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Introduction  

The HP-15C provides several advanced capabilities never before combined so conveniently 

in a handheld calculator: 

¶ Finding the roots of equations. 

¶ Evaluating definite integrals. 

¶ Calculating with complex numbers. 

¶ Calculating with matrices. 

The HP-15C Owner's Handbook gives the basic information about performing these 

advanced operations. It also includes numerous examples that show how to use these 

features. The owner's handbook is your primary reference for information about the advanced 

functions. 

This HP-15C Advanced Functions Handbook continues where the owner's handbook leaves 

off. In this handbook you will find information about how the HP-15C performs the 

advanced computations and information that explains how to interpret the results that you 

get. 

This handbook also contains numerous programs, or applications. These programs serve two 

purposes. First, they suggest ways of using the advanced functions, so that you might use 

these capabilities more effectively in your own applications. Second, the programs cover a 

wide range of applicationsðthey may be useful to you in the form presented in this 

handbook. 

Note: The discussions of most topics in this handbook presume that you 

already understand the basic information about using the advanced functions 

and that you are generally familiar with the subject matter being discussed. 
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Section 1: 
Using _  Effectively 

The _  algorithm provides an effective method for finding a root of an equation. This 

section describes the numerical method used by _  and gives practical information 

about using _  in various situations. 

Finding Roots  

In general, no numerical technique can be guaranteed to find a root of every equation that has 

one. Because a finite number of digits are used, the calculated function may differ from the 

theoretical function in certain intervals of x, it may not be possible to represent the roots 

exactly, or it may be impossible to distinguish between zeros and discontinuities of the 

function being used. Because the function can be sampled at only a finite number of places, 

it's also possible to conclude falsely that the equation has no roots. 

Despite these inherent limitations on any numerical method for finding roots, an effective 

methodðlike that used by _ ðshould strive to meet each of the following objectives: 

¶ If a real root exists and can be exactly represented by the calculator, it should be 

returned. Note that the calculated function may underflow (and be set to zero) for 

some values of x other than the true roots. 

¶ If a real root exists, but it can't be exactly represented by the calculator, the value 

returned should differ from the true root only in the last significant digit. 

¶ If no real root exists, an error message should be displayed. 

The _  algorithm was designed with these objectives in mind. It is also easy to use and 

requires little of the calculator's memory. And because _  in a program can detect the 

situation of not finding a root, your programs can remain entirely automatic regardless of 

whether _  finds a root. 

How _  Samples 

The _  routine uses only five registers of allocatable memory in the HP-15C. The five 

registers hold three sample values (a, b, and c) and two previous function values (f(a) and 

f(b)) while your function subroutine calculates f(c). 

The key to the effectiveness of _  is how the next sample value c is found. 

Normally, _  uses the secant method to select the next value. This method uses the 

values of a, b, f(a), and f(b) to predict a value c where f(c) might be close to zero. 
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If c isn't a root, but f(c) is closer to zero than f(b), then b is relabeled as a, c is relabeled as b, 

and the prediction process is repeated. Provided the graph of f(x) is smooth and provided the 

initial values of a and b are close to a simple root, the secant method rapidly converges to a 

root. 

However, under certain conditions the secant method doesn't suggest a next value that will 

bound the search or move the search closer to the root, such as finding a sign change or a 

smaller function magnitude. In such cases, _  uses a different approach. 

If the calculated secant is nearly horizontal, _  modifies the secant method to ensure 

that |c ī b| Ò 100 |a ī b|. This is especially important because it also reduces the tendency for 

the secant method to go astray when rounding error becomes significant near a root. 

 

If _  has already found values a and b such that f(a) and f(b) have opposite signs, it 

modifies the secant method to ensure that c always lies within the interval containing the sign 

change. This guarantees that the search interval decreases with each iteration, eventually 

finding a root. 
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If _  hasn't found a sign change and a sample value c doesn't yield a function value 

with diminished magnitude, then _  fits a parabola through the function values at a, b, 

and c. _  finds the value d at which the parabola has its maximum or minimum, 

relabels d as a, and then continues the search using the secant method. 

_  abandons the search for a root only when three successive parabolic fits yield no 

decrease in the function magnitude or when d = b. Under these conditions, the calculator 

displays Error 8. Because b represents the point with the smallest sampled function 

magnitude, b and f(b) are returned in the X- and Z-registers, respectively. The Y-register 

contains the value of a or c. With this information, you can decide what to do next. You 

might resume the search where it left off, or direct the search elsewhere, or decide that f(b) is 

negligible so that x = b is a root, or transform the equation into another equation easier to 

solve, or conclude that no root exists. 

Handling Troublesome Situations 

The following information is useful for working with problems that could yield misleading 

results. Inaccurate roots are caused by calculated function values that differ from the intended 

function values. You can frequently avoid trouble by knowing how to diagnose inaccuracy 

and reduce it. 

Easy Versus Hard Equations 

The two equations f(x) = 0 and e
f(x)

 ī 1 = 0 have the same real roots, yet one is almost always 

much easier to solve numerically than the other. For instance, when f(x) = 6x ī x
4
 ī 1, the 

first equation is easier. When f(x) = ln(6x ī x
4
), the second is easier. The difference lies in 

how the function's graph behaves, particularly in the vicinity of a root. 
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In general, every equation is one of an infinite family of equivalent equations with the same 

real roots. And some of those equations must be easier to solve than others. While _  

may fail to find a root for one of those equations, it may succeed with another. 

Inaccurate Equations 

_  can't calculate an equation's root incorrectly unless the function is incorrectly 

calculated. The accuracy of your function subroutine affects the accuracy of the root that you 

find. 

