1 if E < 14
E � 13 if E D 14or E D 15

• The year is

C � 4716 if m > 2
C � 4715 if m D 1 or m D 2
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Appendix 9

Derivation of the Quadratic Formula

The general quadratic equation is

ax2 C bx C c D 0 (9.1)

To solve forx, we �rst divide both sides bya:

x2 C
b
a

x C
c
a

D 0

Now subtractc=afrom both sides:

x2 C
b
a

x D �
c
a

(9.2)

Next, add
�

b
2a

� 2
to both sides so we can complete the square:

x2 C
b
a

x C
�

b
2a

� 2

D �
c
a

C
�

b
2a

� 2

(9.3)

Simplifying,
�

x C
b
2a

� 2

D �
c
a

4a
4a

C
b2

4a2
D

b2 � 4ac
4a2

(9.4)

Take the square root of both sides:

x C
b
2a

D �

s
b2 � 4ac

4a2
D �

p
b2 � 4ac

2a
(9.5)

Finally, we subtractb=2afrom both sides:

x D �
b

2a
�

p
b2 � 4ac

2a
(9.6)

or

x D
� b �

p
b2 � 4ac

2a
(9.7)

which is the quadratic formula.
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Appendix 10

Binomial Coef�cients (Pascal's Triangle)

nCr D
� n
r

�
: Values ofn in left column; values ofr in top row.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1
5 1 5 10 10 5 1
6 1 6 15 20 15 6 1
7 1 7 21 35 35 21 7 1
8 1 8 28 56 70 56 28 8 1
9 1 9 36 84 126 126 84 36 9 1

10 1 10 45 120 210 252 210 120 45 10 1
11 1 11 55 165 330 462 462 330 165 55 11 1
12 1 12 66 220 495 792 924 792 495 220 66 12 1
13 1 13 78 286 715 1287 1716 1716 1287 715 286 78 13 1
14 1 14 91 364 1001 2002 3003 3432 3003 2002 1001 364 91 14 1
15 1 15 105 455 1365 3003 5005 6435 6435 5005 3003 1365 455 105 15 1
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Appendix 11

Table of Quarter Squares

N Q.S. N Q.S. N Q.S. N Q.S. N Q.S. N Q.S.

0 0 50 625 100 2500 150 5625 200 10000 250 15625
1 0 51 650 101 2550 151 5700 201 10100 251 15750
2 1 52 676 102 2601 152 5776 202 10201 252 15876
3 2 53 702 103 2652 153 5852 203 10302 253 16002
4 4 54 729 104 2704 154 5929 204 10404 254 16129
5 6 55 756 105 2756 155 6006 205 10506 255 16256
6 9 56 784 106 2809 156 6084 206 10609 256 16384
7 12 57 812 107 2862 157 6162 207 10712 257 16512
8 16 58 841 108 2916 158 6241 208 10816 258 16641
9 20 59 870 109 2970 159 6320 209 10920 259 16770

10 25 60 900 110 3025 160 6400 210 11025 260 16900
11 30 61 930 111 3080 161 6480 211 11130 261 17030
12 36 62 961 112 3136 162 6561 212 11236 262 17161
13 42 63 992 113 3192 163 6642 213 11342 263 17292
14 49 64 1024 114 3249 164 6724 214 11449 264 17424
15 56 65 1056 115 3306 165 6806 215 11556 265 17556
16 64 66 1089 116 3364 166 6889 216 11664 266 17689
17 72 67 1122 117 3422 167 6972 217 11772 267 17822
18 81 68 1156 118 3481 168 7056 218 11881 268 17956
19 90 69 1190 119 3540 169 7140 219 11990 269 18090
20 100 70 1225 120 3600 170 7225 220 12100 270 18225
21 110 71 1260 121 3660 171 7310 221 12210 271 18360
22 121 72 1296 122 3721 172 7396 222 12321 272 18496
23 132 73 1332 123 3782 173 7482 223 12432 273 18632
24 144 74 1369 124 3844 174 7569 224 12544 274 18769
25 156 75 1406 125 3906 175 7656 225 12656 275 18906
26 169 76 1444 126 3969 176 7744 226 12769 276 19044
27 182 77 1482 127 4032 177 7832 227 12882 277 19182
28 196 78 1521 128 4096 178 7921 228 12996 278 19321
29 210 79 1560 129 4160 179 8010 229 13110 279 19460
30 225 80 1600 130 4225 180 8100 230 13225 280 19600
31 240 81 1640 131 4290 181 8190 231 13340 281 19740
32 256 82 1681 132 4356 182 8281 232 13456 282 19881
33 272 83 1722 133 4422 183 8372 233 13572 283 20022
34 289 84 1764 134 4489 184 8464 234 13689 284 20164
35 306 85 1806 135 4556 185 8556 235 13806 285 20306
36 324 86 1849 136 4624 186 8649 236 13924 286 20449
37 342 87 1892 137 4692 187 8742 237 14042 287 20592
38 361 88 1936 138 4761 188 8836 238 14161 288 20736
39 380 89 1980 139 4830 189 8930 239 14280 289 20880
40 400 90 2025 140 4900 190 9025 240 14400 290 21025
41 420 91 2070 141 4970 191 9120 241 14520 291 21170
42 441 92 2116 142 5041 192 9216 242 14641 292 21316
43 462 93 2162 143 5112 193 9312 243 14762 293 21462
44 484 94 2209 144 5184 194 9409 244 14884 294 21609
45 506 95 2256 145 5256 195 9506 245 15006 295 21756
46 529 96 2304 146 5329 196 9604 246 15129 296 21904
47 552 97 2352 147 5402 197 9702 247 15252 297 22052
48 576 98 2401 148 5476 198 9801 248 15376 298 22201
49 600 99 2450 149 5550 199 9900 249 15500 299 22350
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Trigonometry

Pythagorean Formulæ

sin2 � C cos2 � � 1

sec2 � � 1 C tan2 �

csc2 � � 1 C cot2 �

Angle Addition Formulæ

sin.� � �/ � sin� cos� � cos� sin�

cos.� � �/ � cos� cos� � sin� sin�

tan.� � �/ �
tan� � tan�

1 � tan� tan�

Double-Angle Formulæ

sin2� � 2sin� cos� �
2 tan�

1 C tan2 �

cos2� � cos2 � � sin2 � � 1 � 2sin2 � � 2cos2 � � 1 �
1 � tan2 �
1 C tan2 �

tan2� �
2 tan�

1 � tan2 �

Triple-Angle Formulæ

sin3� � 3sin� � 4sin3 �

cos3� � 4cos3 � � 3cos�

tan3� �
3 tan� � tan3 �

1 � 3 tan2 �

cot3� �
cot3 � � 3cot�

3cot2 � � 1
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Quadruple-Angle Formulæ

sin4� � 4cos3 � sin� � 4cos� sin3 �

cos4� � cos4 � � 6cos2 � sin2 � C sin4 �

tan4� �
4 tan� � 4 tan3 �

1 � 6 tan2 � C tan4 �

cot4� �
cot4 � � 6cot2 � C 1

4cot3 � � 4cot�

Half-Angle Formulæ

sin
�
2

� �

r
1 � cos�

2

cos
�
2

� �

r
1 C cos�

2

tan
�
2

�
sin�

1 C cos�
�

1 � cos�
sin�

Products to Sums

sin� cos� �
1
2

Œsin.� C �/ C sin.� � �/•

cos� sin� �
1
2

Œsin.� C �/ � sin.� � �/•

cos� cos� �
1
2

Œcos.� C �/ C cos.� � �/•

sin� sin� � �
1
2

Œcos.� C �/ � cos.� � �/•

tan� tan� �
cos.� � �/ � cos.� C �/
cos.� � �/ C cos.� C �/

Sums to Products

sin� C sin� � 2sin
� C �

2
cos

� � �
2

sin� � sin� � 2cos
� C �

2
sin

� � �
2

cos� C cos� � 2cos
� C �

2
cos

� � �
2

cos� � cos� � � 2sin
� C �

2
sin

� � �
2

tan� C tan� �
sin.� C �/
cos� cos�

tan� � tan� �
sin.� � �/
cos� cos�
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Power Reduction Formulæ

sin2 � � 1
2 .1 � cos2�/

cos2 � � 1
2 .1 C cos2�/

tan2 � �
1 � cos2�
1 C cos2�

Other Formulæ

tan� � cot� � 2cot2�
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Credit: trigidentities.net , ©2005 Paul Dawkins.
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Exact values of trigonometric functions at3� intervals. (Ref. [19])
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Appendix 13

Hyperbolic Trigonometry

Pythagorean Formulæ

cosh2 x � sinh2 x � 1

sech2 x � 1 � tanh2 x

csch2 x � coth2 x � 1

Angle Addition Formulæ

sinh.x � y/ � sinhx coshy � coshx sinhy

cosh.x � y/ � coshx coshy � sinhx sinhy

tanh.x � y/ �
tanhx � tanhy

1 � tanhx tanhy

Double-Angle Formulæ

sinh2x � 2sinhx coshx

cosh2x � cosh2 x C sinh2 x

tanh2x �
2 tanhx

1 C tanh2 x

Half-Angle Formulæ

sinh
x
2

� �

r
coshx � 1

2

cosh
x
2

�

r
coshx C 1

2

tanh
x
2

�
sinhx

coshx C 1
�

coshx � 1
sinhx
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Products of Hyperbolic Sines and Cosines

sinhx coshy �
1
2

Œsinh.x C y/ C sinh.x � y/•

coshx sinhy �
1
2

Œsinh.x C y/ � sinh.x � y/•

coshx coshy �
1
2

Œcosh.x C y/ C cosh.x � y/•

sinhx sinhy �
1
2

Œcosh.x C y/ � cosh.x � y/•

Power Reduction Formulæ

sinh2 x � 1
2 .cosh2x � 1/

cosh2 x � 1
2 .cosh2x C 1/

Relations to Plane Trigonometric Functions

sinhx � � i sin.ix/

coshx � cos.ix/

tanhx � � i tan.ix/

315



Appendix 14

Useful Series

The �rst four series are valid ifjx j < 1 ; the �fth is valid for x2 < a 2; and the last three are valid for all real
x.

.1 C x/ 1=2 D 1C
1
2

x �
1
8

x2 C
1
16

x3 �
5

128
x4 C

7
256

x5 �
21

1024
x6 C

33
2048

x7 �
429

32768
x8 C � � � (14.1)

.1 � x/ 1=2 D 1�
1
2

x �
1
8

x2 �
1
16

x3 �
5

128
x4 �

7
256

x5 �
21

1024
x6 �

33
2048

x7 �
429

32768
x8 � � � � (14.2)

.1 C x/ � 1=2 D 1�
1
2

x C
3
8

x2 �
5
16

x3 C
35
128

x4 �
63
256

x5 C
231
1024

x6 �
429
2048

x7 C
6435
32768

x8 � � � � (14.3)

.1 � x/ � 1=2 D 1C
1
2

x C
3
8

x2 C
5
16

x3 C
35
128

x4 C
63
256

x5 C
231
1024

x6 C
429
2048

x7 C
6435
32768

x8 C � � � (14.4)

1
a C x

D
1
a

�
x
a2

C
x2

a3
�

x3

a4
C

x4

a5
�

x5

a6
C � � � (14.5)

ex D 1 C x C
x2

2
C

x3

6
C

x4

24
C

x5

120
C

x6

720
C

x7

5040
C

x8

40320
C

x9

362880
C � � � (14.6)

sinx D x �
x3

6
C

x5

120
�

x7

5040
C

x9

362880
�

x11

39916800
C

x13

6227020800
� � � � (14.7)

cosx D 1 �
x2

2
C

x4

24
�

x6

720
C

x8

40320
�

x10

3628800
C

x12

479001600
� � � � (14.8)
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Appendix 15

Mathematical Subtleties

• When taking the square root of both sides of an equation, a� sign must always be introduced. For
example:

x2 D a ) x D �
p

a

Both roots may be valid, or, depending on the problem, it may be that one root or the other may be
rejected on mathematical or physical grounds.

• Dividing an equation through by a variable may result in losing roots. For example, suppose we have

x2 � 4x D 0

Dividing through by the variablex will result in one solution,x D 4; the solutionx D 0 has been lost.
Instead of dividing through by the variablex, the proper procedure is tofactor outanx:

x.x � 4/ D 0

Since the product on the left-hand side is zero, it follows that eitherx D 0 or x D 4, and we retain
both roots.

• Likewise, multiplying an equation through by a variable (or squaring both sides) may introducenew
roots that were not roots of the original equation. For example, given the equation

3x2

x
D 6

Multiplying through by the variablex, we get

3x2 D 6x

or

x.3x � 6/ D 0

so thatx D 0 or x D 2. But clearlyx D 0 is not a valid solution to the original equation, since it
results in0

0 , which is unde�ned. Theonlyvalid root isx D 2.

It is a good practice to try substituting the roots you �nd back into the original equation to make sure it
is satis�ed by each of the roots you've found.
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• The relation
p

x
p

y D
p

xy (15.1)

is valid only forx; y � 0.

• The relation
r

x
y

D

p
x

p
y

(15.2)

is valid only fory > 0 .

• Some mathematical conventions:

? 1 isnot considered a prime number.

? 0ŠD 1

? 0ŠŠD 1

? 00 is unde�ned, but in some contexts it may be de�ned to be 0 or 1.

? Towers of exponents are evaluated from the top down:abc
D a.b c /
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• When taking an inverse trigonometric function, there willin general betwo correct values; your cal-
culator will give only one value, theprincipal value(P.V.). The other value is found using the table
below.

Function P.V. Other value
arcsin � � � �
arccos � � �
arctan � � C �
arcsec � � �
arccsc � � � �
arccot � � C �

For arctan.y=x/ , add� to the calculator's principal value answer ifx < 0 .
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Appendix 16

Table of Derivatives

d
dx

a D 0 (16.1)

d
dx

x D 1 (16.2)

d
dx

xn D nxn� 1 (16.3)

d
dx

p
x D

1
2
p

x
(16.4)

d
dx

sinx D cosx (16.5)

d
dx

cosx D � sinx (16.6)

d
dx

tanx D sec2 x (16.7)

d
dx

secx D tanx secx (16.8)

d
dx

cscx D � cotx cscx (16.9)

d
dx

cotx D � csc2 x (16.10)

(16.11)
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d
dx

ex D ex (16.12)

d
dx

ln x D
1
x

(16.13)

d
dx

ax D ax ln a (16.14)

d
dx

loga x D
1

x ln a
(16.15)

d
dx

sin� 1 x D
1

p
1 � x2

(16.16)

d
dx

cos� 1 x D
� 1

p
1 � x2

(16.17)

d
dx

tan� 1 x D
1

1 C x2
(16.18)

d
dx

sec� 1 x D
1

jx j
p

x2 � 1
(16.19)

d
dx

csc� 1 x D
� 1

jx j
p

x2 � 1
(16.20)

d
dx

cot� 1 x D
� 1

1 C x2
(16.21)

d
dx

sinhx D coshx (16.22)

d
dx

coshx D sinhx (16.23)

d
dx

tanhx D sech2 x (16.24)
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Appendix 17

Table of Integrals

In the following table, an arbitrary constantC should be added to each result.

Z
dx D x (17.1)

Z
a dx D ax (17.2)

Z
xn dx D

xnC 1

n C 1
.n ¤ � 1/ (17.3)

Z
p

x dx D
2
3

p
x3 (17.4)

Z
1
x

dx D ln jx j (17.5)

Z
sinx dx D � cosx (17.6)

Z
cosx dx D sinx (17.7)

Z
tanx dx D ln j secxj (17.8)

(17.9)
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Z
secx dx D ln j secx C tanxj (17.10)

Z
cscx dx D ln j cscx � cotx j (17.11)

Z
cotx dx D ln j sinxj (17.12)

Z
ex dx D ex (17.13)

Z
ln x dx D x ln x � x (17.14)

Z
ax dx D

ax

ln a
(17.15)

Z
loga x dx D

x ln x � x
ln a

(17.16)

Z
sinhx dx D coshx (17.17)

Z
coshx dx D sinhx (17.18)

Z
tanhx dx D ln coshx (17.19)
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Appendix 18

Fundamental Theorems of Mathematics

Fundamental Theorem of Arithmetic

Every integer greater than 1 can by represented uniquely as aproduct of prime numbers.