You should be aware of conditions that might cause your calculated function value to differ 

from the theoretical value you want it to have. _  can't infer intended values of your 

function. Frequently, you can minimize calculation error by carefully writing your function 

subroutine. 

Equations With Several Roots 

The task of finding all roots of an equation becomes more difficult as the number of roots 

increases. And any roots that cluster closely will usually defy attempts at accurate resolution. 

You can use deflation to eliminate roots, as described in the HP-15C Owner's Handbook. 

An equation with a multiple root is characterized by the function and its first few higher-

order derivatives being zero at the multiple root. When _  finds a double root, the last 

half of its digits may be inaccurate. For a triple root, two-thirds of the root's digits tend to be 

obscured. A quadruple root tends to lose about three-fourths of its digits. 

Using _  With Polynomials 

Polynomials are among the easiest functions to evaluate. That is why they are traditionally 

used to approximate functions that model physical processes or more complex mathematical 

functions. 

A polynomial of degree n can be represented as 

anx
n
 + anī1x

nī1
 + é + a1x + a0 . 
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This function equals zero at no more than n real values of x, called zeros of the polynomial. 

A limit to the number of positive zeros of this function can be determined by counting the 

number of times the signs of the coefficients change as you scan the polynomial from left to 

right. Similarly, a limit to the number of negative zeros can be determined by scanning a new 

function obtained by substituting īx in place of x in the original polynomial. If the actual 

number of real positive or negative zeros is less than its limit, it will differ by an even 

number. (These relationships are known as Descartes' Rule of Signs.) 

As an example, consider the third-degree polynomial function 

f(x) = x
3
 ī 3x

2
 ī 6x + 8 . 

It can have no more than three real zeros. It has at most two positive real zeros (observe the 

sign changes from the first to second and third to fourth terms) and at most one negative real 

zero (obtained from f(īx) = īx
3
 ī 3x

2
 + 6x + 8). 

Polynomial functions are usually evaluated most compactly using nested multiplication. 

(This is sometimes referred to as Horner's method.) As an illustration, the function from the 

previous example can be rewritten as 

f(x) = [(x ī 3)x ī 6]x + 8 . 

This representation is more easily programmed and more efficiently executed than the 

original form, especially since _  fills the stack with the value of x. 

Example: During the winter of '78, Arctic explorer Jean-Claude Coulerre, isolated at his 

frozen camp in the far north, began scanning the southern horizon in anticipation of the sun's 

reappearance. Coulerre knew that the sun would not be visible to him until early March, 

when it reached a declination of 5° 18'S. On what day and time in March was the chilly 

explorer's vigil rewarded? 

The time in March when the sun reached 5° 18'S declination can be computed by solving the 

following equation for t: 

D = a4t
4
 + a3t

3
 + a2t

2
 + a1t + a0 

Where D is the declination in degrees, t is the time in days from the beginning of the month, 

and 

a4  =    4.2725 × 10
ī8 

a3  =  ī1.9931 × 10
ī5 

a2  =    1.0229 × 10
ī3 

a1  =    3.7680 × 10
ī1 

a0  =  ī8.1806 .
 

This equation is valid for 1 Ò t < 32, representing March, 1978. 
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First convert 5° 18'S to decimal degrees (press 5.18Ď | À ), obtaining ī5.3000 

(using Ē 4 display mode). (Southern latitudes are expressed as negative numbers for 

calculation purposes.) 

The solution to Coulerre's problems is the value of t satisfying 

ī5.3000 = a4t
4
 + a3t

3
 + a2t

2
 + a1t + a0. 

Expressed in the form required by _  the equation is 

0 = a4t
4
 + a3t

3
 + a2t

2
 + a1t ī 2.8806 

where the last, constant term now incorporates the value of the declination. 

Using Horner's method, the function to be set equal to zero is 

f(t) = (((a4t + a3)t + a2)t + a1)t ī 2.8806 . 

To shorten the subroutine, store and recall the constants using the registers corresponding to 

the exponent of t. 

Keystrokes Display  

= -   PrError  Clears calculatorôs memory.
*
 

ġ   0.00 00  

|¥   000 -  Program mode. 

´bA   001 - 42,21,11   

l 4  002 -    45  4   

*   003 -       20  

l 3  004 -    45  3   

+   005 -       40  

*   006 -       20  

l 2  007 -    45  2   

+   008 -       40  

*   009 -       20  

l 1  010 -    45  1   

+   011 -       40  

*   012 -       20  

l  0  013 -    45  0   

+   014 -       40  

|n   015 -    43 32   

 

                                                           

* This step is included here only to ensure that sufficient memory is available for the examples that follow in this handbook. 
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In Run mode, key in the five coefficients: 

Keystrokes Display  

|¥   Run mode. 

4.2725 č 8Ď   4.2725   - 08  

O 4  4.2725   - 08 Coefficient of t
4
. 

1.9931Ď č  
5Ď O 3 - 1.9931   - 05 Coefficient of t

3
. 

1.0229č 3Ď   1.0229   - 03  

O 2  0.0010  Coefficient of t
2
. 

3.7680č 1Ď   3.7680   - 01  

O 1  0.3768  Coefficient of t. 

2.8806Ď O 0 - 2.8806  Constant term. 

Because the desired solution should be between 1 and 32, key in these values for initial 

estimates. Then use _  to find the roots. 

Keystrokes Display  

1v   1.0000   

32  32 Initial Estimates. 

´_A   7.5137  Root found. 

)   7.5137  Same previous estimate. 

)   0.0000  Function value. 

|(|(   7.5137  Restores stack. 

The day was March 7th. Convert the fractional portion of the number to decimal hours and 

then to hours, minutes, and seconds. 

Keystrokes Display  

´ q   0.5137  Fractional portion of day. 

24*   12.3293  Decimal hours. 

´ h   12.1945  Hours, minutes, seconds. 

Explorer Coulerre should expect to see the sun on March 7th at 12
h
 19

m
 45

s
 (Coordinated 

Universal Time). 

By examining Coulerre's function f(t), you realize that it can have as many as four real 

rootsðthree positive and one negative. Try to find additional positive roots by using _  

with larger positive estimates. 

Keystrokes Display  

1000 v 1100  1,100  Two larger, positive estimates. 

´_A   Error 8  No root found. 
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Keystrokes Display  

ġ   278.4497  Last estimate tried. 

)   276.7942  A previous estimate. 

)   7.8948  Nonzero value of function. 

|(|(   278.4497  Restores stack to original state. 

´_A   Error 8  Again, no root found. 

ġ   278.4398  Approximately same estimate. 

)   278.4497  A previous estimate. 

)   7.8948  Same function value. 

You have found a positive local minimum rather than a root. Now try to find the negative 

root 

Keystrokes Display  

1000 Ďv  - 1,000.0000   

1100 Ď  - 1,100  Two larger, negative estimates. 

´_A  - 108.9441  Negative root. 

)  - 108.9441  Same previous estimate. 

)   1.6000   - 08 Function value. 

There is no need to search furtherðyou have found all possible roots. The negative root has 

no meaning since it is outside of the range for which the declination approximation is valid. 

The graph of the function confirms the results you have found. 

 

Solving a System of Equations 

_  is designed to find a single variable value that satisfies a single equation. If a 

problem involves a system of equations with several variables, you may still be able to 

_  to find a solution. 
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For some systems of equations, expressed as 

f1(x1, é, xn) = 0 

 H

fn(x1, é, xn) = 0 

it is possible through algebraic manipulation to eliminate all but one variable. That is, you 

can use the equations to derive expressions for all but one variable in terms of the remaining 

variable. By using these expressions, you can reduce the problem to using _  to find 

the root of a single equation. The values of the other variables at the solution can then be 

calculated using the derived expressions. 

This is often useful for solving a complex equation for a complex root. For such a problem, 

the complex equation can be expressed as two real-valued equationsðone for the real 

component and one for the imaginary componentðwith two real variablesðrepresenting the 

real and imaginary parts of the complex root. 

For example, the complex equation z + 9 + 8e
īz

 = 0 has no real roots z, but it has infinitely 

many complex roots z = x + iy. This equation can be expressed as two real equations 

x + 9 + 8e
īx 

cos y = 0 

y       ī 8e
īx 

sin y  = 0. 

The following manipulations can be used to eliminate y from the equations. Because the sign 

of y doesn't matter in the equations, assume y > 0, so that any solution (x,y) gives another 

solution (x,īy). Rewrite the second equation as 

x = ln(8(sin y)/y), 

which requires that sin y > 0, so that 2nˊ < y < (2n + 1)́  for integer n = 0, 1, .... 

From the first equation 

y = cos
ī1
(īe

x
(x + 9)/8) + 2n  ́

= (2n + 1)ˊ ī cos
ī1

(e
x
(x + 9)/8) 

for n = 0, 1, é substitute this expression into the second equation, 

0
))9((64

)8/)9((cos)12(
ln

2

1

=
ö
ö

÷

õ

æ
æ

ç

å

+-

+-+
+

-

xe

xen
x

x

xp
. 

You can then use _  to find the root x of this equation (for any given value of n, the 

number of the root). Knowing x, you can calculate the corresponding value of y. 
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A final consideration for this example is to choose the initial estimates that would be 

appropriate. Because the argument of the inverse cosine must be between ī1 and 1, x must be 

more negative than about ī0.1059 (found by trial and error or by using _ ). The initial 

guesses might be near but more negative than this value, ī0.11 and ī0.2 for example.  

(The complex equation used in this example is solved using an iterative procedure in the 

example on page 69. Another method for solving a system of nonlinear equations is 

described on page 102.)  

Finding Local Extremes of a Function 

Using the Derivative 

The traditional way to find local maximums and minimums of a function's graph uses the 

derivative of the function. The derivative is a function that describes the slope of the graph. 

Values of x at which the derivative is zero represent potential local extremes of the function. 

(Although less common for well-behaved functions, values of x where the derivative is 

infinite or undefined are also possible extremes.) If you can express the derivative of a 

function in closed form, you can use _  to find where the derivative is zeroðshowing 

where the function may be maximum or minimum. 

Example: For the design of a vertical broadcasting tower, radio engineer Ann Tenor wants to 

find the angle from the tower at which the relative field intensity is most negative. The 

relative intensity created by the tower is given by 

qp

pqp

sin)]2cos(1[

)2cos()cos2cos(

h

hh
E

-

-
=  

where E is the relative field intensity, h is the antenna height in wavelengths, and ɗ is the 

angle from vertical in radians. The height is 0.6 wavelengths for her design. 

The desired angle is one at which the derivative of the intensity with respect to ɗ is zero. 

To save program memory space and execution time, store the following constants in registers 

and recall them as needed: 

r0 = 2́ h   and is stored in register R0, 

r1 = cos(2ˊh)   and is stored in register R1, 

r2 = 1/[1 ī cos(2ˊh)]   and is stored in register R2. 

The derivative of the intensity E with respect to the angle ɗ is given by 

ù
ú

ø
é
ê

è -
-=

qq

q
q

q tansin

)coscos(
)cossin( 10

002

rr
rrr

d

dE

.
 

Key in a subroutine to calculate the derivative. 
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Keystrokes Display  

|¥   Program mode. 