Fundamental Theorem of Algebra

Every polynomial equation of degreen hasn (complex) roots.

Fundamental Theorem of Calculus

Differentiation and integration are inverse operations ofeach other.
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Appendix 19

Chi-Squared Table

The following � 2 table shows critical values for the� 2 test for various degrees of freedom (rows). The
columns show the probability of exceeding the con�dence level and therefore rejecting the null hypothesis.
Nominally we will use a value of 0.05 for this (column highlighted in green) so that we �nd the critical value
for accepting the null hypothesis with 95% con�dence.
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� � � � � � � � � � � � 	 
 � � � 
 � � 
 � � � � 	 � � � � 
 � � � � � �

� � � � � � � � � � � � � � � � � � � �

 ! " # ! ! $ % &

& # ! ! ' % (

) * + , - . . / 0 1 2 / 0 2 / 0 / 3 / 4 2 / 4 5 2 / 4 3

3 6 6 6 6 6 6 6 4 / 4 4 3 4 / 4 4 7 4 / 4 3 8 5 / 1 4 8 9 / : 7 3 2 / 4 5 7 8 / 8 9 2

5 4 / 4 5 4 4 / 4 2 3 4 / 3 4 9 4 / 5 3 3 7 / 8 4 2 2 / 0 0 3 1 / 9 1 : 0 / 5 3 4

9 4 / 3 3 2 4 / 5 3 8 4 / 9 2 5 4 / 2 : 7 8 / 5 2 3 1 / : 3 2 0 / 9 7 : 3 3 / 9 7 2

7 4 / 5 0 1 4 / 7 : 7 4 / 1 3 3 3 / 4 8 7 1 / 1 1 0 0 / 7 : : 3 3 / 3 7 9 3 9 / 5 1 1

2 4 / 2 2 7 4 / : 9 3 3 / 3 7 2 3 / 8 3 4 0 / 5 9 8 3 3 / 4 1 4 3 5 / : 9 9 3 2 / 4 : 8

8 4 / : 1 5 3 / 5 9 1 3 / 8 9 2 5 / 5 4 7 3 4 / 8 7 2 3 5 / 2 0 5 3 7 / 7 7 0 3 8 / : 3 5

1 3 / 5 9 0 3 / 8 0 4 5 / 3 8 1 5 / : 9 9 3 5 / 4 3 1 3 7 / 4 8 1 3 8 / 4 3 9 3 : / 7 1 2

: 3 / 8 7 8 5 / 3 : 4 5 / 1 9 9 9 / 7 0 4 3 9 / 9 8 5 3 2 / 2 4 1 3 1 / 2 9 2 5 4 / 4 0 4

0 5 / 4 : : 5 / 1 4 4 9 / 9 5 2 7 / 3 8 : 3 7 / 8 : 7 3 8 / 0 3 0 3 0 / 4 5 9 5 3 / 8 8 8

3 4 5 / 2 2 : 9 / 5 7 1 9 / 0 7 4 7 / : 8 2 3 2 / 0 : 1 3 : / 9 4 1 5 4 / 7 : 9 5 9 / 5 4 0

3 3 9 / 4 2 9 9 / : 3 8 7 / 2 1 2 2 / 2 1 : 3 1 / 5 1 2 3 0 / 8 1 2 5 3 / 0 5 4 5 7 / 1 5 2

3 5 9 / 2 1 3 7 / 7 4 7 2 / 5 5 8 8 / 9 4 7 3 : / 2 7 0 5 3 / 4 5 8 5 9 / 9 9 1 5 8 / 5 3 1

3 9 7 / 3 4 1 2 / 4 4 0 2 / : 0 5 1 / 4 7 5 3 0 / : 3 5 5 5 / 9 8 5 5 7 / 1 9 8 5 1 / 8 : :

3 7 7 / 8 8 4 2 / 8 5 0 8 / 2 1 3 1 / 1 0 4 5 3 / 4 8 7 5 9 / 8 : 2 5 8 / 3 3 0 5 0 / 3 7 3

3 2 2 / 5 5 0 8 / 5 8 5 1 / 5 8 3 : / 2 7 1 5 5 / 9 4 1 5 7 / 0 0 8 5 1 / 7 : : 9 4 / 2 1 :

3 8 2 / : 3 5 8 / 0 4 : 1 / 0 8 5 0 / 9 3 5 5 9 / 2 7 5 5 8 / 5 0 8 5 : / : 7 2 9 5 / 4 4 4

3 1 8 / 7 4 : 1 / 2 8 7 : / 8 1 5 3 4 / 4 : 2 5 7 / 1 8 0 5 1 / 2 : 1 9 4 / 3 0 3 9 9 / 7 4 0

3 : 1 / 4 3 2 : / 5 9 3 0 / 9 0 4 3 4 / : 8 2 5 2 / 0 : 0 5 : / : 8 0 9 3 / 2 5 8 9 7 / : 4 2

3 0 1 / 8 9 9 : / 0 4 1 3 4 / 3 3 1 3 3 / 8 2 3 5 1 / 5 4 7 9 4 / 3 7 7 9 5 / : 2 5 9 8 / 3 0 3

5 4 : / 5 8 4 0 / 2 0 3 3 4 / : 2 3 3 5 / 7 7 9 5 : / 7 3 5 9 3 / 7 3 4 9 7 / 3 1 4 9 1 / 2 8 8

5 3 : / : 0 1 3 4 / 5 : 9 3 3 / 2 0 3 3 9 / 5 7 4 5 0 / 8 3 2 9 5 / 8 1 3 9 2 / 7 1 0 9 : / 0 9 5

5 5 0 / 2 7 5 3 4 / 0 : 5 3 5 / 9 9 : 3 7 / 4 7 3 9 4 / : 3 9 9 9 / 0 5 7 9 8 / 1 : 3 7 4 / 5 : 0

5 9 3 4 / 3 0 8 3 3 / 8 : 0 3 9 / 4 0 3 3 7 / : 7 : 9 5 / 4 4 1 9 2 / 3 1 5 9 : / 4 1 8 7 3 / 8 9 :

5 7 3 4 / : 2 8 3 5 / 7 4 3 3 9 / : 7 : 3 2 / 8 2 0 9 9 / 3 0 8 9 8 / 7 3 2 9 0 / 9 8 7 7 5 / 0 : 4

5 2 3 3 / 2 5 7 3 9 / 3 5 4 3 7 / 8 3 3 3 8 / 7 1 9 9 7 / 9 : 5 9 1 / 8 2 5 7 4 / 8 7 8 7 7 / 9 3 7

5 8 3 5 / 3 0 : 3 9 / : 7 7 3 2 / 9 1 0 3 1 / 5 0 5 9 2 / 2 8 9 9 : / : : 2 7 3 / 0 5 9 7 2 / 8 7 5

5 1 3 5 / : 1 0 3 7 / 2 1 9 3 8 / 3 2 3 3 : / 3 3 7 9 8 / 1 7 3 7 4 / 3 3 9 7 9 / 3 0 2 7 8 / 0 8 9

5 : 3 9 / 2 8 2 3 2 / 9 4 : 3 8 / 0 5 : 3 : / 0 9 0 9 1 / 0 3 8 7 3 / 9 9 1 7 7 / 7 8 3 7 : / 5 1 :

5 0 3 7 / 5 2 8 3 8 / 4 7 1 3 1 / 1 4 : 3 0 / 1 8 : 9 0 / 4 : 1 7 5 / 2 2 1 7 2 / 1 5 5 7 0 / 2 : :

9 4 3 7 / 0 2 9 3 8 / 1 0 3 3 : / 7 0 9 5 4 / 2 0 0 7 4 / 5 2 8 7 9 / 1 1 9 7 8 / 0 1 0 2 4 / : 0 5

7 4 5 5 / 3 8 7 5 7 / 7 9 9 5 8 / 2 4 0 5 0 / 4 2 3 2 3 / : 4 2 2 2 / 1 2 : 2 0 / 9 7 5 8 9 / 8 0 3

2 4 5 0 / 1 4 1 9 5 / 9 2 1 9 7 / 1 8 7 9 1 / 8 : 0 8 9 / 3 8 1 8 1 / 2 4 2 1 3 / 7 5 4 1 8 / 3 2 7

8 4 9 1 / 7 : 2 7 4 / 7 : 5 7 9 / 3 : : 7 8 / 7 2 0 1 7 / 9 0 1 1 0 / 4 : 5 : 9 / 5 0 : : : / 9 1 0

1 4 7 2 / 7 7 5 7 : / 1 2 : 2 3 / 1 9 0 2 2 / 9 5 0 : 2 / 2 5 1 0 4 / 2 9 3 0 2 / 4 5 9 3 4 4 / 7 5 2

: 4 2 9 / 2 7 4 2 1 / 3 2 9 8 4 / 9 0 3 8 7 / 5 1 : 0 8 / 2 1 : 3 4 3 / : 1 0 3 4 8 / 8 5 0 3 3 5 / 9 5 0

3 4 4 8 3 / 1 2 7 8 2 / 8 7 1 8 0 / 3 5 8 1 9 / 5 0 3 3 4 1 / 2 8 2 3 3 9 / 3 7 2 3 3 : / 3 9 8 3 5 7 / 3 3 8

3 4 4 4 1 4 / 4 8 2 1 7 / 5 5 5 1 1 / 0 5 0 : 5 / 9 2 : 3 3 : / 7 0 : 3 5 7 / 9 7 5 3 5 0 / 2 8 3 3 9 2 / : 4 1
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Appendix 20

Index to “Mathematical Games”

The following is an index to the 298 “Mathematical Games” columns by Martin Gardner, appearing inSci-
enti�c Americanmagazine between 1956 and 1986.

Issue Book Topic
Dec 1956 1 Hexa�exagons

Jan 1957 1 Magic with a Matrix
Feb 1957 1 Nine Problems
Mar 1957 1 Ticktacktoe
Apr 1957 1 Probability Paradoxes
May 1957 1 The Icosian Game and the Tower of Hanoi
Jun 1957 1 Curious Topological Models
Jul 1957 1 The Game of Hex
Aug 1957 1 Sam Loyd: America's Greatest Puzzlist
Sep 1957 1 Mathematical Card Tricks
Oct 1957 1 Memorizing Numbers
Nov 1957 1 Nine More Problems
Dec 1957 1 Polyominoes

Jan 1958 1 Fallacies
Feb 1958 1 Nim and Tac Tix
Mar 1958 1 Left or Right?
Apr 1958 2 The Monkey and the Coconuts
May 1958 2 Tetra�exagons
Jun 1958 2 Henry Ernest Dudeney: England's Greatest Puzzlist
Jul 1958 2 Digital Roots
Aug 1958 2 Nine Problems
Sep 1958 2 The Soma Cube
Oct 1958 2 Recreational Topology
Nov 1958 2 Squaring the Square
Dec 1958 2 The Five Platonic Solids
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Issue Book Topic
Jan 1959 2 Mazes
Feb 1959 2 Recreational Logic
Mar 1959 2 Magic Squares
Apr 1959 2 James Hugh Riley Shows, Inc.
May 1959 2 Nine More Problems
Jun 1959 2 Eleusis: The Induction Game
Jul 1959 2 Origami
Aug 1959 2 Phi: The Golden Ratio
Sep 1959 2 Mechanical Puzzles
Oct 1959 2 Probability and Ambiguity
Nov 1959 3 Euler's Spoilers: The Discovery of an Order-10 Graeco-Latin Square
Dec 1959 3 Group Theory and Braids

Jan 1960 2 The Mysterious Dr. Matrix
Feb 1960 3 Eight Problems
Mar 1960 3 The Games and Puzzles of Lewis Carroll
Apr 1960 3 Board Games
May 1960 3 Packing Spheres
Jun 1960 3 Paper Cutting
Jul 1960 3 The Transcendental Number Pi
Aug 1960 3 Victor Eigen: Mathemagician
Sep 1960 3 The Four-Color Map Theorem
Oct 1960 3 Nine Problems
Nov 1960 3 Polyominoes and Fault-Free Rectangles
Dec 1960 3 The Binary System

Jan 1961 9 Dr. Matrix (Los Angeles)
Feb 1961 3 The Ellipse
Mar 1961 3 The 24 Color Squares and the 30 Color Cubes
Apr 1961 3 H.S.M. Coxeter
May 1961 3 Mr. Apollinax Visits New York
Jun 1961 3 Nine More Problems
Jul 1961 3 Bridg-it and Other Games
Aug 1961 3 The Calculus of Finite Differences
Sep 1961 4 Knots and Borromean Rings
Oct 1961 4 The Transcendental Numbere
Nov 1961 4 Geometric Dissections
Dec 1961 4 Scarne on Gambling
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Issue Book Topic
Jan 1962 4 The Church of the Fourth Dimension
Feb 1962 4 Eight Problems
Mar 1962 4 A Matchbox Game-Learning Machine
Apr 1962 4 Spirals
May 1962 4 Rotations and Re�ections
Jun 1962 4 Peg Solitaire
Jul 1962 4 Flatlands
Aug 1962 4 Chicago Magic Convention
Sep 1962 4 Tests of Divisibility
Oct 1962 4 Nine Problems
Nov 1962 4 The Eight Queens and Other Chessboard Diversions
Dec 1962 4 A Loop of String

Jan 1963 9 Dr. Matrix (Sing Sing)
Feb 1963 4 Curves of Constant Width
Mar 1963 4 The Paradox of the Unexpected Hanging
Apr 1963 4 Thirty-Seven Catch Questions
May 1963 4 Rep-Tiles: Replicating Figures on the Plane
Jun 1963 5 The Helix
Jul 1963 5 Klein Bottles and Other Surfaces
Aug 1963 5 Combinatorial Theory
Sep 1963 5 Bouncing Balls in Polygons and Polyhedrons
Oct 1963 5 Four Unusual Board Games
Nov 1963 5 The Rigid Square and Eight Other Problems
Dec 1963 5 Parity Checks

Jan 1964 9 Dr. Matrix (Chicago)
Feb 1964 5 Sliding-Block Puzzles
Mar 1964 5 Patterns and Primes
Apr 1964 5 Graph Theory
May 1964 5 The Ternary System
Jun 1964 5 The Trip around the Moon and Seven Other Problems
Jul 1964 5 The Cycloid: Helen of Geometry
Aug 1964 5 Mathematical Magic Tricks
Sep 1964 5 Word Play
Oct 1964 5 The Pythagorean Theorem
Nov 1964 5 Limits of In�nite Series
Dec 1964 5 Polyiamonds
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Issue Book Topic
Jan 1965 9 Dr. Matrix (Miami Beach)
Feb 1965 5 Tetrahedrons
Mar 1965 5 Coleridge's Apples and Eight Other Problems
Apr 1965 5 In�nite Regress
May 1965 5 The Lattice of Integers
Jun 1965 5 O'Gara, the Mathematical Mailman
Jul 1965 5 Op Art
Aug 1965 5 Extraterrestrial Communication
Sep 1965 6 Piet Hein's Superellipse
Oct 1965 7 Polyominoes and Recti�cation
Nov 1965 6 The Red-Faced Cube and Other Problems
Dec 1965 6 Magic Stars and Polyhedrons

Jan 1966 9 Dr. Matrix (Philadelphia)
Feb 1966 6 Penny Puzzles
Mar 1966 6 Aleph-null and Aleph-one
Apr 1966 6 The Art of M. C. Escher
May 1966 6 Cooks and Quibble-Cooks
Jun 1966 6 How to Trisect an Angle
Jul 1966 6 The Numerology of Dr. Fliess
Aug 1966 6 The Rising Hourglass and Other Physics Puzzles
Sep 1966 6 Mrs. Perkins' Quilt and Other Square-Packing Problems
Oct 1966 6 Card Shuf�es
Nov 1966 6 Hypercubes
Dec 1966 6 Pascal's Triangle

Jan 1967 9 Dr. Matrix (Wordsmith College)
Feb 1967 6 Jam, Hot, and Other Games
Mar 1967 7 The Dragon Curve and Other Problems
Apr 1967 6 Calculating Prodigies
May 1967 6 Tricks of Lightning Calculators
Jun 1967 7 Polyhexes and Polyaboloes
Jul 1967 6 Sprouts and Brussels Sprouts
Aug 1967 7 Factorial Oddities
Sep 1967 7 Double Acrostics
Oct 1967 7 Knights of the Square Table
Nov 1967 7 The Cocktail Cherry and Other Problems
Dec 1967 7 Game Theory, Guess It, Foxholes
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Issue Book Topic
Jan 1968 9 Dr. Matrix (Squaresville)
Feb 1968 7 Trees
Mar 1968 7 Perfect, Amicable, Sociable
Apr 1968 8 Dollar Bills
May 1968 8 Spheres and Hyperspheres
Jun 1968 7 Playing Cards
Jul 1968 6 Random Numbers
Aug 1968 7 Ridiculous Questions
Sep 1968 7 Finger Arithmetic
Oct 1968 7 Colored Triangles and Cubes
Nov 1968 7 Dice
Dec 1968 7 Möbius Bands

Jan 1969 9 Dr. Matrix (Fifth Avenue)
Feb 1969 8 Boolean Algebra
Mar 1969 8 Fibonacci and Lucas Numbers
Apr 1969 8 The Rotating Round Table and Other Problems
May 1969 8 Random Walks and Gambling
Jun 1969 8 Random Walks on the Plane and in Space
Jul 1969 8 Matches
Aug 1969 8 Simplicity
Sep 1969 8 Mascheroni Constructions
Oct 1969 9 Dr. Matrix (The Moon)
Nov 1969 8 Patterns of Induction
Dec 1969 8 Dominoes

Jan 1970 8 The Abacus
Feb 1970 8 Eccentric Chess and Other Problems
Mar 1970 8 Cyclic Numbers
Apr 1970 8 Solar System Oddities
May 1970 8 Optical Illusions
Jun 1970 8 Elegant Triangles
Jul 1970 10 Diophantine Analysis and Fermat's Last Theorem
Aug 1970 8 Palindromes: Words and Numbers
Sep 1970 10 Wheels
Oct 1970 10 The Game of Life, Part I
Nov 1970 10 The Knotted Molecule and Other Problems
Dec 1970 10 Nontransitive Dice and Other Probability Paradoxes
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Issue Book Topic
Jan 1971 9 Dr. Matrix (Honolulu)
Feb 1971 10 The Game of Life, Part II
Mar 1971 10 Alephs and Supertasks
Apr 1971 10 Geometric Fallacies
May 1971 10 The Combinatorics of Paper Folding
Jun 1971 8 Can Machines Think?
Jul 1971 10 A Set of Quickies
Aug 1971 10 Ticktacktoe Games
Sep 1971 10 Plaiting Polyhedrons
Oct 1971 10 The Game of Halma
Nov 1971 10 Advertising Premiums
Dec 1971 10 Salmon on Austin's Dog

Jan 1972 10 Nim and Hackenbush
Feb 1972 9 Dr. Matrix (Houston)
Mar 1972 10 Golomb's Graceful Graphs
Apr 1972 10 Charles Addams' Skier and Other Problems
May 1972 10 Chess Tasks
Jun 1972 10 Slither,3X C 1, and Other Curious Questions
Jul 1972 10 Mathematical Tricks with Cards
Aug 1972 11 The Binary Gray Code
Sep 1972 11 Polycubes
Oct 1972 11 Coincidence
Nov 1972 11 Bacon's Cipher
Dec 1972 11 Doughnuts: Linked and Knotted

Jan 1973 11 Sim, Chomp, and Race Track
Feb 1973 11 Elevators
Mar 1973 11 Napier's Bones
Apr 1973 11 Napier's Abacus
May 1973 11 The Tour of the Arrows and Other Problems
Jun 1973 11 Crossing Numbers
Jul 1973 11 Newcomb's Paradox
Aug 1973 9 Dr. Matrix (Clairvoyance Test)
Sep 1973 11 Point Sets on the Sphere
Oct 1973 11 Look-See Proofs
Nov 1973 11 Worm Paths
Dec 1973 11 Waring's Problems
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Issue Book Topic
Jan 1974 11 The I Ching
Feb 1974 11 Cram, Bynum and Quadraphage
Mar 1974 11 Re�ections on Newcomb's Paradox
Apr 1974 11 Reverse the Fish and Other Problems
May 1974 12 Time Travel
Jun 1974 9 Dr. Matrix (Pyramid Lake)
Jul 1974 12 Hexes and Stars
Aug 1974 12 Tangrams, Part 1
Sep 1974 12 Tangrams, Part 2
Oct 1974 12 Nontransitive Paradoxes
Nov 1974 12 Combinatorial Card Problems
Dec 1974 12 Melody-Making Machines

Jan 1975 12 Anamorphic Art
Feb 1975 7 Nothing
Mar 1975 12 The Rubber Rope and Other Problems
Apr 1975 12 Six Sensational Discoveries (April Fools)
May 1975 12 The Császár Polyhedron
Jun 1975 12 Dodgem and Other Simple Games
Jul 1975 12 Tiling with Convex Polygons
Aug 1975 12 Tiling with Polyominoes, Polyiamonds, and Polyhexes
Sep 1975 9 Dr. Matrix (The King James Bible)
Oct 1975 * Concerning an Effort to Demonstrate ESP by Machine
Nov 1975 12 Curious Maps
Dec 1975 12 The Sixth Symbol and Other Problems

Jan 1976 12 Magic Squares and Cubes
Feb 1976 12 Block Packing
Mar 1976 12 Induction and Probability
Apr 1976 15 Trivalent Graphs, Snarks, and Boojums
May 1976 7 Everything
Jun 1976 12 Catalan Numbers
Jul 1976 12 Fun with a Pocket Calculator
Aug 1976 12 Tree-Plant Problems
Sep 1976 13 Conway's Surreal Numbers
Oct 1976 13 Back from the Klondike and Other Problems
Nov 1976 9 Dr. Matrix (Calcutta)
Dec 1976 13 Mandelbrot's Fractals
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Issue Book Topic
Jan 1977 13 Penrose Tiling
Feb 1977 13 The Oulipo
Mar 1977 13 Wythoff's Nim
Apr 1977 13 Pool-Ball Triangles and Other Problems
May 1977 13 Mathematical Induction and Colored Hats
Jun 1977 13 Negative Numbers
Jul 1977 13 Cutting Shapes into N Congruent Parts
Aug 1977 13 Trapdoor Ciphers
Sep 1977 13 Hyperbolas
Oct 1977 13 The New Eleusis
Nov 1977 13 Ramsey Theory
Dec 1977 9 Dr. Matrix (Stanford)

Jan 1978 13 From Burrs to Berrocal
Feb 1978 13 Sicherman Dice, the Kruskal Count and Other Curiosities
Mar 1978 13 Raymond Smyllyan's Logic Puzzles
Apr 1978 14 White, Brown, and Fractal Music
May 1978 14 The Tinkly Temple Bells
Jun 1978 14 Mathematical Zoo
Jul 1978 14 Charles Sanders Peirce
Aug 1978 14 Twisted Prismatic Rings
Sep 1978 14 The Thirty Color Cubes
Oct 1978 14 Egyptian Fractions
Nov 1978 14 Minimal Sculpture
Dec 1978 9 Dr. Matrix (Chautauqua)

Jan 1979 14 Tangent Circles
Feb 1979 14 The Rotating Table and Other Problems
Mar 1979 14 Does Time Ever Stop? Can the Past Be Altered?
Apr 1979 14 Generalized Ticktacktoe
May 1979 14 Psychic Wonders and Probability
Jun 1979 14 Mathematical Chess Problems
Jul 1979 14 Douglas Hofstadter'sGödel, Escher, Bach
Aug 1979 14 Imaginary Numbers
Sep 1979 14 Pi and Poetry: Some Accidental Patterns
Oct 1979 14 Packing Squares
Nov 1979 14 Chaitin's Omega
Dec 1979 15 A Toroidal Paradox and Other Problems
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Issue Book Topic
Jan 1980 15 Checker Recreations
Feb 1980 15 M -Pire Maps
Mar 1980 15 Directed Graphs and Cannibals
Apr 1980 15 Fun with Eggs
May 1980 15 Dinner Guests, Schoolgirls, and Handcuffed Prisoners
Jun 1980 15 The Monster and Other Sporadic Groups
Jul 1980 15 The Wonders of a Planiverse
Aug 1980 15 The Power of the Pigeonhole
Sep 1980 9 Dr. Matrix (Istanbul)
Oct 1980 15 Voting Mathematics
Nov 1980 15 Taxicab Geometry
Dec 1980 15 Strong Laws of Small Primes

Feb 1981 15 Modulo Arithmetic and Hummer's Wicked Witch
Apr 1981 15 Levina Seeks a Room and Other Problems
Jun 1981 15 The Symmetry Creations of Scott Kim
Aug 1981 15 Parabolas
Oct 1981 15 Non-Euclidean Geometry
Dec 1981 11 The Laffer Curve

Aug 1983 15 Bulgarian Solitaire and Other Seemingly EndlessTasks
Sep 1983 15 The Topology of Knots

Jun 1986 15 Minimal Steiner Trees

*Note:The October 1975 column was not published in any of the books.

Book titles

1. Hexa�exagons and Other Mathematical Diversions: The First Scienti�c AmericanBook of Mathemat-
ical Puzzles and Games

2. The SecondScienti�c AmericanBook of Mathematical Puzzles and Diversions

3. New Mathematical Diversions

4. The Unexpected Hanging and Other Mathematical Diversions: A Classic Collection of Puzzles and
Games fromScienti�c American

5. Martin Gardner's 6th Book of Mathematical Diversions from Scienti�c American

6. Mathematical Carnival

7. Mathematical Magic Show

8. Mathematical Circus

9. The Magic Numbers of Dr. Matrix
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10. Wheels, Life, and Other Mathematical Amusements

11. Knotted Doughnuts and Other Mathematical Entertainments

12. Time Travel and Other Mathematical Bewilderments

13. Penrose Tiles to Trapdoor Ciphers...and the Return of Dr. Matrix

14. Fractal Music, Hypercards, and More: Mathematical Recreations fromScienti�c AmericanMagazine

15. The Last Recreations: Hydras, Eggs, and Other Mathematical Mysti�cations
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Appendix 21

SI Units

Table 21-1. SI base units.

Name Symbol Quantity

meter m length
kilogram kg mass
second s time
ampere A electric current
kelvin K temperature
mole mol amount of substance
candela cd luminous intensity
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Table 21-2. Derived SI units.

Name Symbol De�nition Base Units Quantity

radian rad m / m — plane angle
steradian sr m2 / m2 — solid angle
newton N kg m s� 2 kg m s� 2 force
joule J N m kg m2 s� 2 energy
watt W J / s kg m2 s� 3 power
pascal Pa N / m2 kg m� 1 s� 2 pressure
hertz Hz s� 1 s� 1 frequency
coulomb C A s A s electric charge
volt V J / C kg m2 A � 1 s� 3 electric potential
ohm • V / A kg m2 A � 2 s� 3 electrical resistance
siemens S A / V kg� 1 m� 2 A2 s3 electrical conductance
farad F C / V kg� 1 m� 2 A2 s4 capacitance
weber Wb V s kg m2 A � 1 s� 2 magnetic �ux
tesla T Wb / m2 kg A� 1 s� 2 magnetic induction
henry H Wb / A kg m2 A � 2 s� 2 induction
lumen lm cd sr cd sr luminous �ux
lux lx lm / m2 cd sr m� 2 illuminance
becquerel Bq s� 1 s� 1 radioactivity
gray Gy J / kg m2 s� 2 absorbed dose
sievert Sv J / kg m2 s� 2 dose equivalent
katal kat mol / s mol s� 1 catalytic activity
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Table 21-3. SI pre�xes.

Pre�x Symbol De�nition English

quetta- Q 1030 nonillion
ronna- R 1027 octillion
yotta- Y 1024 septillion
zetta- Z 1021 sextillion
exa- E 1018 quintillion
peta- P 1015 quadrillion
tera- T 1012 trillion
giga- G 109 billion
mega- M 106 million
kilo- k 103 thousand
hecto- h 102 hundred
deka- da 101 ten
deci- d 10� 1 tenth
centi- c 10� 2 hundredth
milli- m 10� 3 thousandth
micro- � 10 � 6 millionth
nano- n 10� 9 billionth
pico- p 10� 12 trillionth
femto- f 10� 15 quadrillionth
atto- a 10� 18 quintillionth
zepto- z 10� 21 sextillionth
yocto- y 10� 24 septillionth
ronto- r 10� 27 octillionth
quecto- q 10� 30 nonillionth

Table 21-4. Binary pre�xes (for computer use only).

Pre�x Symbol De�nition

quebi- Qi 2100 D 1,267,650,600,228,229,401,496,703,205,376
robi- Ri 290 D 1,237,940,039,285,380,274,899,124,224
yobi- Yi 280 D 1,208,925,819,614,629,174,706,176
zebi- Zi 270 D 1,180,591,620,717,411,303,424
exbi- Ei 260 D 1,152,921,504,606,846,976
pebi- Pi 250 D 1,125,899,906,842,624
tebi- Ti 240 D 1,099,511,627,776
gibi- Gi 230 D 1,073,741,824
mebi- Mi 220 D 1,048,576
kibi- Ki 210 D 1,024
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Appendix 22

Gaussian Units

Table 22-1. Gaussian base units.

Name Symbol Quantity

centimeter cm length
gram g mass
second s time
kelvin K temperature
mole mol amount of substance
candela cd luminous intensity
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Table 22-2. Derived Gaussian units.

Name Symbol De�nition Base Units Quantity

radian rad m / m — plane angle
steradian sr m2 / m2 — solid angle
dyne dyn g cm s� 2 g cm s� 2 force
erg erg dyn cm g cm2 s� 2 energy
statwatt statW erg / s g cm2 s� 3 power
barye ba dyn / cm2 g cm� 1 s� 2 pressure
galileo Gal cm / s2 cm s� 2 acceleration
poise P g / (cm s) g cm� 1 s� 1 dynamic viscosity
stokes St cm2 / s cm2 s� 1 kinematic viscosity
hertz Hz s� 1 s� 1 frequency
statcoulomb statC g1=2 cm3=2 s� 1 electric charge
franklin Fr statC g1=2 cm3=2 s� 1 electric charge
statampere statA statC / s g1=2 cm3=2 s� 2 electric current
statvolt statV erg / statC g1=2 cm1=2 s� 1 electric potential
statohm stat• statV / statA s cm� 1 electrical resistance
statfarad statF statC / statV cm capacitance
maxwell Mx statV cm g1=2 cm3=2 s� 1 magnetic �ux
gauss G Mx / cm2 g1=2 cm� 1=2 s� 1 magnetic induction
oersted Oe statA s / cm2 g1=2 cm� 1=2 s� 1 magnetic intensity
gilbert Gb statA g1=2 cm3=2 s� 2 magnetomotive force
unit pole pole dyn / Oe g1=2 cm3=2 s� 1 magnetic pole strength
stathenry statH erg / statA2 s2 cm� 1 induction
lumen lm cd sr cd sr luminous �ux
phot ph lm / cm2 cd sr cm� 2 illuminance
stilb sb cd / cm2 cd cm� 2 luminance
lambert Lb 1=� cd / cm2 cd cm� 2 luminance
kayser K 1 / cm cm� 1 wave number
becquerel Bq s� 1 s� 1 radioactivity
katal kat mol / s mol s� 1 catalytic activity
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British Engineering Units

Table 23-1. Britsh Engineering base units.