´ CLEAR M   000 -   

´ b 0  001 - 42,21, 0   

\   002 -       24  

l 0  003 -    45  0   

*   004 -       20  

\   005 -       24  

l 1  006 -    45  1   

-   007 -       30  

®   008 -       34  

[   009 -       23  

÷   010 -       10  

®   011 -       34  

]   012 -       25  

÷   013 -       10  

Ď   014 -       16  

®   015 -       34  

\   016 -       24  

l 0  017 -    45  0   

*   018 -       20  

[   019 -       23  

l 0  020 -    45  0   

*   021 -       20  

+   022 -       40  

l 2  023 -    45  2   

*   024 -       20  

| n   025 -    43 32   

In Radians mode, calculate and store the three constants. 

Keystrokes Display  

|¥   Run mode. 

|R   Specifies Radians mode. 

2|$*   6.2832   

.6* O 0  3.7699  Constant r0. 

\ O 1 - 0.8090  Constant r1. 

Ď 1+   1.8090   

Ė O 2   0.5528  Constant r2. 
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The relative field intensity is maximum at an angle of 90° (perpendicular to the tower). To 

find the minimum, use angles closer to zero as initial estimates, such as the radian 

equivalents of 10° and 60°. 

Keystrokes Display  

10´ r   0.1745   

60´r   1.0472  Initial estimates. 

´_ 0  0.4899  Angle giving zero slope. 

))  - 5.5279    - 10 Slope at specified angle. 

|(|(   0.4899  Restores the stack. 

|d   28.0680  Angle in degrees. 

The relative field intensity is most negative at an angle of 28.0680° from vertical. 

 

Using an Approximate Slope 

The derivative of a function can also be approximated numerically. If you sample a function 

at two points relatively close to x (namely x + ȹ and x ī ȹ), you can use the slope of the 

secant as an approximation to the slope at x: 

D

D--D+
=

2

)()( xfxf
s  
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The accuracy of this approximation depends upon the increment ȹ and the nature of the 

function. Smaller values of ȹ give better approximations to the derivative, but excessively 

small values can cause round-off inaccuracy. A value of x at which the slope is zero is 

potentially a local extreme of the function. 

Example: Solve the previous example without using the equation for the derivative dE/dɗ. 

Find the angle at which the derivative (determined numerically) of the intensity E is zero. 

In Program mode, key in two subroutines: one to estimate the derivative of the intensity and 

one to evaluate the intensity function E. In the following subroutine, the slope is calculated 

between ɗ + 0.001 and ɗ ī 0.001 radians (a range equivalent to approximately 0.1°). 

Keystrokes Display  

|¥   000 -  Program mode. 

´bA   001 - 42,21,11   

č   002 -       26  

Ď   003 -       16  

3  004 -        3 Evaluates E at ɗ + 0.001. 

+   005 -       40  

v   006 -       36  

GB   007 -    32 12   

®   008 -       34  

č   009 -       26  

Ď   010 -       16  

3  011 -        3 Evaluates E at ɗ ī 0.001. 

-   012 -       30  

v   013 -       36  

GB   014 -    32 12   

-   015 -       30  

2  016 -        2  

č   017 -       26  

Ď   018 -       16  

3  019 -        3  

÷   020 -       10  

|n   021 -    43 32   

´bB   022 - 42,21,12  Subroutine for E(ɗ). 

\   023 -       24  

l 0  024 -    45  0   

*   025 -       20  

\   026 -       24  

l 1  027 -    45  1   

-   028 -       30  
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Keystrokes Display  

®   029 -       34  

[   030 -       23  

÷   031 -       10  

l 2  032 -    45  2   

*   033 -       20  

|n   034 -    43 32   

In the previous example, the calculator was set to Radians mode and the three constants were 

stored in registers R0, R1, and R2. Key in the same initial estimates as before and execute 

_ . 

Keystrokes Display  

| ¥   Run mode. 

10´r   0.1745   

60´r   1.0472  Initial estimates. 

´_ A   0.4899  Angle given zero slope. 

))   0.0000  Slope at specified angle. 

|(|(   0.4899  Restores stack. 

vv´B  - 0.2043  Uses function subroutine to 

calculate minimum intensity. 

®   0.4899  Recalls ɗ value. 

|d   28.0679  Angle in degrees. 

This numerical approximation of the derivative indicates a minimum field intensity of 

ī0.2043 at an angle of 28.0679°. (This angle differs from the previous solution by 0.0001°.) 

Using Repeated Estimation 

A third technique is useful when it isn't practical to calculate the derivative. It is a slower 

method because it requires the repeated use of the _  key. On the other hand, you 

don't have to find a good value for ȹ of the previous method. To find a local extreme of the 

function f(x), define a new function 

g(x) = f(x) ī e 

where e is a number slightly beyond the estimated extreme value of f(x). If e is properly 

chosen, g(x) will approach zero near the extreme of f(x) but will not equal zero. Use _  

to analyze g(x) near the extreme. The desired result is Error 8. 

¶ If  Error 8 is displayed, the number in the X-register is an x value near the extreme. 

The number in the Z-register tells roughly how far e is from the extreme value of f(x). 

Revise e to bring it closer (but not equal) to the extreme value. Then use _  to 

examine the revised g(x) near the x value previously found. Repeat this procedure 

until successive x values do not differ significantly. 
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¶ If a root of g(x) is found, either the number e is not beyond the extreme value of f(x) 

or else _  has found a different region where f(x) equals e. Revise e so that it is 

close toðbut beyondðthe extreme value of f(x) and try _  again. It may also 

be possible to modify g(x) in order to eliminate the distant root. 

 

Example: Solve the previous example without calculating the derivative of the relative field 

intensity E. 

The subroutine to calculate E and the required constants have been entered in the previous 

example. 