Name Symbol Quantity

foot ft length
slug slug mass
second s time
degree Rankine � R temperature
pound-mole lb-mol amount of substance
candle candle luminous intensity

Table 23-2. Derived British Engineering units.

Name Symbol De�nition Base Units Quantity

radian rad ft / ft — plane angle
steradian sr ft2 / ft2 — solid angle
pound-force lbf slug ft s� 2 slug ft s� 2 force
hertz Hz s� 1 s� 1 frequency
becquerel Bq s� 1 s� 1 radioactivity
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Mathematical Constants
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Appendix 25

Physical Constants

Table 25-1. Fundamental physical constants (CODATA 2018).
Description Symbol Value

Speed of light (vacuum) c 2:99792458� 108 m/s
Gravitational constant G 6:67430� 10� 11 m3 kg� 1 s� 2

Elementary charge e 1:602176634� 10� 19 C
Permittivity of free space "0 8:8541878128� 10� 12 F/m
Permeability of free space � 0 1:2566370621210� 6 N/A2

Coulomb constant (1=.4�" 0/) kc 8:9875517923� 109 m/F
Electron mass me 9:1093837015� 10� 31 kg
Proton mass mp 1:67262192369� 10� 27 kg
Neutron mass mn 1:67492749804� 10� 27 kg
Atomic mass unit (amu) u 1:66053906660� 10� 27 kg
Planck constant h 6:62607015� 10� 34 J s
Planck constant� 2� „ 1:0545718176461564� 10� 34 J s
Boltzmann constant kB 1:380649� 10� 23 J/K
Avogadro constant NA 6:02214076� 1023 mol� 1

Table 25-2. Other physical constants.
Description Symbol Value

Acceleration due to gravity at Earth surface g 9.80 m/s2

Radius of the Earth (eq.) R� 6378.140 km
Mass of the Earth M � 5:97320� 1024 kg
Earth gravity constant GM � 3:986005� 1014 m3 s� 2

Speed of sound in air (20� C) vsnd 343 m/s
Density of air (sea level) � air 1.29 kg/m3

Density of water � w 1 g/cm3 D 1000 kg/m3

Index of refraction of water nw 1.33
Resistivity of copper (20� C) � Cu 1:68� 10� 8 • m
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Astronomical Data

Table 26-1. Astronomical constants.

Description Symbol Value

Astronomical unit AU 1:49597870� 1011 m
Obliquity of ecliptic (J2000) " 23�:4392911
Solar mass M � 1:9891� 1030 kg
Solar radius R� 696;000km
Earth grav. const. GM � 3:986004415� 1014 m3 s� 2

Sun grav. const. GM � 1:32712440041� 1020 m3 s� 2

Table 26-2. Planetary Data.

Planet Mass (Yg) Eq. radius (km) Orbit semi-major axis (Gm)

Mercury 330:2 2439:7 57:91
Venus 4868:5 6051:8 108:21
Earth 5973:6 6378:1 149:60
Mars 641:85 3396:2 227:92
Jupiter 1;898;600 71;492 778:57
Saturn 568;460 60;268 1433:53
Uranus 86;832 25;559 2872:46
Neptune 102;430 24;764 4495:06
Pluto 12:5 1195 5906:38
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Unit Conversion Tables

Time

1 dayD 24 hoursD 1440 minutesD 86400 seconds
1 hourD 60 minutesD 3600 seconds
1 yearD 31 557 600 seconds� � � 107 seconds

Length

1 mileD 8 furlongsD 80 chainsD 320 rodsD 1760 yardsD 5280 feetD 1.609344 km
1 yardD 3 feetD 36 inchesD 0.9144 meter
1 footD 12 inchesD 0.3048 meter
1 inchD 2.54 cm
1 nautical mileD 1852 metersD 1.15077944802354 miles
1 fathomD 6 feet
1 parsecD 3.26156376188 light-yearsD 206264.806245 AUD 3:08567756703� 1016 meters
1 	angströmD 0.1 nmD 105 fermi D 10� 10 meter

Mass

1 kilogramD 2.20462262184878 lb
1 poundD 16 ozD 0.45359237 kg
1 slugD 32.1740485564304 lbD 14.5939029372064 kg
1 short tonD 2000 lb
1 long tonD 2240 lb
1 metric tonD 1000 kg

Velocity

15 mphD 22 fps
1 mphD 0.44704 m/s
1 knotD 1.15077944802354 mphD 0.514444444444444 m/s
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Area

1 acreD 43560 ft2 D 4840 yd2 D 4046.8564224 m2

1 mile2 D 640 acresD 2.589988110336 km2

1 areD 100 m2

1 hectareD 104 m2 D 2.47105381467165 acres

Volume

1 liter D 1 dm3 D 10� 3 m3 � 1 quart
1 m3 D 1000 liters
1 cm3 D 1 mL
1 ft3 D 1728 in3 D 7.48051948051948 galD 28.316846592 liters
1 gallonD 231 in3 D 4 quartsD 8 pintsD 16 cupsD 3.785411784 liters
1 cupD 8 �oz D 16 tablespoonsD 48 teaspoons
1 tablespoonD 3 teaspoonsD 4 �uidrams
1 dry gallonD 268.8025 in3 D 4.40488377086 liters
1 imperial gallonD 4.54609 liters
1 bushelD 4 pecksD 8 dry gallons

Density

1 g/cm3 D 1000kg/m3 D 8.34540445201933 lb/galD 1.043175556502416 lb/pint

Force

1 lbf D 4.44822161526050 newtonsD 32.1740485564304 poundals
1 newtonD 105 dynes

Energy

1 calorieD 4.1868 joules
1 BTU D 1055.05585262 joules
1 ft-lb D 1.35581794833140 joules
1 kW-hrD 3.6 MJ
1 eV D 1:602176634� 10� 19 joules
1 jouleD 107 ergs

Power

1 horsepowerD 745.69987158227022 watts
1 statwattD 1 abwattD 1 erg/sD 10� 7 watt

Angle

radD deg� �
180 degD rad� 180

�
1 degD 60 arcminD 3600 arcsec
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Temperature
� C D (� F� 32/ � 5

9
� F D

� �
C� 9

5

�
C 32

K D � C C 273:15
� R D � F C 459:67

Pressure

1 atmD 101325 PaD 1.01325 barD 1013.25 millibarD 760 torr
D 760 mmHgD 29.9212598425197 inHgD 14.6959487755134 psi
D 2116.21662367394 lb/ft2 D 1.05810831183697 ton/ft2

D 1013250 dyne/cm2 D 1013250 barye

Electromagnetism

1 statcoulombD 3:335640951981520� 10� 10 coulomb
1 abcoulombD 10coulombs
1 statvoltD 299:792458volts
1 abvoltD 10� 8 volt
1 maxwellD 10� 8 weber
1 gaussD 10� 4 tesla
1 oerstedD 250=� . D 79:5774715459477/A/m
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Figure 27.1: Conversion chart for kitchen measurements. (Credit: S.B. Lattin Design.)
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Mathematical Constants
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Appendix 29

Vector Arithmetic

A vectorA may be written in cartesian (rectangular) form as

A D Ax i C Ay j C A´ k; (29.1)

wherei is aunit vector(a vector of magnitude 1) in thex direction,j is a unit vector in they direction, and
k is a unit vector in thé direction.Ax , Ay , andA´ are called thex, y, and´ components(respectively) of
vectorA, and are the projections of the vector onto those axes.

Themagnitude(“length”) of vectorA is

jAj D A D
q

A2
x C A2

y C A2
´ : (29.2)

For example, ifA D 3i C 5j C 2k, thenjAj D A D
p

32 C 52 C 22 D
p

38.
In two dimensions, a vector has nok component:A D Ax i C Ay j .

Addition and Subtraction

To add two vectors, you add their components. Writing a second vector asB D Bx i C By j C B´ k, we have

A C B D .A x C Bx / i C .Ay C By / j C .A ´ C B´ / k: (29.3)

For example, ifA D 3i C 5j C 2k andB D 2i � j C 4k, thenA C B D 5i C 4j C 6k.
Subtraction of vectors is de�ned similarly:

A � B D .A x � Bx / i C .Ay � By / j C .A ´ � B´ / k: (29.4)

For example, ifA D 3i C 5j C 2k andB D 2i � j C 4k, thenA � B D i C 6j � 2k.

Scalar Multiplication

To multiply a vector by a scalar, just multiply each component by the scalar. Thus ifc is a scalar, then

cA D cAx i C cAy j C cA´ k: (29.5)

For example, ifA D 3i C 5j C 2k, then7A D 21i C 35j C 14k.
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Dot Product

It is possible to multiply a vector by another vector, but there is more than one kind of multiplication between
vectors. One type of vector multiplication is called thedot product, in which a vector is multiplied by another
vector to give ascalarresult. The dot product (written with a dot operator, as inA � B) is

A � B D AB cos� D Ax Bx C Ay By C A´ B´ ; (29.6)

where� is the angle between vectorsA andB. For example, ifA D 3i C 5j C 2k andB D 2i � j C 4k, then
A � B D 6 � 5 C 8 D 9.

The dot product can be used to �nd the angle between two vectors. To do this, we solve Eq. (29.6) for�
and �nd cos� D A � B=.AB/ . Applying this to the previous example, we getA D

p
38 andB D

p
21, so

cos� D 9=.
p

38
p

21/, and thus� D 71:4� .
An immediate consequence of Eq. (29.6) is that two vectors are perpendicular if and only if their dot

product is zero.

Cross Product

Another kind of multiplication between vectors, called thecross product, involves multiplying one vector by
another and giving anothervectoras a result. The cross product is written with a cross operator, as inA � B.
It is de�ned by

A � B D .AB sin� / u (29.7)

D

�
�
�
�
�
�

i j k
Ax Ay A´

Bx By B´

�
�
�
�
�
�

(29.8)

D .Ay B´ � A´ By / i � .A x B´ � A´ Bx / j C .A x By � Ay Bx / k; (29.9)

where again� is the angle between the vectors, andu is a unit vector pointing in a direction perpendicular
to the plane containingA and B, in a right-hand sense: if you curl the �ngers of your right hand from
A into B, then the thumb of your right hand points in the direction ofA � B (Fig. 29.1). As an example, if
A D 3i C 5j C 2k andB D 2i � j C 4k, thenA � B D .20� .� 2// i � .12� 4/j C .� 3� 10/k D 22i � 8j � 13k.

Rectangular and Polar Forms

A two-dimensional vector may be written in eitherrectangular formA D Ax i C Ay j described earlier, or in
polar formA D A† � , whereA is the vector magnitude, and� is the direction measured counterclockwise
from theCx axis. To convert from polar form to rectangular form, one �nds

Ax D A cos� (29.10)

Ay D A sin� (29.11)

Inverting these equations gives the expressions for converting from rectangular form to polar form:

A D
q

A2
x C A2

y (29.12)

tan� D
Ay

Ax
(29.13)
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Figure 29.1: The vector cross productA � B is perpendicular to the plane ofA andB, and in the right-hand
sense. (Credit: “Connected Curriculum Project”, Duke University.)
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Appendix 30

Matrix Properties

This appendix presents a brief summary of the properties of2 � 2 and3 � 3 matrices.

2� 2 Matrices

Determinant

The determinant of a2 � 2 matrix is given by the well-known formula:

det
�

a b
c d

�
D ad � bc: (30.1)

Matrix of Cofactors

The matrix of cofactors is the matrix of signed minors; for a2 � 2 matrix, this is

cof
�

a b
c d

�
D

�
d � c

� b a

�
(30.2)

Inverse

Finally, the inverse of a matrix is the transpose of the matrix of cofactors divided by the determinant. For a
2 � 2 matrix,

�
a b
c d

� � 1

D
1

ad � bc

�
d � b

� c a

�
(30.3)
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3� 3 Matrices

Determinant

The determinant of a3 � 3 matrix is given by:

det

0

@
a b c
d e f
g h i

1

A D a.ei � f h/ � b.d i � fg/ C c.dh � eg/: (30.4)

Matrix of Cofactors

The matrix of cofactors is the matrix of signed minors; for a3 � 3 matrix, this is

cof

0

@
a b c
d e f
g h i

1

A D

0

@
ei � f h fg � d i dh � eg
ch � bi ai � cg bg � ah
bf � ce cd � af ae � bd

1

A (30.5)

Inverse

Finally, the inverse of a matrix is the transpose of the matrix of cofactors divided by the determinant. For a
3 � 3 matrix,

0

@
a b c
d e f
g h i

1

A

� 1

D
1

a.ei � f h/ � b.d i � fg/ C c.dh � eg/

0

@
ei � f h ch � bi bf � ce
fg � d i ai � cg cd � af
dh � eg bg� ah ae � bd

1

A

(30.6)
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Appendix 31

Angular Measure

Plane Angle

The most common unit of measure for plane angle is thedegree( � ), which is 1/360 of a full circle. Therefore
a circle is360� , a semicircle is180� , and a right angle is90� .

A similar unit (seldom used nowadays) is a sort of “metric” angle called thegrad, de�ned so that a right
angle is 100 grads, and so a full circle is 400 grads.

The SI unit of plane angle is theradian (rad), which is de�ned to be the angle that subtends an arc length
equal to the radius of the circle. By this de�nition, a full circle subtends an angle equal to the arc length of a
full circle (2�r ) divided by its radiusr — and so a full circle is2� radians.

Since a hemisphere is180� or � radians, the conversion factors are:

radD
�

180
� deg (31.1)

degD
180
�

� rad (31.2)

Subunits of the Degree

For small angles, a degree may be subdivided into 60minutes( 0), and a minute into 60seconds( 00). Thus a
minute is 1/60 degree, and a second is 1/3600 degree.1 Angles smaller than 1 second are sometimes expressed
asmilli-arcseconds(1/1000 arcsecond).2

Solid Angle

A solid angleis the three-dimensional version of a plane angle, and is subtended by the vertex of a cone. The
SI unit of solid angle is thesteradian(sr), which is de�ned to be the solid angle that subtends an area equal
to the square of the radius of a circle. By this de�nition, a full sphere subtends an area equal to the area of a
sphere (4�r 2) divided by the square of its radius (r 2) — so a full sphere is4� steradians, and a hemisphere
is 2� steradians.

1Sometimes these units are called theminute of arcor arcminute, and thesecond of arcor arcsecondto distinguish them from the
units of time that have the same name.

2In an old system (Ref. [30]), the second was further subdivided into 60thirds ( 000), the third into 60fourths( 0000), etc. Under this
system, 1 milli-arcsecond is 3.6 fourths of arc. This systemis no longer used, though; today the second of arc is simply subdivided into
decimals (e.g.32:86473 00).
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•

€

Figure 31.1: Relation between plane angle� and solid angle• for a right circular cone.

There is a simple relation between plane angle and solid angle for a right circular cone. If the vertex of
the cone subtends an angle� (theaperture angleof the cone), then the corresponding solid angle• is (Fig.
31.1)

• D 2�
�

1 � cos
�
2

�
: (31.3)

Another unit of solid angle is thesquare degree(deg2):

sq: deg: D sr �
�

180
�

� 2

: (31.4)

In these units, a hemisphere is 20,626.48 deg2 , and a complete sphere is 41,252.96 deg2 .
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Appendix 32

Round-Number Handbook of Physics

The one-pageRound Number Handbook of Physicson the following page is by Edward M. Purcell of Harvard
University, and appeared in the January 1983 issue of theAmerican Journal of Physics. It is intended as a
brief reference for doing quick “back of the envelope”, order-of-magnitude calculations.
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Appendix 33

Fundamental Physical Constants —
Extensive Listing

The following tables, published by the National Institutesof Science and Technology (NIST), give the current
best estimates of a large number of fundamental physical constants. These values were determined by the
Committee on Data for Science and Technology (CODATA) for 2018, and are a best �t of the constants to
the latest experimental results. These values include the 2019 re-de�nition of SI units.

(Source:https://physics.nist.gov/cuu/Constants/index.html )
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Fundamental Physical Constants Ð Extensive Listing
Relative std.

Quantity Symbol Value Unit uncert.ur

UNIVERSAL
speed of light in vacuum c 299 792 458 m s 1 exact
vacuum magnetic permeability4p� �h=e2c � 0 1:256 637 062 12(19)� 10 6 N A 2 1:5 � 10 10

� 0=(4p � 10 7) 1:000 000 000 55(15) N A 2 1:5 � 10 10

vacuum electric permittivity1=� 0c2 � 0 8:854 187 8128(13)� 10 12 F m 1 1:5 � 10 10

characteristic impedance of vacuum� 0c Z0 376:730 313 668(57) 
 1:5 � 10 10

Newtonian constant of gravitation G 6:674 30(15)� 10 11 m3 kg 1 s 2 2:2 � 10 5

G=�hc 6:708 83(15)� 10 39 (GeV=c2) 2 2:2 � 10 5

Planck constant� h 6:626 070 15� 10 34 J Hz 1 exact
4:135 667 696: : : � 10 15 eV Hz 1 exact

�h 1:054 571 817: : : � 10 34 J s exact
6:582 119 569: : : � 10 16 eV s exact

�hc 197:326 980 4: : : MeV fm exact
Planck mass(�hc=G)1=2 mP 2:176 434(24)� 10 8 kg 1:1 � 10 5

energy equivalent mP c2 1:220 890(14)� 1019 GeV 1:1 � 10 5

Planck temperature(�hc5=G)1=2=k TP 1:416 784(16)� 1032 K 1:1 � 10 5

Planck length�h=mP c = (�hG=c3)1=2 lP 1:616 255(18)� 10 35 m 1:1 � 10 5

Planck timelP =c= (�hG=c5)1=2 tP 5:391 247(60)� 10 44 s 1:1 � 10 5

ELECTROMAGNETIC
elementary charge e 1:602 176 634� 10 19 C exact

e=�h 1:519 267 447: : : � 1015 A J 1 exact
magnetic ¯ux quantum2p�h=(2e) � 0 2:067 833 848: : : � 10 15 Wb exact
conductance quantum2e2=2p�h G0 7:748 091 729: : : � 10 5 S exact

inverse of conductance quantum G 1
0 12 906:403 72: : : 
 exact

Josephson constant 2e=h KJ 483 597:848 4: : : � 109 Hz V 1 exact
von Klitzing constant� 0c=2� = 2p�h=e2 RK 25 812:807 45: : : 
 exact
Bohr magnetone�h=2me � B 9:274 010 0783(28)� 10 24 J T 1 3:0 � 10 10

5:788 381 8060(17)� 10 5 eV T 1 3:0 � 10 10

� B =h 1:399 624 493 61(42)� 1010 Hz T 1 3:0 � 10 10

� B =hc 46:686 447 783(14) [m 1 T 1]y 3:0 � 10 10

� B =k 0:671 713 815 63(20) K T 1 3:0 � 10 10

nuclear magnetone�h=2mp � N 5:050 783 7461(15)� 10 27 J T 1 3:1 � 10 10

3:152 451 258 44(96)� 10 8 eV T 1 3:1 � 10 10

� N =h 7:622 593 2291(23) MHz T 1 3:1 � 10 10

� N =hc 2:542 623 413 53(78)� 10 2 [m 1 T 1]y 3:1 � 10 10

� N =k 3:658 267 7756(11)� 10 4 K T 1 3:1 � 10 10

ATOMIC AND NUCLEAR
General

®ne-structure constante2=4p� 0�hc � 7:297 352 5693(11)� 10 3 1:5 � 10 10

inverse ®ne-structure constant �  1 137:035 999 084(21) 1:5 � 10 10

Rydberg frequency� 2mec2=2h = Eh=2h cR1 3:289 841 960 2508(64)� 1015 Hz 1:9 � 10 12

energy equivalent hc R1 2:179 872 361 1035(42)� 10 18 J 1:9 � 10 12

13:605 693 122 994(26) eV 1:9 � 10 12

Rydberg constant R1 10 973 731:568 160(21) [m 1]y 1:9 � 10 12

Bohr radius�h=�m ec = 4p� 0�h2=mee2 a0 5:291 772 109 03(80)� 10 11 m 1:5 � 10 10

Hartree energy� 2mec2 = e2=4p� 0a0 = 2hcR1 Eh 4:359 744 722 2071(85)� 10 18 J 1:9 � 10 12

27:211 386 245 988(53) eV 1:9 � 10 12

quantum of circulation p�h=me 3:636 947 5516(11)� 10 4 m2 s 1 3:0 � 10 10
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Fundamental Physical Constants Ð Extensive Listing
Relative std.

Quantity Symbol Value Unit uncert.ur

2p�h=me 7:273 895 1032(22)� 10 4 m2 s 1 3:0 � 10 10

Electroweak
Fermi coupling constantz GF =(�hc)3 1:166 3787(6)� 10 5 GeV 2 5:1 � 10 7

weak mixing anglex � W (on-shell scheme)
sin2 � W = s2

W � 1  (mW =mZ )2 sin2 � W 0:222 90(30) 1:3 � 10 3

Electron, e 

electron mass me 9:109 383 7015(28)� 10 31 kg 3:0 � 10 10

5:485 799 090 65(16)� 10 4 u 2:9 � 10 11

energy equivalent mec2 8:187 105 7769(25)� 10 14 J 3:0 � 10 10

0:510 998 950 00(15) MeV 3:0 � 10 10

electron-muon mass ratio me=mm 4:836 331 69(11)� 10 3 2:2 � 10 8

electron-tau mass ratio me=mt 2:875 85(19)� 10 4 6:8 � 10 5

electron-proton mass ratio me=mp 5:446 170 214 87(33)� 10 4 6:0 � 10 11

electron-neutron mass ratio me=mn 5:438 673 4424(26)� 10 4 4:8 � 10 10

electron-deuteron mass ratio me=md 2:724 437 107 462(96)� 10 4 3:5 � 10 11

electron-triton mass ratio me=mt 1:819 200 062 251(90)� 10 4 5:0 � 10 11

electron-helion mass ratio me=mh 1:819 543 074 573(79)� 10 4 4:3 � 10 11

electron to alpha particle mass ratio me=ma 1:370 933 554 787(45)� 10 4 3:3 � 10 11

electron charge to mass quotient  e=me  1:758 820 010 76(53)� 1011 C kg 1 3:0 � 10 10

electron molar massNA me M (e); M e 5:485 799 0888(17)� 10 7 kg mol 1 3:0 � 10 10

reduced Compton wavelength�h=mec = �a 0 � C 3:861 592 6796(12)� 10 13 m 3:0 � 10 10

Compton wavelength � C 2:426 310 238 67(73)� 10 12 [m]y 3:0 � 10 10

classical electron radius� 2a0 r e 2:817 940 3262(13)� 10 15 m 4:5 � 10 10

Thomson cross section (8p=3)r 2
e � e 6:652 458 7321(60)� 10 29 m2 9:1 � 10 10

electron magnetic moment � e  9:284 764 7043(28)� 10 24 J T 1 3:0 � 10 10

to Bohr magneton ratio � e=� B  1:001 159 652 181 28(18) 1:7 � 10 13

to nuclear magneton ratio � e=� N  1838:281 971 88(11) 6:0 � 10 11

electron magnetic moment
anomalyj� ej=� B  1 ae 1:159 652 181 28(18)� 10 3 1:5 � 10 10

electrong-factor 2(1 + ae) ge  2:002 319 304 362 56(35) 1:7 � 10 13

electron-muon magnetic moment ratio � e=� m 206:766 9883(46) 2:2 � 10 8

electron-proton magnetic moment ratio � e=� p  658:210 687 89(20) 3:0 � 10 10

electron to shielded proton magnetic
moment ratio (H2O, sphere, 25� C) � e=� 0

p  658:227 5971(72) 1:1 � 10 8

electron-neutron magnetic moment ratio � e=� n 960:920 50(23) 2:4 � 10 7

electron-deuteron magnetic moment ratio � e=� d  2143:923 4915(56) 2:6 � 10 9

electron to shielded helion magnetic
moment ratio (gas, sphere, 25� C) � e=� 0

h 864:058 257(10) 1:2 � 10 8

electron gyromagnetic ratio2j� ej=�h 
 e 1:760 859 630 23(53)� 1011 s 1 T 1 3:0 � 10 10

28 024:951 4242(85) MHz T 1 3:0 � 10 10

Muon,m 

muon mass mm 1:883 531 627(42)� 10 28 kg 2:2 � 10 8

0:113 428 9259(25) u 2:2 � 10 8

energy equivalent mmc2 1:692 833 804(38)� 10 11 J 2:2 � 10 8

105:658 3755(23) MeV 2:2 � 10 8

muon-electron mass ratio mm=me 206:768 2830(46) 2:2 � 10 8

muon-tau mass ratio mm=mt 5:946 35(40)� 10 2 6:8 � 10 5

muon-proton mass ratio mm=mp 0:112 609 5264(25) 2:2 � 10 8
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Fundamental Physical Constants Ð Extensive Listing
Relative std.

Quantity Symbol Value Unit uncert.ur

muon-neutron mass ratio mm=mn 0:112 454 5170(25) 2:2 � 10 8

muon molar massNA mm M (m); M m 1:134 289 259(25)� 10 4 kg mol 1 2:2 � 10 8

reduced muon Compton wavelength�h=mmc � C;m 1:867 594 306(42)� 10 15 m 2:2 � 10 8

muon Compton wavelength � C;m 1:173 444 110(26)� 10 14 [m]y 2:2 � 10 8

muon magnetic moment � m  4:490 448 30(10)� 10 26 J T 1 2:2 � 10 8

to Bohr magneton ratio � m=� B  4:841 970 47(11)� 10 3 2:2 � 10 8

to nuclear magneton ratio � m=� N  8:890 597 03(20) 2:2 � 10 8

muon magnetic moment anomaly
j� mj=(e�h=2mm)  1 am 1:165 920 89(63)� 10 3 5:4 � 10 7

muong-factor 2(1 + am) gm  2:002 331 8418(13) 6:3 � 10 10

muon-proton magnetic moment ratio � m=� p  3:183 345 142(71) 2:2 � 10 8

Tau,t  

tau mass{ mt 3:167 54(21)� 10 27 kg 6:8 � 10 5

1:907 54(13) u 6:8 � 10 5

energy equivalent mt c2 2:846 84(19)� 10 10 J 6:8 � 10 5

1776:86(12) MeV 6:8 � 10 5

tau-electron mass ratio mt =me 3477:23(23) 6:8 � 10 5

tau-muon mass ratio mt =mm 16:8170(11) 6:8 � 10 5

tau-proton mass ratio mt =mp 1:893 76(13) 6:8 � 10 5

tau-neutron mass ratio mt =mn 1:891 15(13) 6:8 � 10 5

tau molar massNA mt M (t ); M t 1:907 54(13)� 10 3 kg mol 1 6:8 � 10 5

reduced tau Compton wavelength�h=mt c � C;t 1:110 538(75)� 10 16 m 6:8 � 10 5

tau Compton wavelength � C;t 6:977 71(47)� 10 16 [m]y 6:8 � 10 5

Proton, p
proton mass mp 1:672 621 923 69(51)� 10 27 kg 3:1 � 10 10

1:007 276 466 621(53) u 5:3 � 10 11

energy equivalent mpc2 1:503 277 615 98(46)� 10 10 J 3:1 � 10 10

938:272 088 16(29) MeV 3:1 � 10 10

proton-electron mass ratio mp=me 1836:152 673 43(11) 6:0 � 10 11

proton-muon mass ratio mp=mm 8:880 243 37(20) 2:2 � 10 8

proton-tau mass ratio mp=mt 0:528 051(36) 6:8 � 10 5

proton-neutron mass ratio mp=mn 0:998 623 478 12(49) 4:9 � 10 10

proton charge to mass quotient e=mp 9:578 833 1560(29)� 107 C kg 1 3:1 � 10 10

proton molar massNA mp M (p), M p 1:007 276 466 27(31)� 10 3 kg mol 1 3:1 � 10 10

reduced proton Compton wavelength�h=mpc � C;p 2:103 089 103 36(64)� 10 16 m 3:1 � 10 10

proton Compton wavelength � C;p 1:321 409 855 39(40)� 10 15 [m]y 3:1 � 10 10

proton rms charge radius r p 8:414(19)� 10 16 m 2:2 � 10 3

proton magnetic moment � p 1:410 606 797 36(60)� 10 26 J T 1 4:2 � 10 10

to Bohr magneton ratio � p=� B 1:521 032 202 30(46)� 10 3 3:0 � 10 10

to nuclear magneton ratio � p=� N 2:792 847 344 63(82) 2:9 � 10 10

protong-factor2� p=� N gp 5:585 694 6893(16) 2:9 � 10 10

proton-neutron magnetic moment ratio � p=� n  1:459 898 05(34) 2:4 � 10 7

shielded proton magnetic moment � 0
p 1:410 570 560(15)� 10 26 J T 1 1:1 � 10 8

(H2O, sphere, 25� C)
to Bohr magneton ratio � 0

p=� B 1:520 993 128(17)� 10 3 1:1 � 10 8

to nuclear magneton ratio � 0
p=� N 2:792 775 599(30) 1:1 � 10 8

proton magnetic shielding correction
1  � 0

p=� p (H2O, sphere, 25� C) � 0
p 2:5689(11)� 10 5 4:2 � 10 4
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Fundamental Physical Constants Ð Extensive Listing
Relative std.