In Program mode, key in a subroutine that subtracts an estimated extreme number from the 

field intensity E. The extreme number should be stored in a register so that it can be manually 

changed as needed.  

Keystrokes Display  

|¥   000 -  Program mode. 

´b 1  001 - 42,21, 1 Begins with label. 

GB   002 -    32 12  Calculates E. 

l 9  003 -    45  9   

-   004 -       30 Subtracts extreme estimate. 

|n   005 -    43 32   

In Run mode, estimate the minimum intensity value by manually sampling the function. 

Keystrokes Display  

|¥   Run mode. 

10´r   0.1745   

v ´B  - 0.1029   

30´r   0.5236  Samples the function at 

v ´B  - 0.2028  10°, 30Á, 50Á, é 

50´r   0.8727   

v ´B   0.0405   
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Based on these samples, try using an extreme estimate of ī0.25 and initial _  

estimates (in radians ) near 10° and 30°. 

Keystrokes Display  

.25ĎO 9 - 0.2500  Stores extreme estimate. 

.2v   0.2000   

.6  0.6  Initial estimates. 

´_ 1  Error 8  No root found. 

ġ O 4  0.4849  Stores ɗ estimate. 

)O 5  0.4698  Stores previous ɗ estimate. 

)   0.0457  Distance from extreme. 

.9*   0.0411  Revises extreme estimate  

by 90 percent of the distance. O+ 9  0.0411  

l 4  0.4849  Recalls ɗ estimate. 

vv ´B  - 0.2043  Calculates intensity E. 

ġ   0.0000  Recalls other ɗ estimate, 

keeping first estimate in Y-

register. 
l 5  0.4698  

´_ 1  Error 8  No root found. 

ġ   0. 4898  ɗ estimate. 

®   0.4893  Previous ɗ estimate. 

®   0.4898  Recalls ɗ estimate. 

vv ´B  - 0.2043  Calculates intensity E. 

®   0.4898  Recalls ɗ value. 

|d   28.0660  Angle in degrees. 

|D   28.0660  Restores Degrees mode. 

The second interaction produces two ɗ estimates that differ in the fourth decimal place. The 

field intensities E for the two iterations are equal to four decimal places. Stopping at this 

point, a minimum field intensity of ī0.2043 is indicated at an angle of 28.0660°. (This angle 

differs from the previous solutions by about 0.002°.) 

Applications 

The following applications illustrate how you can use _  to simplify a calculation that 

would normally be difficultðfinding an interest rate that can't be calculated directly. Other 

applications that use the _  function are given in Sections 3 and 4. 

Annuities and Compound Amounts 

This program solves a variety of financial problems involving money, time, and interest. For 

these problems, you normally know the values of three or four of the following variables and 

need to find the value of another: 
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n The number of compounding periods. (For example, a 30 year loan with monthly 

payments has n = 12 x 30 = 360.) 

i The interest rate per compounding period expressed as a percent. (To calculate i, 

divide the annual percentage rate by the number of compounding periods in a year. 

That is, 12% annual interest compounded monthly equals 1% periodic interest.) 

PV The present value of a series of future cash flows or the initial cash flow. 

PMT The periodic payment amount. 

FV The future value. That is, the final cash flow (balloon payment or remaining balance) 

or the compounded value of a series of prior cash flows. 

Possible Problems Involving Annuities  
and Compound Amounts 

Allowable 
Combinations of  

Variables 

Typical Applications 

Initial Procedure For Payments at 
End of Period 

For Payments at 
Beginning of Period 

n, i, PV, PMT (Enter 
any three and 
calculate the fourth.) 

Direct reduction loan. 

Discounted note. 

Mortgage. 

Lease. 

Annuity due. 

Use ´ CLEARQ  
or set FV to zero. 

n, i, PV, PMT, FV 
(Enter any four and 
calculate the fifth.) 

Direct reduction loan 
with balloon 
payment. 

Discounted note. 

Least with residual value. 

Annuity due. 

None. 

n, i, PMT, FV (Enter 
any three and 
calculate the fourth.) 

Sinking fund. Periodic savings. 

Insurance. 

Use ´ CLEARQ  
or set PV to zero. 

n, i, PV, FV (Enter any 
three and calculate the 
fourth.) 

Compound growth. 

Savings. 

Use ´ CLEARQ  
or set PMT to zero. 

The program accommodates payments that are made at the beginning or end of compounding 

periods. Payments made at the end of compounding periods (ordinary annuity) are common 

in direct reduction loans and mortgages. Payments made at the beginning of compounding 

periods (annuity due) are common in leasing. For payments at the end of periods, clear flag 

0. For payments at the beginning of periods, set flag 0. If the problem involves no payments, 

the status of flag 0 has no effect. 

This program uses the convention that money paid out is entered and displayed as a negative 

number, and that money received is entered and displayed as a positive number. 

A financial problem can usually be represented by a cash flow diagram. This is a pictorial 

representation of the timing and direction of financial transactions. The cash flow diagram 

has a horizontal time line that is divided into equal increments that correspond to the 
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compounding periodðmonths or years, for example. Vertical arrows represent exchanges of 

money, following the convention that an upward arrow (positive) represents money received 

and a downward arrow (negative) represents money paid out. (The examples that follow are 

illustrated using cash flow diagrams.) 

 

Pressing ´ CLEARQ  provides a convenient way to set up the calculator for a new 

problem. However, it isn't necessary to press ´ CLEARQ  between problems. You 

need to reenter the values of only those variables that change from problem to problem. If a 

variable isn't applicable for a new problem, simply enter zero as its value. For example, if 

PMT is used in one problem but not used in the next, simply enter zero for the value of PMT 

in the second problem. 