Quantity Symbol Value Unit uncert.ur

proton gyromagnetic ratio2� p=�h 
 p 2:675 221 8744(11)� 108 s 1 T 1 4:2 � 10 10

42:577 478 518(18) MHz T 1 4:2 � 10 10

shielded proton gyromagnetic ratio
2� 0

p=�h (H2O, sphere, 25� C) 
 0
p 2:675 153 151(29)� 108 s 1 T 1 1:1 � 10 8

42:576 384 74(46) MHz T 1 1:1 � 10 8

Neutron, n
neutron mass mn 1:674 927 498 04(95)� 10 27 kg 5:7 � 10 10

1:008 664 915 95(49) u 4:8 � 10 10

energy equivalent mnc2 1:505 349 762 87(86)� 10 10 J 5:7 � 10 10

939:565 420 52(54) MeV 5:7 � 10 10

neutron-electron mass ratio mn=me 1838:683 661 73(89) 4:8 � 10 10

neutron-muon mass ratio mn=mm 8:892 484 06(20) 2:2 � 10 8

neutron-tau mass ratio mn=mt 0:528 779(36) 6:8 � 10 5

neutron-proton mass ratio mn=mp 1:001 378 419 31(49) 4:9 � 10 10

neutron-proton mass difference mn  mp 2:305 574 35(82)� 10 30 kg 3:5 � 10 7

1:388 449 33(49)� 10 3 u 3:5 � 10 7

energy equivalent (mn  mp )c2 2:072 146 89(74)� 10 13 J 3:5 � 10 7

1:293 332 36(46) MeV 3:5 � 10 7

neutron molar massNA mn M (n) ; M n 1:008 664 915 60(57)� 10 3 kg mol 1 5:7 � 10 10

reduced neutron Compton wavelength�h=mnc � C;n 2:100 194 1552(12)� 10 16 m 5:7 � 10 10

neutron Compton wavelength � C;n 1:319 590 905 81(75)� 10 15 [m]y 5:7 � 10 10

neutron magnetic moment � n  9:662 3651(23)� 10 27 J T 1 2:4 � 10 7

to Bohr magneton ratio � n=� B  1:041 875 63(25)� 10 3 2:4 � 10 7

to nuclear magneton ratio � n=� N  1:913 042 73(45) 2:4 � 10 7

neutrong-factor2� n=� N gn  3:826 085 45(90) 2:4 � 10 7

neutron-electron magnetic moment ratio � n=� e 1:040 668 82(25)� 10 3 2:4 � 10 7

neutron-proton magnetic moment ratio � n=� p  0:684 979 34(16) 2:4 � 10 7

neutron to shielded proton magnetic
moment ratio (H2O, sphere, 25� C) � n=� 0

p  0:684 996 94(16) 2:4 � 10 7

neutron gyromagnetic ratio2j� n j=�h 
 n 1:832 471 71(43)� 108 s 1 T 1 2:4 � 10 7

29:164 6931(69) MHz T 1 2:4 � 10 7

Deuteron, d
deuteron mass md 3:343 583 7724(10)� 10 27 kg 3:0 � 10 10

2:013 553 212 745(40) u 2:0 � 10 11

energy equivalent mdc2 3:005 063 231 02(91)� 10 10 J 3:0 � 10 10

1875:612 942 57(57) MeV 3:0 � 10 10

deuteron-electron mass ratio md=me 3670:482 967 88(13) 3:5 � 10 11

deuteron-proton mass ratio md=mp 1:999 007 501 39(11) 5:6 � 10 11

deuteron molar massNA md M (d) ; M d 2:013 553 212 05(61)� 10 3 kg mol 1 3:0 � 10 10

deuteron rms charge radius r d 2:127 99(74)� 10 15 m 3:5 � 10 4

deuteron magnetic moment � d 4:330 735 094(11)� 10 27 J T 1 2:6 � 10 9

to Bohr magneton ratio � d=� B 4:669 754 570(12)� 10 4 2:6 � 10 9

to nuclear magneton ratio � d=� N 0:857 438 2338(22) 2:6 � 10 9

deuterong-factor� d=� N gd 0:857 438 2338(22) 2:6 � 10 9

deuteron-electron magnetic moment ratio � d=� e  4:664 345 551(12)� 10 4 2:6 � 10 9

deuteron-proton magnetic moment ratio � d=� p 0:307 012 209 39(79) 2:6 � 10 9

deuteron-neutron magnetic moment ratio � d=� n  0:448 206 53(11) 2:4 � 10 7
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Quantity Symbol Value Unit uncert.ur

Triton, t
triton mass mt 5:007 356 7446(15)� 10 27 kg 3:0 � 10 10

3:015 500 716 21(12) u 4:0 � 10 11

energy equivalent mt c2 4:500 387 8060(14)� 10 10 J 3:0 � 10 10

2808:921 132 98(85) MeV 3:0 � 10 10

triton-electron mass ratio mt =me 5496:921 535 73(27) 5:0 � 10 11

triton-proton mass ratio mt =mp 2:993 717 034 14(15) 5:0 � 10 11

triton molar massNA mt M (t) ; M t 3:015 500 715 17(92)� 10 3 kg mol 1 3:0 � 10 10

triton magnetic moment � t 1:504 609 5202(30)� 10 26 J T 1 2:0 � 10 9

to Bohr magneton ratio � t =� B 1:622 393 6651(32)� 10 3 2:0 � 10 9

to nuclear magneton ratio � t =� N 2:978 962 4656(59) 2:0 � 10 9

triton g-factor2� t =� N gt 5:957 924 931(12) 2:0 � 10 9

Helion, h
helion mass mh 5:006 412 7796(15)� 10 27 kg 3:0 � 10 10

3:014 932 247 175(97) u 3:2 � 10 11

energy equivalent mhc2 4:499 539 4125(14)� 10 10 J 3:0 � 10 10

2808:391 607 43(85) MeV 3:0 � 10 10

helion-electron mass ratio mh=me 5495:885 280 07(24) 4:3 � 10 11

helion-proton mass ratio mh=mp 2:993 152 671 67(13) 4:4 � 10 11

helion molar massNA mh M (h) ; M h 3:014 932 246 13(91)� 10 3 kg mol 1 3:0 � 10 10

helion magnetic moment � h  1:074 617 532(13)� 10 26 J T 1 1:2 � 10 8

to Bohr magneton ratio � h=� B  1:158 740 958(14)� 10 3 1:2 � 10 8

to nuclear magneton ratio � h=� N  2:127 625 307(25) 1:2 � 10 8

heliong-factor2� h=� N gh  4:255 250 615(50) 1:2 � 10 8

shielded helion magnetic moment � 0
h  1:074 553 090(13)� 10 26 J T 1 1:2 � 10 8

(gas, sphere, 25� C)
to Bohr magneton ratio � 0

h=� B  1:158 671 471(14)� 10 3 1:2 � 10 8

to nuclear magneton ratio � 0
h=� N  2:127 497 719(25) 1:2 � 10 8

shielded helion to proton magnetic
moment ratio (gas, sphere, 25� C) � 0

h=� p  0:761 766 5618(89) 1:2 � 10 8

shielded helion to shielded proton magnetic
moment ratio (gas/H2O, spheres, 25� C) � 0

h=� 0
p  0:761 786 1313(33) 4:3 � 10 9

shielded helion gyromagnetic ratio
2j� 0

h j=�h (gas, sphere, 25� C) 
 0
h 2:037 894 569(24)� 108 s 1 T 1 1:2 � 10 8

32:434 099 42(38) MHz T 1 1:2 � 10 8

Alpha particle,a
alpha particle mass ma 6:644 657 3357(20)� 10 27 kg 3:0 � 10 10

4:001 506 179 127(63) u 1:6 � 10 11

energy equivalent mac2 5:971 920 1914(18)� 10 10 J 3:0 � 10 10

3727:379 4066(11) MeV 3:0 � 10 10

alpha particle to electron mass ratio ma=me 7294:299 541 42(24) 3:3 � 10 11

alpha particle to proton mass ratio ma=mp 3:972 599 690 09(22) 5:5 � 10 11

alpha particle molar massNA ma M (a); M a 4:001 506 1777(12)� 10 3 kg mol 1 3:0 � 10 10

PHYSICOCHEMICAL
Avogadro constant NA 6:022 140 76� 1023 mol 1 exact
Boltzmann constant k 1:380 649� 10 23 J K 1 exact

8:617 333 262: : : � 10 5 eV K 1 exact
k=h 2:083 661 912: : : � 1010 Hz K 1 exact
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Quantity Symbol Value Unit uncert.ur

k=hc 69:503 480 04: : : [m 1 K 1]y exact
atomic mass constantk

mu = 1
12 m(12C) = 2 hc R1 =� 2c2A r (e) mu 1:660 539 066 60(50)� 10 27 kg 3:0 � 10 10

energy equivalent muc2 1:492 418 085 60(45)� 10 10 J 3:0 � 10 10

931:494 102 42(28) MeV 3:0 � 10 10

molar mass constantk M u 0:999 999 999 65(30)� 10 3 kg mol 1 3:0 � 10 10

molar massk of carbon-12A r (12C)M u M (12C) 11:999 999 9958(36)� 10 3 kg mol 1 3:0 � 10 10

molar Planck constant NA h 3:990 312 712: : : � 10 10 J Hz 1 mol 1 exact
molar gas constantNA k R 8:314 462 618: : : J mol 1 K 1 exact
Faraday constantNA e F 96 485:332 12: : : C mol 1 exact
standard-state pressure 100 000 Pa exact
standard atmosphere 101 325 Pa exact
molar volume of ideal gasRT=p

T = 273:15 K; p = 100 kPa Vm 22:710 954 64: : : � 10 3 m3 mol 1 exact
or standard-state pressure

Loschmidt constantNA =Vm n0 2:651 645 804: : : � 1025 m 3 exact
molar volume of ideal gasRT=p

T = 273:15 K; p = 101:325 kPa Vm 22:413 969 54: : : � 10 3 m3 mol 1 exact
or standard atmosphere

Loschmidt constantNA =Vm n0 2:686 780 111: : : � 1025 m 3 exact
Sackur-Tetrode (absolute entropy) constant��

5
2 + ln[( mukT1=2p�h2)3=2kT1=p0]

T1 = 1 K ; p0 = 100 kPa S0=R  1:151 707 537 06(45) 3:9 � 10 10

or standard-state pressure
T1 = 1 K ; p0 = 101:325 kPa  1:164 870 523 58(45) 3:9 � 10 10

or standard atmosphere
Stefan-Boltzmann constant
(p2=60)k4=�h3c2 � 5:670 374 419: : : � 10 8 W m 2 K 4 exact

®rst radiation constant for spectral
radiance2hc2 sr 1 c1L 1:191 042 972: : : � 10 16 [W m2 sr 1]yy exact

®rst radiation constant2phc2 = p src1L c1 3:741 771 852: : : � 10 16 [W m2]yy exact
second radiation constanthc=k c2 1:438 776 877: : : � 10 2 [m K] y exact
Wien displacement law constants
b = � max T = c2=4:965 114 231::: b 2:897 771 955: : : � 10 3 [m K] y exact
b0 = � max =T = 2 :821 439 372::: c=c2 b0 5:878 925 757: : : � 1010 Hz K 1 exact

� The energy of a photon with frequency� expressed in unit Hz isE = h� in J. Unitary time evolution of the state of this photon is given by
exp( iEt= �h)j' i , wherej' i is the photon state at timet = 0 and time is expressed in unit s. The ratioEt=�h is a phase.

y The full description of m 1 is cycles or periods per meter and that of m is meter per cycle (m/cycle). The scienti®c community is aware of
the implied use of these units. It traces back to the conventions for phase and angle and the use of unit Hz versus cycles/s. No solution has been
agreed upon.

z Value recommended by the Particle Data Group (Tanabashi,et al., 2018).
x Based on the ratio of the masses of the W and Z bosonsmW =mZ recommended by the Particle Data Group (Tanabashi,et al., 2018). The

value forsin2 � W they recommend, which is based on a variant of the modi®ed minimal subtraction(MS ) scheme, issin2 �̂ W (M Z ) = 0 :231 22(4).
{ This and other constants involvingm t are based onm t c2 in MeV recommended by the Particle Data Group (Tanabashi,et al., 2018).
k The relative atomic massA r (X ) of particleX with massm(X ) is de®ned byA r (X ) = m(X )=mu , wheremu = m(12 C)=12 = 1 u is the

atomic mass constant and u is the uni®ed atomic mass unit. Moreover, the mass of particleX is m(X ) = A r (X ) u and the molar mass ofX is
M (X ) = A r (X )M u , whereM u = NA u is the molar mass constant andNA is the Avogadro constant.

�� The entropy of an ideal monoatomic gas of relative atomic massA r is given byS = S0 + 3
2 R ln A r  R ln( p=p0) + 5

2 R ln( T=K) :
yy The full description of m2 is m 2 � (m=cycle)4 . See also footnote for m 1 .
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Atomic Number •Atomic Weight
Symbol •Ground-State Level

*Electronegativity (Pauling)
Name

*Density [Note] •Ionization Energy (eV)
*Melting Point (°C) *Boiling Point (°C)

Atomic radius (pm)[Note] Crystal Structure [Note]

•Electron Configuration
Possible Oxidation States [Note]

; <
= > ? =

@ A B ;

C
D

E F FE G

D
E G H

I
J G

I

H Source: physics.nist.gov

Absolute Zero -273.15 °C Gravitation Constant 6.67428x10-11 m3 kg-1 s-2

Atomic Mass Unit 1.660539x10-27 kg Molar Gas Constant 8.314472 J mol-1 K-1

K
L

M
N O P Q

R
N S Avogadro Constant 6.022142x1023 mol-1 Molar Volume (Ideal Gas) 0.02241410 m3/mol

Base of Natural Logarithms 2.718281828 PI 3.14159265358979
Boltzmann constant 1.380650x10-23 J/K Planck Constant 6.626069x10-34 J s
Electron Mass 9.10938215x10-31 kg Proton-Electron Mass Ratio 1836.15267389

0.5110 MeV Rydberg Constant 10 973 732 m-1

Electron Radius (Classical) 2.8179403x10-15 m 3.289842x1015 Hz

Electron Volt 1.602176x10-19 J 13.6057 eV
Elementry Charge 1.602176x10-19 C Second Radiation Constant 0.01438769 m K
Faraday Constant 96 485.3399 C/mol Speed of Light in a Vacuum 299 792 458 m/s
fine-structure constant 0.0072973525 Speed of sound in air at STP 343.2 m/s

[42] First Radiation Constant 3.7417749x10-16 W m2 Standard Pressure 101 325 Pa {42}

References:
•Nist.gov, *Wolfram.com (Mathematic),
CRC Handbook of Chemistry and Physics
81st Edition, 2000-2001, and others

+3 +2,3 +2,3 +3+3,4 +3 +3 +3
[Rn] 5f13 7s2 [Rn] 5f14 7s2 [Rn] 5f14 7s2 7p ?

+3 +4 +4,5 +3,4,5,6 +3,4,5,6 +3,4,5,6 +3,4,5,6
[Rn] 5f9 7s2 [Rn] 5f10 7s2 [Rn] 5f11 7s2 [Rn] 5f12 7s2

- -(m) 170 hex - hex
[Rn] 6d1 7s2 [Rn] 6d2 7s2 [Rn] 5f2 6d1 7s2 [Rn] 5f3 6d1 7s2 [Rn] 5f4 6d1 7s2 [Rn] 5f6 7s2 [Rn] 5f7 7s2 [Rn] 5f7 6d 7s2

- - - -- - - -(m) 173 HCP (m) 174 HCP(m) 155 SO (m) 159 §mono.
1627 -

- FCC (m) 179 FCC (m) 163 §tetra (m) 156 BCP
827 - 827 -860 - 1527 -1050 - 900 -1176 2011 1345 3110644 4000 640 3230

- 4.9 ?14.78 6.1979 15.1 6.2817
1050 3200 1750 4820 1572 4000 1135 3927

- 6.58 - 6.65- 6.42 - 6.50- 5.9738 13.51 5.991420.45 6.2657 19.816 6.0260
Nobelium Lawrencium

10.07 5.17 11.724 6.3067 15.37 5.89 19.05 6.1941
Californium Einsteinium Fermium Mendelevium

-

Actinium Thorium Protactinium Uranium Neptunium Plutonium Americium Curium Berkelium

T
U V

W X Y

Z

1.1 1.3 1.5 1.38 1.36 1.28 1.3 1.3 1.3
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ƒ ƒ „ … Pu

†
‡

ˆ

103 (262)97 (247)98 (251)

Ac

‰

D3/2 Th

Š

F2 Pa

‹

K11/2 U
Œ

• Ž
•

101 (258)102 (259)99 (252)100 (257)92 238.0289 95 (243)96 (247)93 (237)94 (244)

[Xe] 4f14 6s2 [Xe] 4f14 5d1 6s2

+2,3 +2,3 +3

(227)90 232.038191 231.0359

+3 +3,4 +3,4 +3 +3 +2,3 +2,3 +3
[Xe] 4f10 6s2 [Xe] 4f11 6s2 [Xe] 4f12 6s2 [Xe] 4f13 6s2

+3,4 +3 +3 +3

HCP
[Xe] 5d1 6s2 [Xe] 4f1 5d1 6s2 [Xe] 4f3 6s2 [Xe] 4f4 6s2 [Xe] 4f5 6s2 [Xe] 4f6 6s2 [Xe] 4f7 6s2 [Xe] 4f7 5d1 6s2 [Xe] 4f9 6s2

HCP (m) 176 FCC (m) 174HCP (m) 176 HCP (m) 176HCP (m) 178 HCP (m) 176BCC (m) 180 HCP (m) 177HCP (m) 180 §hex (m) 180
3402

(m) 187 §hex (m) 182 FCC (m) 182 §hex (m) 181 §hex (m) 183
1950 8193230 1412 2567 1474 1196 16632700 1497 2868 15451527 1313 3250 13563000 1072 1803 822

5.4259
920 3464 798 3360 931 3290 1021 3100 1100

6.1843 6.57 6.2542 9.8416.0215 9.066 6.1077 9.3215.8638 8.551 5.9389 8.7955.6704 7.901 6.1498 8.2195.582 7.353 5.6437 5.244
Lutetium

6.146 5.5769 6.689 5.5387 6.64 5.473 7.01 5.5250 7.264
Holmium ErbiumPraseodymium Neodymium Promethium Samarium Thulium YtterbiumEuropium Gadolinium Terbium Dysprosium
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La

Î

D3/2

1.10

Lanthanum

59 140.9076560 144.2461 (145)

+1 +2 +4
[Rn] 7s1 [Rn] 7s2 [Rn] 5f14 6d2 7s2 ?