The basic equation used for the financial calculations is 

0)100/1(])100/1(1[
100/

=+++-+ -- nn iFVi
i

APMT
PV  

where i Í 0 and 

A = 
1 for end-of-period payments 

1 + i/100 for beginning-of-period payments. 

The program has the following characteristics: 

¶ _  is used to find i. Because this is an iterative function, solving for i takes 

longer than finding other variables. It is possible to define problems which cannot be 

solved by this technique. If _  can't find a root, Error 4 is displayed. 

¶ When finding any of the variables listed on the left below, certain conditions result in 

an Error 4 display: 

n PMT = īPV i/(100 A) 

(PMT A ï FV i/100)/(PMT A + PV i/100) Ò 0 

i Ò ī100 

i _  canôt find a root 

PV i Ò ī100 

PMT n = 0 

i = 0 

i Ò ī100 

FV i Ò ī100 
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¶ If a problem has a specified interest rate of 0, the program generates an Error 0 

display (or Error 4 when solving for PMT). 

¶ Problems with extremely large (greater than 10
6
) or extremely small (less than 10

ī6
) 

values for n and i may give invalid results: 

¶ Interest problems with balloon payments of opposite signs to the periodic payments 

may have more than one mathematically correct answer (or no answer at all). This 

program may find one of the answers but has no way of finding or indicating other 

possibilities. 

Keystrokes Display  

|¥   Program mode. 

´ CLEARM   000 -   

´bA   001 - 42,21,11  n routine. 

O 1  002 -    44  1  Stores n. 

¦   003 -       31  

G 1  004 -    32  1  Calculates n. 

|K   005 -    43 36   

l* 0  006 - 45,20, 0   

l 5  007 -    45  5   

®   008 -       34  

-   009 -       30 Calculates 

PV ï 100 PMT A/i. 

|K   010 -    43 36   

l+ 3  011 - 45,40, 3  Calculates PV + 100 PMT A/i. 

|~   012 -    43 20  Tests PMT = īPV  i/(100 A). 

t 0  013 -    22  0   

÷   014 -       10  

Ď   015 -       16  

|T 4  016 - 43,30, 4  Tests x Ò 0. 

t 0  017 -    22  0   

|N   018 -    43 12   

l 6  019 -    45  6   

|N   020 -    43 12   

÷   021 -       10  

O 1  022 -    44  1   

|n   023 -    43 32   

´bB   024 - 42,21,12  i routine. 

O 2  025 -    44  2  Stores i. 

¦   026 -       31  

.   027 -       48  

2  028 -        2  
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Keystrokes Display  

v   029 -       36  

č   030 -       26  

Ď   031 -       16  

3  032 -        3  

|" 1  033 - 43, 5, 1  Clears flag 1 for _  

subroutine. 

´_ 3  034 - 42,10, 3   

t 4  035 -    22  4   

t 0  036 -    22  0   

´b 4  037 - 42,21, 4   

č   038 -       26  

2  039 -        2  

*   040 -       20 Calculates i. 

O 2  041 -    44  2   

|n   042 -    43 32   

´bC   043 - 42,21,13  PV routine. 

O 3  044 -    44  3  Stores PV. 

¦   045 -       31  

G 1  046 -    32  1  Calculates PV. 

G 2  047 -    32  2   

Ď   048 -       16  

O 3  049 -    44  3   

|n   050 -    43 32   

´bÁ   051 - 42,21,14  PMT routine. 

O 4  052 -    44  4  Stores PMT. 

¦   053 -       31  

1  054 -        1 Calculates PMT. 

O 4  055 -    44  4   

G 1  056 -    32  1   

l 3  057 -    45  3   

G 2  058 -    32  2   

®   059 -       34  

÷   060 -       10  

Ď   061 -       16  

O 4  062 -    44  4   

|n   063 -    43 32   

´bE   064 - 42,21,15  FV routine. 

O 5  065 -    44  5  Stores FV. 
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Keystrokes Display  

¦   066 -       31  

G 1  067 -    32  1  Calculates FV. 

l+ 3  068 - 45,40, 3   

l÷ 7  069 - 45,10, 7   

Ď   070 -       16  

O 5  071 -    44  5   

|n   072 -    43 32   

´b 1  073 - 42,21, 1   

|F 1  074 - 43, 4, 1  Sets flag 1 for subroutine 3. 

1  075 -        1  

l 2  076 -    45  2   

|k   077 -    43 14  Calculates i/100. 

´b 3  078 - 42,21, 3  _  subroutine. 

O 8  079 -    44  8   

1  080 -        1  

O 0  081 -    44  0   

+   082 -       40  

|T 4  083 - 43,30, 4  Tests i Ò 100. 

t 0  084 -    22  0   

O 6  085 -    44  6   

|? 0  086 - 43, 6, 0  Tests for end-of-period 

payments. 

O 0  087 -    44  0   

l 1  088 -    45  1   

Ď   089 -       16  

Y   090 -       14 Calculates (1 + i/100)
īn

. 

O 7  091 -    44  7   

1  092 -        1  

®   093 -       34  

-   094 -       30 Calculates 1 ī (1 + i/100)
īn

. 

|~   095 -    43 20  Tests i = 0 or n = 0. 

t 0  096 -    22  0   

l* 0  097 - 45,20, 0   

l 4  098 -    45  4   

l÷ 8  099 - 45,10, 8   

*   100 -       20  

|? 1  101 - 43, 6, 1  Tests flag 1 set. 

|n   102 -    43 32   
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Keystrokes Display  

l+ 3  103 - 45,40, 3  _  subroutine continues. 

´b 2  104 - 42,21, 2   

l 5  105 -    45  5   

l* 7  106 - 45,20, 7  Calculates FV(1 + i/100)
īn

. 