- - - BCC
- - 700 1737

Tennessine Oganesson
- 4.0727 5 5.2784 6.0 ?

Nihonium Flerovium Moscovium LivermoriumMeitnerium Darmstadtium Roentgenium CoperniciumDubnium Seaborgium Bohrium Hassium
Og0.7 0.9 Fl McDs Rg Lv TsNhHs Mt

117113 114 (289) 118115 116 (292)111 (272)112 (285)109 (268)110 (281)107 (264)108 (277)105 (262)106 (266)(226)

Actinide
Series

104 (261)

Ra

Ï

S0 Rf

Ð

F2 ?

Radium Rutherfordium
7

87 (223)88

Fr

Ñ

S1/2

Francium

+3,5 +2,4 +1,3,5,7,-1 0+1,3 +1,2 +1,3 +2,4
[Hg] 6p6

+1 +2 +4 +5 +2,3,4,5,6 +2,4,6,7,-1 +2,3,4,6,8 +2,3,4,6 +2,4
[Hg] 6p2 [Hg] 6p3 [Hg] 6p4 [Hg] 6p5[Xe] 4f14 5d9 6s1 [Xe] 4f14 5d10 6s1 [Xe] 4f14 5d10 6s2 [Hg] 6p1

(v) 145 -

[Xe] 6s1 [Xe] 6s2 [Xe] 4f14 5d2 6s2 [Xe] 4f14 5d3 6s2 [Xe] 4f14 5d4 6s2 [Xe] 4f14 5d5 6s2 [Xe] 4f14 5d6 6s2 [Xe] 4f14 5d7 6s2
- §cubic -  - (m) 175 FCC (v) 146 §rhom.(m) 151 §rhom. (m) 170 HCP(m) 139 FCC (m) 144 FCC(m) 135 HCP (m) 136 FCC(m) 139 BCC (m) 137 HCP

-71 -61.7
(m) 265 BCC (m) 222 BCC (m) 159 HCP (m) 146 BCC

254 962 302 -327.46 1749 271.3 1564-38.83 356.73 304 14731768.3 3825 1064.18 28563033 5012 2466 44283422 5555 3186 5596
9.73 10.7485

28.44 671 727 1870 2233 4603 3017 5458
9.196 8.414 - -11.34 7.4167 9.78 7.285513.534 10.4375 11.85 6.108221.09 8.9588 19.3 9.225522.61 8.4382 22.65 8.967019.25 7.8640 21.02 7.833513.31 6.8251 16.65 7.54961.879 3.8939 3.51 5.2117

Bismuth Polonium Astatine RadonGold Mercury Thallium Lead
-

Cesium Barium Hafnium Tantalum Tungsten Rhenium Osmium Iridium Platinum
Rn

Ò

S0

0.79 0.89 1.3 1.5 2.36 1.9 2.2 2.2 Po

Ó

P2 At

Ô

P°3/2

2.0 2.2Pb

Õ

P0 Bi

Ö

S°3/2

2.33 2.02Hg
×

S0 Tl

Ø

P°1/2

2 1.62Pt

Ù

D3 Au

Ú

S1/2

2.28 2.54Os

Û

D4 Ir

Ü

F9/2W

Ý

D0 Re

Þ

S5/2Hf

ß

F2 Ta

à

F3/2Cs

á

S1/2 Ba

â

S0

85 (210)86 (222)83 208.9803884 (209)82 207.279 196.9665580 200.5975 186.20776 190.23 81 204.383373 180.947974 183.84

+1,5,7,-1 0

77 192.21778 195.078

6

55 132.9054556 137.327

Lanthanide 
Series

72 178.49

+3 +2,4 +3,5,-3 +2,4,6,-2+2,3,4 +2,4 +1 +2
[Kr] 4d10 5s2 5p5 [Kr] 4d10 5s2 5p6

+1 +2 +3 +4 +3,5 +2,3,4,5,6 +4,7 +2,3,4,6,8
[Kr] 4d10 5s2 5p1 [Kr] 4d10 5s2 5p2 [Kr] 4d10 5s2 5p3 [Kr] 4d10 5s2 5p4[Kr] 4d8 5s1 [Kr] 4d10 [Kr] 4d10 5s1 [Kr] 4d10 5s2[Kr] 4d4 5s1 [Kr] 4d5 5s1 [Kr] 4d5 5s2 [Kr] 4d7 5s1[Kr] 5s1 [Kr] 5s2 [Kr] 4d1 5s2 [Kr] 4d2 5s2

(v) 133 BCO (v) 130  - (v) 138 §rhom. (v) 135 hex(m) 167 §tetra. (v) 141 §tetra.(m) 144 FCC (m) 151 §hex(m) 134 FCC (m) 137 FCC(m) 136 HCP (m) 134 HCP(m) 146 BCC (m) 139 BCC(m) 180 HCP (m) 160 HCP(m) 248 BCC (m) 215 FCC
113.7 184.3156.6 2072 231.93 2602 -111.8 -108630.63 1587 449.51 988961.78 2162 321.07 7671964 3695 1554.9 29632157 4265 2334 41502477 4744 2623 46391526 3345 1855 440939.31 688 777 1382
4.94 10.4513 5.9 12.12986.697 8.6084 6.24 9.00967.31 5.7864 7.31 7.343910.49 7.5762 8.65 8.993812.45 7.4589 12.023 8.336911.5 7.28 12.37 7.36058.57 6.7589 10.28 7.0924

Iodine XenonNiobium Molybdenum Technetium Ruthenium
1.532 4.1771 2.63 5.6949 4.472 6.2173 6.511 6.6339

Indium Tin Antimony TelluriumRhodium Palladium Silver CadmiumRubidium Strontium Yttrium Zirconium
0.82 0.95 1.22 1.33 I
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52 127.6053 126.9044750 118.71051 121.76048 112.41149 114.81846 106.4247 107.868244 101.0745 102.9055042 95.9443 (98)40 91.22441 92.90638

+2,4,6,-2 +1,5,-1+2,4 +3,5,-3+2,3 +2,3 0

5

37 85.467838 87.6239 88.90585

+2 +3+2,3 +1,2
[Ar] 3d10 4s2 4p4 [Ar] 3d10 4s2 4p5 [Ar] 3d10 4s2 4p6

+1 +2 +3 +2,3,4 +2,3,4,5 +2,3,6 +2,3,4,6,7
[Ar] 3d10 4s2 [Ar] 3d10 4s2 4p1 [Ar] 3d10 4s2 4p2 [Ar] 3d10 4s2 4p3[Ar] 3d6 4s2 [Ar] 3d7 4s2 [Ar] 3d8 4s2 [Ar] 3d10 4s1

BCO (v) 110  - 

[Ar] 4s1 [Ar] 4s2 [Ar] 3d1 4s2 [Ar] 3d2 4s2 [Ar] 3d3 4s2 [Ar] 3d5 4s1 [Ar] 3d5 4s2
rhom. (v) 116 §hex (v) 114§BCO (v) 122 §cubic (v) 119FCC (m) 134 §hex (m) 135HCP (m) 124 FCC (m) 128§cubic (m) 126 BCC (m) 125BCC (m) 128 BCC (m) 127

-153.22
(m) 227 BCC (m) 197 FCC (m) 162 HCP (m) 147 HCP (m) 134

685 -7.3 59 -157.362820 817 614 221907 29.76 2204 938.32913 1084.62 2927 419.532861 1495 2927 14552671 1246 2061 15383287 1910 3407 19071484 1541 2830 1668
3.12 11.8138 3.75 13.99965.727 9.7886 4.819 9.75245.323 7.89948.92 7.7264 7.14 9.39427.47 7.4340 7.874 7.9024 5.904 5.99936.11 6.7462 7.14 6.7665
Bromine Krypton

8.9 7.8810 8.908 7.63980.856 4.3407 1.55 6.1132 2.985 6.5615 4.507 6.8281
Gallium Germanium Arsenic SeleniumCobalt Nickel Copper Zinc

2.96 3

Potassium Calcium Scandium Titanium Vanadium Chromium Manganese Iron

(

P°3/2 Kr

)

S0

0.82 1.00 1.36 1.54 1.63 1.66 1.55
*

S°3/2 Se

+

P2 Br2.18 2.55

,

P°1/2 Ge

-

P0 As1.81 2.01

.

S1/2 Zn

/

S0 Ga1.90 1.65

0

F9/2 Ni

1

F4 Cu1.88 1.91Fe
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Further Reading

Mathematics

Analytic Geometryby Murray H. Protter and Charles B. Morrey, Jr.; Addison-Wesley Co., 1966. A
standard high school text on analytic geometry.

Ask Marilynby Marilyn vos Savant. St. Martin's Press, 1992. A selectionof Marilyn vos Savant's
columns fromParademagazine from 1986–1992. Chapter 26 contains the whole discussion of the Monty
Hall problem, whose solution she correctly provided in the magazine.

The Circle: A Mathematical Exploration beyond the Lineby Alfred S. Posamentier and Robert Geretschlager.
Prometheus Books, 2016. An entire book about circles, theirproperties, and theorems related to circles, writ-
ten at about the level of this text.

A College Algebraby Henry Burchard Fine. Ginn and Company, 1904; reprinted byForgotten Books,
2018. An older, very thorough book on college algebra. This text covers quite a bit of material, and goes into
more depth than the algebra covered in this text.

Conway's Game of Life: Mathematics and Constructionby Nathaniel Johnson and Dave Greene. Lulu.com,
2021. A thorough and extensive discussion of Conway's game of Life, including the latest results. A free
PDF copy is available at https://conwaylife.com/ .

A Course of Pure Mathematics(3rd ed.) by G.H. Hardy. Dover, 2018. An introductory book onmathe-
matical analysis by one of the great mathematicians of the 20th century. First published in 1908 and reprinted
by Dover.

The Drunkard's Walk: How Randomness Rules Our Livesby Leonard Mlodinow. Pantheon Press, 2008.
This book, written for the general public, is about the “random walk” problem.

The (Fabulous) Fibonacci Numbersby Alfred S. Posamentier and Ingmar Lehmann. Prometheus Books,
2007. A book that goes into great detail about the Fibonacci numbers, written for the general public.

Fun with Mathematicsby Jerome S. Meyer; Fawcett Pub., 1962. A very well-written and enjoyable book
on mathematics for the general public.

The Higher Arithmetic: An Introduction to the Theory of Numbers(8th Ed.) by H. Davenport; Cambridge
University Press, 2008. A highly regarded and well-respected text on number theory. This is an excellent
place to start learning about number theory.

How to Enjoy Calculusby Eli S. Pine; Arco Pub., 1975, 1980. If you've never studiedthe calculus and
are interested learning what it's all about, then this briefbook is the place to start. It is the best introductory
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book on calculus available, bar none. The author states that, “In the years I have taught this subject, no one
has gone away without understanding it completely.”

Introduction to Geometry(2nd ed.) by H.S.M. Coxeter; Wiley, 1991. A masterpiece of geometrical
exposition, by the geometer whom many would consider the greatest of modern times. If you work your way
through this text, you will be a serious student of geometry.

An Introduction to the Theory of Numbers(6th ed.) by G.H. Hardy and E.M. Wright; Oxford University
Press, 2008. Originally written in 1938, this book continues to be a very well-known and well-respected
text on number theory. This book can get into some fairly advanced material, and can be considered one of
the de�nitive texts on number theory. If you're interested in learning more about number theory, this is an
excellent place to start.

Mathematics and the Imaginationby Edward Kasner and James Newman; Simon and Schuster, 1940.A
well-known, classic text on mathematics written for the general public. This is the book that introduced the
world to the wordgoogol.

Men of Mathematicsby E.T. Bell; Simon and Schuster, 1937. A well-known collection of short biogra-
phies of famous mathematicians throughout history. Written for a general public audience.

Modern Algebra, Book OneandModern Algebra, Book Twoby Mary Locianiet al.; Houghton-Mif�in
Co., 1970 and 1973. — Standard high school texts on basic algebra.

Modern School Mathematics: Geometryby Ray C. Jurgensen, Alfred J. Donnelly, and Mary P. Dolciani;
Houghton-Mif�in Co., 1972. A standard high school text on geometry.

The Monty Hall Problem: The Remarkable Story of Math's Most Contentious Brain Teaserby Jason
Rosenhouse. A book entirely about the Monty Hall problem, written for the general public.

New First Course in the Theory of Equationsby Leonard Eugene Dickson; John Wiley & Sons, New
York, 1939.

Numerical Recipes(3rd ed.) by William H. Press,et al.; Cambridge University Press, 2007. If you're
interested in numerical methods, this is an excellent placeto start learning about them. This book does have
its detractors, who claim that the methods presented are toosimple, and elaborate pre-written black-box
routines work better. That's undoubtedly true, but if you want some insights into the basics of numerical
methods, this book does that job very well.

Prelude to Mathematicsby W.W. Sawyer; Dover Publications, 2011. Another excellent (brief) book on
mathematics, intended for a general audience and covering some advanced topics.

The Princeton Companion to Mathematicsby Timothy Gowerset al.; Princeton University Press, 2008.
A massive compilation of all sorts of topics in pure mathematics. Very interesting to browse through and read
articles that capture your interest.

The Princeton Companion to Applied Mathematicsby Nicholas J. Highamet al.; Princeton University
Press, 2015. Like its cousin above, but focused on topics in applied mathematics.

The Secrets of Triangles: A Mathematical Journeyby Alfred S. Posamentier and Ingmar Lehmann.
Prometheus Books, 2012. An entire book dedicated to triangles, their properties, and theorems related to
triangles, written at about the level of this text.
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Theory of Equationsby J.V. Upensky. McGraw-Hill, New York, 1948.

Topology Without Tearsby Sidney A. Morris. An excellent starter text on general topology by a well
respected mathematician in the �eld. The book is currently available for free as an e-book on the Internet at
https://topologywithouttears.net/ , along with some accompanying videos. The text is still a
work in progress, and is updated from time to time, so be sure you have the latest version. The book is geared
toward readers with a wide range of mathematical backgrounds.

The Trachtenberg Speed System of Basic Mathematicsby Jakow Trachtenberg; Ishi Press, 2011. A system
for performing amazing feats of mental arithmetic, developed by Jakow Trachtenberg while imprisoned in
concentration camps during the Holocaust. Be sure to read the amazing foreword to this book — it's an
incredible story that could easily be adapted to an action-packed movie.

A Treatise on Algebra(3rd ed.) by Charles Smith; MacMillon and Co., 1892. An olderbut comprehensive
text on college algebra. Beware of books on “algebra”: they might be about basic algebra (quadratic equations
and so forth), or they might be about so-called “abstract algebra” or “modern algebra,” which has to do with
abstract concepts like groups, rings, and �elds. Smith's book is the former, and covers algebra as we've
discussed it here, along with a few related topics. There is absolutely no way to tell from a book's title which
kind of “algebra” book it is — you have to look inside.1 If there's a lot of talk about groups and rings and
�elds, then it's abstract algebra. If there's talk about quadratic equations, then it's the basic algebra we've
discussed here.

Trigonometry(2nd ed.) by Elbridge P. Vance; Addison-Wesley, 1969. A standard high school trigonom-
etry textbook.

What is Mathematics?by by Richard Courant and Herbert Robbins; Oxford University Press, 1996. First
published in 1941, this is an excellent book on mathematics for a general audience. Albert Einstein said of this
book, “A lucid representation of the fundamental concepts and methods of the whole �eld of mathematics.”