+   107 -       40  

|n   108 -    43 32  _  subroutine ends. 

Labels used: A, B, C, D, E, 0, 1, 2, 3, and 4. 

Registers used: R0 (A), R1 (n), R2 (i), R3 (PV), R4 (PMT), R5 (FV), R6, R7, and R8. 

To use the program: 

1. Press 8´ m% to reserve R0 through R8. 

2. Press ´U  to activate User mode. 

3. If necessary, press ´ CLEARQ  to clear all of the financial variables. You don't 

need to clear the registers if you intend to specify all of the values. 

4. Set flag 0 according to how payments are to be figured: 

¶ Press |" 0 for payments at the end of the period. 

¶ Press |F 0 for payments at the beginning of the period. 

5. Enter the known values of the financial variables: 

¶ To enter n, key in the value and press A . 

¶ To enter i, key in the value and press B . 

¶ To enter PV, key in the value and press C . 

¶ To enter PMT, key in the value and press Á . 

¶ To enter FV, key in the value and press E . 

6. Calculate the unknown value: 

¶ To calculate n, press A ¦ . 

¶ To calculate i, press B ¦ . 

¶ To calculate PV, press C ¦ . 

¶ To calculate PMT, press Á ¦ . 

¶ To calculate FV, press E ¦ . 

7. To solve another problem, repeat steps 3 through 6 as needed. Be sure that any variable 

not to be used in the problem has a value of zero. 
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Example: You place $155 in a savings account paying 5¾% compounded monthly. What 

sum of money can you withdraw at the end of 9 years? 

 

Keystrokes Display  

|¥   Run mode. 

´ CLEARQ   Clears financial variables. 

²Ē 2   

´U   Activates User mode. 

|" 0  Ordinary annuity. 

9v 12*A   108.00  Enters n = 9 × 12. 

5.75v 12÷B   0.48  Enters i = 5.75 / 12. 

155ĎC  - 155.00  Enters PV = ī155 (money paid 

out). 

E¦   259.74  Calculates FV. 

If you desire a sum of $275, what would be the required interest rate? 

Keystrokes Display  

275E   275.00  Enters FV = 275. 

B¦   0.53  Calculates i. 

12*   6.39  Calculates annual interest rate. 

Example: You receive $30,000 from the bank as a 30-year, 13% mortgage. What monthly 

payment must you make to the bank to fully amortize the mortgage? 
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Keystrokes Display  

´ CLEARQ   Clears financial variables 

30v 12*A   360.00  Enters n = 30 × 12. 

13v 12÷B   1.08  Enters i = 13/12. 

30000C   30,000.00  Enters PV = 30,000. 

Á¦  - 331.86  Calculates PMT (money paid out). 

Example: You offer a loan of $3,600 that is to be repaid in 36 monthly payments of $100 

with an annual interest rate of 10%. What balloon payment amount, to be paid coincident 

with the 36th payment, is required to pay off the loan? 

 

Keystrokes Display  

´ CLEARQ   Clears financial variables 

36A   36.00  Enters n = 36. 

10v 12÷B   0.83  Enters i = 10/12. 

3600Ď C  - 3600.00  Enters PV = ī3600 (money paid out). 

100Á   100.00  Enters PMT = 100 (money received). 

E ¦   675.27  Calculates FV. 

The final payment is $675.27 + $100.00 = $775.27 because the final payment and balloon 

payment are due at end of the last period. 

Example: You're collecting a $50,000 loan at 14% annual interest over 360 months. Find the 

remaining balance after the 24th payment and the interest accrued between the 12th and 24th 

payments. 

You can use the program to calculate accumulated interest and the remaining balance for 

loans. The accumulated interest is equal to the total payments made during that time less the 

principal reduction during that time. The principal reduction is the difference between the 

remaining balances at the start and end of the period. 

First, calculate the payment on the loan. 
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Keystrokes Display  

´ CLEARQ   Clears financial variables 

360A   360.00  Enters n = 360. 

14v 12÷B   1.17  Enters i = 14/12. 

50000Ď C  - 50,000.00  Enters PV = ī50,000. 

Á¦   592.44  Calculates PMT. 

Now calculate the remaining balance at month 24. 

Keystrokes Display  

24A   24.00  Enters n = 24. 

E ¦   49,749.56  Calculates FV at month 24. 

Store this remaining balance, then calculate the remaining balance at month 12 and the 

principal reduction between payments 12 and 24. 

Keystrokes Display  

OV   49,749.56   

12A   12.00  Enters n = 12. 

E ¦   49,883.48  Calculates FV at month 12. 

lV   49,749.56  Recalls FV at month 24. 

-   133.92  Calculates principal reduction. 

The accrued interest is the value of 12 payments less the principal reduction. 

Keystrokes Display  

l 4  592.44  Recalls PMT. 

12*   7,109.23  Calculates value of payments. 

® -   6,975.31  Calculates accrued interest. 

Example: A leasing firm is considering the purchase of a minicomputer for $63,000 and 

wants to achieve a 13% annual yield by leasing the computer for a 5-year period. At the end 

of the lease the firm expects to sell the computer for at least $10,000. What monthly payment 

should the firm charge in order to achieve a 13% yield? (Because the lease payments are due 

at the beginning of each month, be sure to set flag 0 to specify beginning-of-period 

payments.) 
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Keystrokes  Display  

´ CLEARQ   Clears financial variables. 

|F 0  Specifies beginning of period 

payments. 

5v 12*A   60.00  Enters n = 5 × 12. 

13v 12÷B   1.08  Enters i = 13/12. 

63000Ď C  - 63,000.00  Enters PV = ī63,000. 

10000E   10,000.00  Enters FV = 10,000. 

Á¦   1,300.16  Calculates PMT. 

If the prices of the computer increases to $70,000, what should the payments be? 

Keystrokes Display  

70000Ď C  - 70,000.00  Enters PV = ī70,000. 

Á¦   1,457.73  Calculates PMT. 

If the payments were increased to $1,500, what would the yield be? 

Keystrokes Display  

1500 Á   1,500.00  Enters PMT = 1500. 

B¦   1.18  Calculates i (monthly). 

12*   14.12  Calculates annual yield. 

´U   14.12  Deactivates User mode. 

Discounted Cash Flow Analysis 

This program performs two kinds of discounted cash flow analysis: net present value (NPV) 

and internal rate of return (IRR). It calculates NPV or IRR for up to 24 groups of cash flows. 

The cash flows are stored in the two-column matrix C. Matrix C has one row for each group 

of cash flows. In each row of C, the first element is the cash flow amount; the second 

element is the number of consecutive cash flows having that amount (the number of flows in 

that group). The first element of C must be the amount of the initial investment. The cash 
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flows must occur at equal intervals; if no cash flow occurs for several time periods, enter 0 

for the cash flow amount and the number of zero cash flows in that group. 

After all the cash flows have been stored in matrix C, you can enter an assumed interest rate 

and calculate the net present value (NPV) of the investment. Alternatively, you can calculate 

the internal rate of return (IRR). The IRR is the interest rate that makes the present value of a 

series of cash flows equal to the initial investment. It's the interest rate that makes the NPV 

equal zero. IRR is also called the yield or discounted rate of return. 

The fundamental equation for NPV is 
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The program uses the convention that money received is entered and displayed as a positive 

number, and that money paid out is entered and displayed as a negative number. 

The program has the following characteristics: 

¶ The cash flow sequence (including the initial investment) must contain both a positive 

flow and a negative flow. That is, there must be at least one sign change. 

¶ Cash flows with multiple sign changes may have more than one solution. This 

program may find one solution, but it has no way of indicating other possibilities. 

¶ The IRR calculation may take several seconds (5 or more) depending of the number 

of cash flow entries. 

¶ The program displays Error 4 if it is unable to find a solution for IRR or if the yield i 

¢ ī100% in the NPV calculation. 

Keystrokes Display  

|¥   Program mode. 

´ CLEARM   000 -   

´bA   001 - 42,21,11  NPV routine. 

č   002 -       26  

2  003 -        2  

÷   004 -       10 Calculates IIR / 100. 

G 2  005 -    32  2   

¦   006 -       31  

´bB   007 - 42,21,12  IIR routine. 

1  008 -        1  

v   009 -       36  
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Keystrokes Display  

č   010 -       26  

Ď   011 -       16  

3  012 -        3  

´_ 2  013 - 42,10, 2   

t 1  014 -    22  1   

t 0  015 -    22  0  Branch for no IRR solution. 

´b 1  016 - 42,21, 1   

č   017 -       26  

2  018 -        2  

*   019 -       20  

¦   020 -       31  

´b 2  021 - 42,21, 2  Calculates NPV. 

| " 0  022 - 43, 5, 0   

O 2  023 -    44  2   

1  024 -        1  

O 4  025 -    44  4   

+   026 -       40 Calculates 1 + IRR / 100. 

|T 4  027 - 43,30, 4  Tests IRR Ò ī100. 

t 0  028 -    22  0  Branch for IRR Ò ī100. 

O3   029 -    44  3   

0  030 -        0  

O 5  031 -    44  5   

´> 1  032 - 42,16, 1   

´b 3  033 - 42,21, 3   

|? 0  034 - 43, 6, 0  Tests if all flows used. 

t 7  035 -    22  7  Branch for all flows used. 

G 6  036 -    32  6   

l 2  037 -    45  2   

|~   038 -    43 20  Tests IRR = 0; 

t 4  039 -    22  4  Branch for IRR = 0. 

1  040 -        1  

+   041 -       40  

G 6  042 -    32  6   

Ď   043 -       16  

Y   044 -       14  

O 4  045 -    44  4   

1  046 -        1  

®   047 -       34  
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Keystrokes Display  

-   048 -       30  

l÷ 2  049 - 45,10, 2   

l* 3  050 - 45,20, 3   

t 5  051 -    22  5   

´b 4  052 - 42,21, 4   

®   053 -       34  

G 6  054 -    32  6   

´b 5  055 - 42,21, 5   

*   056 -       20  

O+ 5  057 - 44,40, 5   

l 4  058 -    45  4   

O* 3  059 - 44,20, 3   

t 3  060 -    22  3   

´b 6  061 - 42,21, 6  Recalls cash flow element. 

´UlC   062u   45 13   

´U    

|n   063 -    43 32   

| F 0  064 - 43, 4, 0  Sets flag 0 if last element. 

|n   065 -    43 32   

´b 7  066 - 42,21, 7   

l 5  067 -    45  5  Recalls NPV. 

|n   068 -    43 32   

Labels used: A, B, and 0 through 7. 

Registers used: R0 through R5. 

Matrix used: C. 

To use the discounted cash flow analysis program: 

1. Press 5´ m% to allocate registers R0 through R5. 

2. Press ́U  to activate User mode (unless it's already active). 

3. Key in the number of cash flow groups, then press v 2´ m C               
to dimension matrix C. 

4. Press ́> 1 to set the row and column numbers to 1. 

5. For each cash flow group: 

a. Key in the amount and press OC , then 

b. Key in the number of occurrences and press OC . 

6. Calculate the desired parameter: 

¶ To calculate IRR, press B . 




























































































































































































































































