The World of Mathematics(4 vol.) by James R. Newman (ed.). Simon and Schuster, 1956. Awell-known
collection of writings about mathematics, written for a general audience.

Physics

Applied Physics(11th ed.) by D. Ewen, N. Schurter, and P.E. Gundersen; Pearson, 2017. Applied
physics is closely related to technical physics. This recent text on applied physics is algebra-based (no
calculus) and would make a good companion for this course. The college may consider adopting this text for
future offerings of this Technical Physics course.

Brainteaser Physics: Challenging Physics Puzzlersby by Göran Grimvall. Johns Hopkins University
Press, 2007. A very interesting and entertaining collection of physics puzzlers, including a discussion of
Benford's law.

College Physicsby F.W. Sears and M.W. Zemansky; Addison-Wesley, 1960. A good, standard algebra-
based textbook on college physics. This text goes into more detail than the present text, and could be covered
in roughly two years of college instruction.

1One famous example is the two-volume workBasic Algebraby Jacobson. Volume I immediately starts discussing set theory,
monoids, groups, rings, ideals, Galois theory, etc. That'sabstract algebra, and is fairly advanced. On the other hand,Modern Algebra
by Dolciani is about basic algebra of the kind discussed in this text.
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Experiments for Technical Physics(2nd ed.) by A. McAlexander; Allyn and Bacon, Inc., 1979. One
of very few laboratory manuals written speci�cally for technical physics. Maybe theonly such laboratory
manual.

The Feynman Lectures on Physics(3 vol.), by R.P. Feynman, R.B. Leighton, and M.L. Sands; Addison-
Wesley, 1963. A very well known and respected set of lecturesby Nobel laureate Richard Feynman. These
lectures are at an upper undergraduate level, and cover nearly all of physics. These can be found as published
paper editions, or free online athttps://www.feynmanlectures.caltech.edu . There are a num-
ber of editions of these lectures available; the author's preference is for theCommemorative Issueversion,
but the most recent is theNew Millennium Edition. The audio lectures are available on CD-ROM; a prob-
lem book is available under the titleExercises for the Feynman Lectures on Physics; and a companion book
Feynman's Tips on Physicsis also available.

Technical College Physics, 3rd ed., J.D. Wilson. Saunders Pub., 1992. Now out of print,but available
used from online book sellers. This text was once used as the required textbook for this course.

Technical Physics, 3rd ed., F. Bueche. Harper & Row Pub., 1985. Another standard textbook on technical
physics. There are not many textbooks on technical physics,and this is one of the few. Out of print, but
available used from used bookstores and online used book services.

Technical Physics, P.J. Ouseph, D. Van Nostrand Co., 1980. Another one of just ahandful of books on
the subject of technical physics.

Thermodynamics, by Enrico Fermi. Dover Publications, 1936, 1956. A brief calculus-based introduction
to thermodynamics by one of the giants in the history of physics.

Understanding Thermodynamicsby H.C. Van Ness. Dover Publications, 1969, 1983. Another brief
calculus-based introduction to thermodynamics.

Remote Sensing

Flattening the Earth: Two Thousand Years of Map Projectionsby John P. Snyder. University of Chicago
Press, 1993. A good, up-to-date history and description of the many map projections in use today.

Introduction to Remote Sensing(6th ed.) by J.P. Campbell R.H. Wynne, and V.A. Thomas; Guilford
Press, 2023. A comprehensive and up-to-date text on remote sensing.

Remote Sensing Laboratory Manualby Floyd F. Sabins; Kendall/Hunt Publishing Co., 1997. A good
manual of laboratory exercises in remote sensing.
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Reference Works

CRC Standard Mathematical Tables and Formulas(33rd ed.) by Dan Zwillinger (ed.); CRC Press,
2018. A very well-known reference work on many areas of mathematics. There's quite a bit of interesting
and useful reference material in here.

CRC Handbook of Chemistry and Physics(104th ed.) By John R. Rumble (ed.), CRC Press, 2023. A
large and very well-known standard reference, with lots of information related to physics and chemistry.
Published in a new edition every year.

Handbook of Mathematical Functionsby Milton Abromowitz and Irene A. Stegun; Dover Publications,
1965. This highly regarded reference work, popularly knownas “Abromowitz and Stegun,” is still in print
after its initial publication by the National Bureau of Standards in 1964. Lots of tables and other information
on special functions, integrals, etc.

Table of Integrals, Series, and Products(8th ed.) by I.S. Gradshteyn and I.M. Ryzhik; D. Zwillinger (ed.).
Especially for students of calculus, you'll need a good table of integrals. This one is very well known and
quite comprehensive, and includes tables of series and products as well.
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On-Line Resources

Online Encyclopedia of Integer Sequences (OEIS)
https://oeis.org/

WolframjAlpha
https://www.wolframalpha.com/

Wolfram MathWorld
https://mathworld.wolfram.com/
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[20] N. Gridgeman, N., “The search for perfect numbers”,New Scientist334: 8688,, 1963.
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Abscissa, 122
Absolute value, 24
Abstract algebra, 172
Acute

angle, 175
triangle, 175

Addend, 17
Addition, 16
Algebra, 98
Amicable numbers (f.n.), 267
Andrica's conjecture, 89
Anecdotes, 266
Angle

acute, 175
Antilogarithm, 40
Apogee, 195
Area, 174
Arecibo radio message, 87
Arithmetic

fundamental theorem of, 87
Arithmetic mean, 235
Arithmetic-geometric mean, 236
Associative properties, 18
Astronomical unit, 345
Augend, 17
Axiom, 244

“Back cab” rule, 216
Base, 27

number, 64, 66, 67, 69, 280
Bases, 64
Benford's law, 226
Bentley, Donald, 185
� expansion, 80
Beta function

Beta function(f.n.), 100
Bicycle gearing, 158
Big Mac, 22

Binary arithmetic, 67, 224
Binary coef�cient, 120
Binet's formula, 115
Binomial, 116

distribution, 223
theorem, 120

Birthday Problem, 224
Bit, 224
Body mass index (BMI), 157
Brocard's conjecture, 89

Calculus, 257
Calendar

Gregorian, 51
Julian (Old Style), 51

Cancellation, 112
Candido identity, 124
Casting out nines, 56
Catastrophic cancellation, 24
Ceiling function, 25
Cellular autonomous, 277
Chainring, 159
Chemical equations, 132
Chi-squared test, 239, 325
Circle, 177
Circumference, 173
Cog, 159
Coin rotation paradox, 181
Collatz conjecture, 92, 280
Combinations, 221
Commutative properties, 18
Complementary angles, 187
Complements, 69
Completing the square, 117
Complex conjugate, 39
Complex number, 39
Composite numbers, 86
Conditional (logic), 255
Conjecture, 245
Constructions, mathematical, 178
Continued fractions, 164
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Contrapositive (logic), 255
Convergents, 165
Converse (logic), 255
Conway, John Horton, 62, 277
Corollary, 244
Cosine, 188
Cosine formula, 194
Cosines, law of, 194
Coversine, 190
Cross product, 211, 214, 352

inverse, 217
Cross-multiplying, 112
Cube root, 29, 272
Cubic equation, 110
Currency exchange rates, 85

Dantzig, George, 268
Day of year, 53
Decimal arithmetic, 64
De�nition, 244
Degree, 186, 356

square, 357
Degrees of freedom, 239
Denominator, 16, 21

rationalizing, 30
Dieting, 156
Difference, 17
Differential, 257
Dionysius Exiguus, 52
Direct product, 211
Directrix, 200
Discriminant, 107
Disjoint sets, 250
Distributive property, 18
Dividend, 17
Divisibility Rules, 270
Division, 16

long, 21
short, 21

Divisor, 17
Doomsday algorithm, 62
Dot product, 211, 352
Dozenal (duodecimal) arithmetic, 66
Duodecimal arithmetic, 66

e, 43, 165
Earth, 345
Eccentricity

ellipse, 201
hyperbola, 201

Egyptian multiplication, 56
Ellipse, 200, 280
Encyclopedia of Integer Sequences, 93
Equations, theory of, 163
Equiangular triangle, 175
Equilateral triangle, 175
Eratosthenes, sieve of, 86
Euclid, 177
Euclid, game of, 90
Euclidean algorithm, 90
Euler's identity, 38
Euler's numb er, 43
Euler's number, 165
Euler's totient function, 94
Evolution, 29
Exponent, 27
Exsecant, 190

Factor, 116
Factor theorem, 120
Factorial, 35

trivia, 36
Fermat's last theorem, 267
Fibonacci numbers, 82, 90, 114, 280
Fields medal, 289
Floor function, 25
Focus

ellipse, 200
hyperbola, 201
parabola, 200

Four-color theorem, 178, 280
Fourth (of arc), 356
Fractal geometry, 279
Fraction

addition, 21
division, 22
improper, 21
mixed, 21
multiplication, 22
proper, 21
reciprocal, 22
reduced, 21
subtraction, 21

Fractional part function, 26
Fractions, 21
Fraktur alphabet, 299
Function, 121

continuous, 122
even and odd, 122
inverse, 121
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Gamma function, 35
Gar�eld, James A., 176
Gear

inches, 159
ratio, 159
size, 159

Geometric mean, 236
Geometric series, 122
German tank problem, 240
Goldbach conjecture, 86
Golden Grahams cereal problem, 225
Golden ratio, 64, 81, 90, 113, 280
Googol, 46
Googolplex, 46
Grad, 186, 356
Grade, 257
Grant, Lou, 155
Graph, 198
Graphs, 122
Great circle, 194
Greek

alphabet, 13, 298
quotations, 15

Gregorian calendar, 51

Hall, Monty, 231
Hardy, G.H., 266
Harmonic mean, 236
Haversine, 190, 194
Haversine formula, 194
Heminary, 68
Heron's formula, 174
Hexadecimal arithmetic, 67
Hexatrigesimal, 69
Hierarchy of operations, 44
Hilbert's Problems, 286
Hindu-Arabic numerals, 20
Hyperbola, 201, 280
Hyperbolic functions, 314
Hypercubes, 182
Hypersphere, 182

i D
p

� 1, 38
Identity properties, 19
Imaginary number, 38, 280
Index, 29
Inequalities, 135
In�nitesimal numbers, 257
Integer, 16

Gaussian, 39

Interest
compound, 168
simple, 167

Interpolation, 218
linear, 218
logarithmic, 218
semi-logarithmic, 218

Intersection (of sets), 250
Inverse (logic), 255
Inverse properties, 19
Involution, 26
Irrational numbers, 16, 22
Isosceles triangle, 175
IXOHOXI, 276

Julian calendar, 51
Julian day, 53, 303
Jupiter, 345

Kaprekar's constant, 93
Kasner, Edward, 46

LambertW function, 125, 129
Large numbers, 45
Latus rectum, 200
Leap year, 51
Legendre's conjecture, 89
Legendre's constant, 286
Lemma, 244
Length, 173
Let's Make a Deal, 231
Life, game of, 277
Linear A, 13
Linear algebra, 171
Linear B, 13
Linear regression, 237
Log integral function, 286
Logarithm, 39

negative numbers, 41
Lucas numbers, 91, 280

Magic square, 274
Magic squares, 280
Mandelbrot set, 279
Mars, 345
Mary Tyler Moore Show, 155
Mathematical Games, 280, 327
Mathematical lore, 266
Matrix, 171
Mean, 235
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Median, 235
Meme, 44, 45
Mercury, 345
Minuend, 17
Möbius strip, 276, 280
Mode, 236
Modern algebra, 172
Modulo, 17
Monty Hall Problem, 231
Multiplicand, 17
Multiplication, 16

implied, 17
Multiplier, 17

Natural numbers, 16
Nautical mile, 196
Negative numbers, 19
Neptune, 345
Neyman, Jerzy, 268
Non-Euclidean geometry, 177
Null hypothesis, 239
Null set, 250
Number bases, 64
Number theory, 86
Numerator, 16, 21
Numerical analysis, 124

Obelus, 17, 45
Obliquity of the ecliptic, 345
Obtuse

angle, 175
triangle, 175

Octal arithmetic, 67
Old Style calendar, 51
Opperman's conjecture, 89
Ordered pair, 198
Ordinate, 122
Origin, 198

Parabola, 200, 280
Parallel postulate, 177
Parallelogram method, 205
Pascal's triangle, 119, 223
Pell numbers, 91
Per mille, 22
Percent, 22
Perfect number, 91
Perimeter, 173
Permutations, 221
Phinary, 81

� , 164
Pi (� ), 173, 280
Pig ear notches, 65
Pizza, 156, 224

toppings, 224
Place-value notation, 64
Platonic solids, 179
Pluto, 345
Polish notation, 292
Polygon method, 205
Polyhedra, 179
Polynomial, 116
Pomona College, 185
Postulate, 244
Prime counting function, 286
Prime number theorem, 286
Prime numbers, 86

twin, 86
Principal, 167
Principal value, 192
Probability, 220
Product, 17
Product notation, 115
Proof

by contradiction, 246
contrapositive, 248
deductive, 245
direct, 245
inductive, 246

Proofs, 244
Prosthaphaeresis, 55
Pythagoras of Samos, 176
Pythagorean theorem, 176, 208

Quadrants, 187
Quadratic equation, 107
Quantum mechanics, 220
Quarter squares, method of, 54, 307
Quartic equation, 111
Quater-imaginary base, 77
Quaternion, 210
Quinary arithmetic, 64
Quod erat demonstrandum (Q.E.D.), 57, 245
Quotient, 17

Radian, 186, 356
Radical, 29
Radicand, 29
Ramanujan, Srinivasa, 266, 267
Rational approximations, 54
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Rational numbers, 21, 22
Real numbers, 16, 22
Reciprocal, 17
Remainder, 17
Repeating decimals, 18
Reverse Polish Notation (RPN), 290, 292
Richards, Mary, 155
Riemann hypothesis, 285
Riemann zeta function, 285
Right

angle, 175
triangle, 175

Right-hand rule, 214, 352
Rise, 257
Roman numerals, 20
Rounding, 23
Run, 257
Russian peasant algorithm, 56

Saturn, 345
Scalar, 204
Scalar product, 211
Scalene triangle, 175
Scienti�c notation, 47
Scruffy, 261
Semiquincentennial, 46
Sieve of Eratosthenes, 86
Simultaneous equations, 130
Sine, 188
Sines, law of, 193
Sirotta, Milton, 46
Slope, 257
Solid angle, 356
Soroban, 62
Square root, 29, 271

paper and pencil method, 30
Square, completion of, 117
Standard deviation, 236
Statistics, 235
Steradian, 356
Stirling's Approximation, 35
Subtraction, 16
Subtrahend, 17
Sum, 17
Summand, 120
Summation notation, 115
Supplementary angles, 187
Swine ear notches, 65

Tangent, 188

Tangents, law of, 194
Tau (� ), 174
Tautology(f.n.), 106
Terms, 116
Ternary arithmetic, 64
Tesseract, 182
Theorem, 244
Third (of arc), 356
Time conversions, 50
Tower of exponents, 28, 100, 130
Trachtenberg system, 62
Triangle inequality, 175
Triangle method, 205
Triangular Numbers, 93
Tricks of algebra, 111
Trigonometric functions, 188

inverse, 191
lesser-used, 190

Triple scalar product, 216
Triple vector product, 216
Tropical year, 51
Tupper's self-referential formula, 282

Union (of sets), 250
Unit circle, 188
Unit vector, 207, 351
Uranus, 345

Variance, 236
Vector, 204, 351

magnitude, 208
polar form, 352
rectangular form, 352
zero, 210, 215

Vector product, 214
Vectors, 204
Venus, 345
Versine, 190
Versus (vs.), 122
Vi�eta's formulas, 108
Vincenty's formulæ, 194
Volume, 175

W function,seeLambertW function

Zeckendorf's theorem (f.n.), 114
Zero vector, 210, 215
Zeta function, 285
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